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Introduction
With the construction of new PBIB designs having higher associate 
classes, the need arises to analysis these designs. The general analysis 
of PBIB designs with m (m ≥ 2) associate classes and the general solu-
tion of the normal equations in the intra – block analysis and general 
solution of normal equations for (m=2) two associate class PBIB de-
signs given by Dey (1986) is available in literature. Also Rao (1947) 
provides the general solution of normal equations of three associate 
classes PBIB designs. Thereafter, the general solution of normal equa-
tions for four associate class PBIB designs was given by Garg and 
Mishra (2013). After studying the available literature, we have suc-
cessfully extended the literature and obtained the general solution of 
the normal equations in the intra – block analysis of PBIB designs for 
five associate class PBIB designs. We have verified it for m = 2,3,4 and 
also obtained general solution for five associate class PBIB designs. 
For m = 2, solution obtained is equivalent to Dey (1986) for m= 3 and 
m= 4, solution obtained are equivalent to Rao (1947b) and Garg and 
Mishra (2013) respectively.

2. General Analysis of Higher Associate Class PBIB De-
sign
Let us first reproduce an m associate class PBIB designs having v treat-
ments in b blocks with plot size k and replicates r. Then, reduced nor-
mal equations of intra block model for treatment effects are

Let us first reproduce an m associate class PBIB designs having v treat-
ments in b blocks with plot size k and replicates r. Then, reduced nor-
mal equations of intra block model for treatment effects are

r(k-1)τi –  λ1S1(τi) - λ 2S2(τi) - … - λ mSm(τi) = k Qi                                                 
--- ( 2.1)

where i = 1,2,…,m.

Sj(τi) represent the sum of treatment effects those nj treatments 
which are j – th associates of treatment ‘i’ for j = 1,2,…,m. 

Suppose, nj be the jth associates of ith treatment effects αi1, αi2 ,…, 
αinj . 

Now, Rewriting the normal equations in respect of αi1, αi2 ,…, αinj  , 
we get  

r(k-1) αi1 – λ1S1(αi1) - λ 2S2(αi1) - λ 3S3(αi1 ) - … -  λ mSm(αi1 ) = k 
Q(αi1 )

r(k-1) αi2 – λ1S1(αi2) - λ 2S2(αi2) - λ 3S3(αi2 )- …  - λ mSm(αi2 ) = k 

Q(αi2 )

r(k-1) αi3 – λ1S1(αi3) - λ 2S2(αi3) - λ 3S3(αi3 ) - … - λ mSm(αi3 ) = k 
Q(αi3 )

 .    . . . . .

r(k-1) αinj – λ1S1(αinj) - λ 2S2(αinj) - λ 3S3(αinj ) - … - λ mSm(αinj ) = 
k Q(αinj )                                         

                                                           --- (2.2)                                          

Summing over nj equations as given above , we get an 
equation  given below as
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.3)                                                          where P
1
, P

2
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 are linear 

functions of treatment effects and S
j
 (Q

i 
). Now, from the definition of 

a PBIB design, we write

Pu =∑ptjuSt(τi)     for u ≠ j , u =1, 2,…, m.

Pu = njτi   +∑ptjuSt(τi)  

Now, substituting for Pu’s in above equation (7.3) and re-
arrange, we get the equation as given below
r(k-1) Sj(τi) – S1(τi)∑ λ t p1jt–S2(τi) ∑ λ t p2jt – S3(τi) ∑ λ t p3jt - …– 
Sm(τi) ∑ λ t pmjt  - nj λ j τi = k Sj ( Qi )     --- (2.4)

and  solved these equations to get a solution for τi  by 
taking the restriction for conveniently is
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                                                            ---(2.5)  

3. Reduced Normal Equations for Five Associate Class 
PBIB Design
Let us consider a five associate class PBIB design (m = 5) having ‘v’ 
treatments, ‘b’ blocks, ‘r’ replications with ‘k’ block size. Applying the 
least square method of estimation, the reduced normal equation of 
linear model are given by
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---(3.1)

where i = 1,2,3,….v  and  S
j
(τ

i
) denoted the sum of those n 

j
 treatment 

effects which are the jth associates of i, for j =1,2,3,4,5. Now, let the n
j
 , 

jth associates of ith treatment effects αi
1
, αi

2
 ,…, αi

nj
 . Rewriting the nor-

mal equations in respect of αi
1
, αi

2
 ,…, αi

nj
  , we get  
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Summing over nj equations in set (7.2.2) for j = 1,2,3,4,5 
we get an equation as
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where P
1
, P

2
 , P

3
, P

4
 and P

5
 are linear functions of treatment effects 

and S
j
 (Q

i 
). From the definition of a PBIB design, we write

Pu =∑ptjuSt(τi)     for u ≠ j , u =1, 2,3,4,5

Pj = nji + by Pu = njτi   +∑ptjuSt(τi)

Now, substituting for Pu’s in equation (3.3) and rearrang-
ing, we get equations as given below
r(k-1) Sj(τi) – S1(τi)∑ λ t p1jt–S2(τi) ∑ λ t p2jt – S3(τi) ∑ λ t p3jt -S4(τi) ∑ 
λ t p4jt -S5(τi) ∑ λ tp5jt  - nj λ j τi   =  k Sj ( Qi )     --- (3.4)

Now, we expand equation (3.4) for j = 1,2,3,4,5  as given 
below respectively
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For simplicity, we can solved these equation by taking a 
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4. Solution of Normal Equations for Five Associate Class 
PBIB Design
To get the solution of τ

i
  for m=5, equation (2.1) can be written as 
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Substitute ‘S5(τi)’ from equation (3.10) in above equation 
and we get
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Substitute ‘S5(τi)’ from equation (3.10) in equation (3.5), 
we get
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Substitute ‘S5(τi)’ from equation (3.10) in equation  (3.6), 
we get 
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in above equation (3.6), it becomes and after solving it 
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C-N

, we get
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Equation (3.7) becomes
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in above equation (3.7), it becomes and after solving it 
, we get
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Equation (3.8) becomes
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in above equation (3.8), it becomes and after solving, 
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Therefore, we have
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4 
-

 
λ

2 
) p5

24
 + + ( λ

5 
-

 
λ

2 
) p5

25

C
2
 =

 
( λ

5 
-

 
λ

1
)(p1

21
 – p5

21
)+( λ

5 
-

 
λ

2 
) ( p1

22
 – p5

22
 )+( λ

5 
–

 
λ

3 
)( p1

23
 – p5

23
)+( 

λ
5 

–
 
λ

4
)( p1

24
–  p5

24
 )

C
3
 =

 
r(k-1) + λ

5
 + ( λ

5 
-

 
λ

1 
)( p2

21
 – p5

21
 )+ ( λ

5 
-

 
λ

2 
) ( p2

22
 – p5

22
) +( λ

5 
–

 
λ

3 
) 

( p2
23

 – p5
23

 )

+ ( λ
5 

–
 
λ

4 
) ( p2

24
 – p5

24
 )

C
4
 = (λ

5 
-

 
λ

1
)(p3

21
– p5

21
)+(λ

5 
-

 
λ

2
)(p3

22
– p5

22
)+(λ

5 
–

 
λ

3
)(p3

23
– p5

23
)+(λ

5
–λ

4
)

(p3
24

–p5
24

 )

C
5
=(λ

5
-λ

1
)(p4

21
–p5

21
)+(λ

5
-λ

2
)(p4

22
–p5

22
)+(λ

5
–

  
λ

3
)(p4

23
– p5

23
)+(λ

5 
–

 
λ

4
)(p4

24
 

–p5
24

 )

D
1
=

 
( λ

1 
–

 
λ

3 
) p5

31
 + ( λ

2 
–

 
λ

3 
) p5

32
 +( λ

3 
–

 
λ

3 
) p5

32
 + ( λ

4 
–

 
λ

3 
) p5

34
 + ( λ

5 
–

 
λ

3 
) p5

35

D
2
=(λ

5
-

 
λ

1
)(p1

31
–p5

31
)+(λ

5
-λ

2
)(p1

32
– p5

32
)+(λ

5 
–

 
λ

3
)(p1

33
– p5

33
)+(λ

5
–

 
λ

4
)(p1

34
 

–p5
34

 )

D
3
=(λ

5
-λ

1
)(p2

31
–p5

31
)+(λ

5
-λ

2
)(p2

32
– 5

32
)+(λ

5
–

 
λ

3
)(p2

33
– p5

33
)+(λ

5 
–

 
λ

4
)(p2

34
 

–p5
34

 )

D
4
 = r(k-1) + λ

5
+ ( λ

5 
-

 
λ

1 
)( p3

31
 – p5

31
 )+ ( λ

5 
-

 
λ

2 
)( p3

32
 – p5

32
 ) + ( λ

5 
–

 
λ

3 
) 

( p3
33

 – p5
33

 )

 + ( λ
5 

–
 
λ

4 
) ( p3

34
 – p5

34
 )
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D
5
=

 
(λ

5 
-

 
λ

1
)( p4

31
 – p5

31
 )+( λ

5 
-

 
λ

2 
) ( p4

32
 – p5

32
 ) + ( λ

5 
–

 
λ

3 
) ( p4

33
 – p5

33
 )+( 

λ
5 

–
 
λ

4 
)      ( p4

34
 – p5

34
 )

E
1
 =

 
( λ

1 
–

 
λ

4
) p5

41
 + ( λ

2 
–

 
λ

4 
) p5

42
 +( λ

3 
–

 
λ

4 
) p5

42
 + ( λ

4 
–

 
λ

4 
) p5

44
  + ( λ

5 
–

 
λ

4 
) p5

45

E
2
 =(λ

5 
-

 
λ

1 
)(p1

41
 – p5

41
)+( λ

5 
-

 
λ

2 
) ( p1

42
 – p5

42
 ) + ( λ

5 
–

 
λ

3 
) ( p1

43
 – p5

43
 ) + ( 

λ
5 

–
 
λ

4 
)    ( p1

44
 – p5

44
 )

E
3
 =(λ

5 
-

 
λ

1
)(p2

41
 – p5

41
)+ ( λ

5 
-

 
λ

2 
) ( p2

42
 – p5

42
 ) + ( λ

5 
–

 
λ

3 
) ( p2

43
 – p5

43
 )+ ( 

λ
5 

–
 
λ

4 
)     ( p2

44
 – p5

44
 )

E
4
 =(λ

5
-

 
λ

1
)(p3

41
 – p5

41
 )+( λ

5 
-

 
λ

2 
) ( p3

42
 – p5

42
 ) + ( λ

5 
–

 
λ

3 
) ( p3

43
 – p5

43
 ) + ( 

λ
5 

–
 
λ

4 
)    ( p3

44
 – p5

44
 )

E
5 

= r(k-1) + λ
5
 + ( λ

5 
-

 
λ

1 
)( p4

41
 – p5

41
 )+ ( λ

5 
-

 
λ

2 
)( p4

42
 – p5

42
 ) + ( λ

5 
–

 
λ

3 
)( 

p4
43

 – p5
43

 )                    +  ( λ
5 

–
 
λ

4 
)  ( p4

44
 – p5

44
 )

Using these constants, we get a solution
  =  k[ Q

i
 F -  ]  / Δ 

where  
Δ =  [ A

1
 F – A

2
 G + A

3
 H – A

4
 I + A

5
 J]  

and the variance of an estimated elementary contrasts 
among treatment effects are 
V (τ

i
 - τ

j
 ) = 2k σ2 [F  + G] / Δ   

                              , if i and j are 1st associate

V (τ 
i
 - τ 

j
 ) = 2k σ2 [ F – H] / Δ   

                             , if i and j are 2nd associate

V (τ 
i
 - τ 

j
 ) = 2k σ2 [ F + I ] / Δ          

                               ,if i and j are 3rd associate

 V (τ 
i
 - τ 

j
 ) = 2k σ2 [ F  - J ] / Δ 

                               ,if i and j are 4th associate

V (τ 
i
 - τ 

j
 ) = 2k σ2 [ F ] / Δ         

                               ,if i and j are 5th associate 

and the efficiency factors of five  kinds are given by
E

1    
=  Δ  /  rk [ F + G]              

E
2    

=  Δ  /  rk [ F – H]

E
3    

=  Δ  /  rk [ F + I]    

E
4    

=  Δ  /  rk [ F+ J]

E
5    

=  Δ  /  rk [ F]  

The overall efficiency factor is 
E =  ( v -1) Δ / rk [( v -1) F

 
+ n

1
 G - n

2
 H                  

        + n
3
I – n

4
 J] 
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