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ABSTRACT In this paper, regular properties of the strong product of two fuzzy graphs are studied. It is illustrated that when two
fuzzy graphs are regular then their strong product need not be a regular fuzzy graph.

With some restrictions it is proved that the strong product of two regular fuzzy graphs is regular and it is proved that the strong product of two

full regular fuzzy graphs is full regular.

I.INTRODUCTION

Fuzzy graph theory was introduced
by Azriel Rosenfeld[9] in 1975. Later on,
Bhattacharya[l] gave some remarks on
fuzzy graphs. Some operations on fuzzy
graphs were introduced by Mordeson.J.N.
and Peng.C.S.[4]. We defined the direct sum
of two fuzzy graphs and studied the
properties of that operation[6]. Also we
defined the strong product of two fuzzy
graphs and studied some of its properties[8].

In this paper we study the regular
properties of the strong product of two fuzzy
graphs. We illustrate that the strong product
of two regular fuzzy graphs need not be
regular. Then we provide the conditions
under which the strong product of two
regular fuzzy graphs is regular as well as full
regular.

II. PRELIMINARIES

First let us recall some preliminary
definitions and results that can be found in
[11-[9].

A fuzzy graph G is a pair of
functions (o, n) where o is a fuzzy subset of
anonempt set V andp is a symmetric
fuzzy relation on o. The underlying crisp
graph of G:(o, p) is denoted by G*(V, E)
where EC VxV.

The degree of a vertex u is defined as

dg (@ =3 ) = 3 u(uv) |

u=v uveE

If dg(v)=k for all ve V, G is said to
be a regular fuzzy graph of degree ‘k’ or a k-
regular fuzzy graph.

The regular fuzzy graph G:(o,n) is
called a full regular fuzzy graph if its
underlying crisp graph G* is a regular graph
and a complete regular fuzzy graph if its
underlying crisp graph G* is a complete
graph.

KEYWORDS : Fuzzy Graph, Strong Product, Regular Fuzzy Graph and Full Regular Fuzzy
Graph.

If Gi:(o1,11) and Gi:(o2,12) are two
fuzzy graphs such that 6; < p» then 62> ;.

Let Gi:(o1,11) and Gz:(o2,112) denote
two fuzzy graphs with underlying crisp

graphs G1*:(ViL,E) and G2*:(Va,E»)
respectively. The normal product of G;* and
Go* is G*=G;*o0Gy*:(V,E) where
V=V xV, and
E:{(ul,V])(Uz,Vz)/U]ZU2,V1V2EEz or V1=Va,
uﬂleE] or u; LQEE] and Vi VzGEz}.

The fuzzy graph G:(o,n), where,
o(ui,vi)=o1(u)rcz(vi), for all
(u;,v1)eVxVy and
P'-((un Vl)(u2> Vz))

S (u)A Py (vivy)  Lifu =u,,vv, €E,
=10,(v)A p(uu,) Lifv,=v,,uu, €E,

p(uu) A n,(v,v,),ifuu, €eE,,v,v, €E,

is called the strong product of G; and G, and
denoted by G;0Gs.

The following results give degree of
a vertex in G;0G, with some restrictions.

If 61>, and o>>p; and pyAp=c, then
dG,an (u;, Vj)

=dg, (v +dg (u) +[d . (u)d . (V)IC s (2.1

If o1=p> and o>>p; and pvp=C,
then
dG‘oGz (u;, Vj) =[+ dG*z (Vj)] dG‘ (u)

+[1+d . (u)ldg, (v —[d . (W) dg. (vDIC........ (2.2)

If 61=<p> and p;Ap=c, then
dg,.c, (W V)
= d . (v)o, () +dg, () +[d,. () d (v)]e..(2.3)

III. REGULAR PROPERTIES
If Gi:(o1,11) and Ga:(o2,12) are two
regular fuzzy graphs then their strong

product G, oG, :(c,1) need not be a regular
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fuzzy graph. It is illustrated through the
following example.

Example 3.1:

Gli(Gl, lll) GZ:(629 Hz)
w(0.6) v1(0.6)
0.5 0.5
0.3
0.5
[ J
u2(()3) V2(05) V3(07)
G1[Ga]:(o, p) 0 v(0.5)

[15) V2(03)

Figure-1
But with few restrictions it can be proved
that the strong product of two regular fuzzy
graphs is regular.

Theorem 3.2:

If Gi:(o1,)1) and Ga:(op,1p) are two
fuzzy graphs such that o>y, , o,>w; and
LLIAR2=C with G]*I(V],E]) and Gz*:(Vz,Ez)
are r-regular graphs then G,°G,:(o,u) is
regular if and only if Gj:(op,u) and
G:(02,112) are regular.

Proof:
Let o>, and 6> and pAp,=c (a
constant) and G*:(V1,E;) and G,*:(V,,E,)

be r-regular. Then for any vertex (u;,v;) in
Gl OGZ :(G,H),
dG,oG2 (uia Vj)
=, )+ (0) 10 ()0 0]
- dGz (VJ)—I'dGl (ui)—l—rz c

Now assume that G; and G, are regular
fuzzy graphs of degrees k; and k;
respectively. Then,

dg.q, (U, v)) =k, +k, +1c.

This 1s a constant since k;, k, r and ¢
are all constants. Hence the strong product
G, °G, :(o,u)is regular.

Conversely assume that the strong product
G, 0@, :(o,1)is regular.

Then for any two vertices (u;,v;) and (up,v7)
in VixVy,

dG,oG2 (u,v,)= dG,oG2 (u,,v,)
=dg, (v)+dg (u)+1'c

= dGz (v))+ dGl (u,)+ r'c
= dG2 (v)+ dG1 ()

=dg, (v,)+dg (u,)....(2.1)
Fix veV, and consider (u;,v) and (up,v) in
VxV, where u;,u,€V are arbitrary.
From (2.1),d; (v)+d; (u))

=dg, (V) +dg (u,)
= dG, (u)= dG1 (u,).
This 1s true for all u;,u,eV;. Thus G is
regular.
Now fix ueV, and consider (u,v;) and (u,v;)

in VXV, where v,v,€V, are arbitrary.
From (2.2),dg (v,)+d; (v)
=dg, (v,)+dg (v)
= dG2 (V)= dG2 (V,).
This is true for all vi,v,€V,. Thus G, is also
regular.
Theorem 3.3:

If Gi:(op,) and Gyi(oa,1p) are two
fuzzy graphs such that 6;>1, and o,>p,; and
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wvip=c with G;* and Gy* are r-regular,
then the strong product G,°G,:(o,1) is
regular if and only if Gy:(op,p) and
Gy:(o2,)p) are regular.

Proof:

Let Gi:(o1,11) and Gy:(op,1p) be two
fuzzy graphs such that 6>, and 6,>; and
wvip=c with G;* and G,* are r-regular.

Then for any vertex (u;vj) in
G,0G,:(o,p),
dGIoGZ (uian)
=[1+ dG; (Vj)]dG1 (u)+[1+ de (ui)] dGz (Vj)

_[dGT (ui)dG; (v))]e
=[1+1]dg (u)+[1+1]dg, (Vj)—l‘2 c

=[1+1][dg () +dg (v)] -1 C . (22)

Now assume that G; and G, are
regular fuzzy graphs of degrees k; and k;
respectively. Then,

dg.q, (U, vy) =[1+1][k, +k,]-r’c.
This is a constant since ki, ky, r and ¢

are all constants.
Hence  the  strong

G, oG, :(o,1)is regular.
Conversely assume that the strong product
G, °G, :(o,u)is regular.

Then for any two vertices (u;, vi)
and (uy, v7) in VxV,,

dg .6, (U, V) =dg 6, (U,,V,)
From(2.2),
[+1][dg (u)+dg (v)]-17¢
=[l+1][d; (u,)+dg (v,)] -r'c
= [1+1]dg (u)+dg, (v))]
=[1+11[d,, (u,) +dg (v,)]
= dg, (v)+dg (u)
=dg, (v,)+dg (U)o (2.3)
Fix veV, and consider (u;,v) and

(up,v) i VxV, where uj,ueV; are
arbitrary.

product

dg, (V) +dg () =dg (v)+dg (u,)
= dG, ()= d(}l (u,).
This is true for all u;,ueV;. Thus G is
regular.

Now fix ueV; and consider (u,v)
and (u,vy) in VXV, where v,v,€V, are
arbitrary. Then from(2.3)

dG2 (v)+ dG1 ()= dG2 (V,)+ dG1 (u)

= d(}2 (V)= dG2 (V,).

This is true for all v;,v,€V,. Thus G,
is also a regular fuzzy graph.

Theorem 3.4:

If Gi:(op,11) and Gy:(oa,1p) are two
fuzzy graph such that 6;<p,, o is a constant
and pApp=c with G;* and G,* are r-regular,
then the strong product G,°G,:(o,u) is
regular if and only if G;: (o4, 1) is regular.
Proof:

Let o;<wy, o; be a constant and
wA=c with G;* and G,* are r-regular.
Then for any vertex (u,vj) In
G1 © Gz : (0-9 M)9

dg,e0, (U5 V))

=d_. (v))o,(u)+dg (u;)+ [dG;‘ (ui)dG; (vyle

=10, +dg (u)+17 ¢

=dg (w)+1rlo, +re] s (2.4)
Now assume that G: (o;, ) is a regular
fuzzy graph of degree k;.

Then the degree of any vertex (u;,v;) in the
strong product G,°G,:(o,p) is given by,
dg ., (U, V) =k, +1lo, +rc].

This is a constant since k;, oy, r and

c are all constants.
Hence  the  strong

G, °G, :(o,u)is regular.
Conversely assume that the strong product
G, °G, :(o,1)is regular.

product
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Then for any two vertices (u,vi) and (up,vs)
in  VixVy,
1 ? dGloG2 (ul’Vl) = dGloG2 (uz,Vz)
= dg (u)+1fo, +rc]=dg (u,) +1[o, +rc]
= dg, (u) =dg (u,)

This is true for all u,u,eV;. Thus G is
regular.

IV. FULL REGULAR PROPERTIES
In this chapter we assume that G;* is
ri-regular for 1=1,2.

Theorem 4.1:

If Gi:(op,1) and Gy:(op,1p) are full
regular fuzzy graphs with underlying crisp
graphs  G*:(V,E;) and  Gy*:(Vp,Ey)
respectively then the underlying crisp graph
(G10Gy)* of their strong product is also
regular.

Proof:

Since Gi:(op,11) and Gyi(oa,pp) are
full regular, G;*:(V1,E;) and G,*:(V,,E,) are
regular. Now, the degree of any vertex in the
strong product is given by,
dG,oGZ(uHVj): Z o, (u;) A uz(Vij)+

u;=uy, Vv, €Ey

Z w (uu ) A 62(Vj)+

uu ek vi=v,
Z w(wu ) A py(vv))
uu€E,viv e,y
This implies,
(u..v.
gy (WV)

= > I+ Y 1+ Y 1

u;=uy,viv,eE, uueEp L vi=v, uju €E,viv B,
=1, +1, +17,.

This is a constant and hence
(G10G,)* 1s a regular graph.

Theorem 4.2:
The strong product of two full
regular fuzzy graphs Gj:(o,u) and

Ga:(op,1p) 1s full regular if pw=p,=k, where
‘k’ is a constant.
Proof:

Since Gi:(op,u1) and Gyi(o,p) are
full regular, their underlying crisp graphs
G1*:(V1,E)) and G,*:(V,,E,) are regular.

Then by Theorem4.1, (G;0G,)* is
regular (n-regular (say)).

By the definition, (L1op2)
((u1,v1)(uz,v2))=k for all pairs of vertices in
G1 o Gz, since },l1=].12=k.

Then, dgioc2(ui, vj) = nk, where ‘n’ is
the degree of each vertex in (G;0G,)*.
Therefore G;0G, 1s a full regular fuzzy
graph.

Example 4.3:
Consider the full regular fuzzy
graphs  Gi:(oj,u;)) and  Gyi(op,up)  with

w==0.4. Their  strong  product
G, G, :(o,p)is also full regular.
Gui(o1, w) Gai(oz, 12)
(09) w(0.4)
04 (05 wa(0.6)
UQ(D.S)
V;(DS)
Gro Gaule, p) wwv (0.5) 0.4 up w2(0.4)
04 04
u v {0.9) 4 0. 1y v2(0.4)
04
0
4
04 0.4 0.4 0.4
04 0
04
1z w4(0.5) 04 04 w v3(0.5)
04 4

) wa{0.9) 04 uz w3{0.6)
Figure-2

Remark 4.4:
The above theorem3.2 holds for
complete regular fuzzy graphs also.
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Theorem 4.5:

If Gi:(o1,11) and Gy:(oa,12) are two
full regular fuzzy graphs such that 6;>, and
o>l and wAp=c (a constant), then their
strong product G,°G, :(o,p)is also a full
regular fuzzy graph.

Proof:

Let Gy:(o1,11) and Gy:(oa,12) be two
full regular fuzzy graphs such that 6,>p1, and
o>l and pyAp, = c. Then,
dechz (u;,v;)
= dG2 (Vj) + dG, () +[dG]‘ (ui)dG’; (Vj)]c'
Since Gi: (o) 1s a full regular fuzzy
graph,
dg (u) =k, anddG: (u)=1 VueV.
Similarly since Gy:(op,1p) is a full regular

fuzzy graph,
dg, (v;))=k,andd . (v;) =1, Vv, €V,.

Then for any vertex (u;vj) In
G, oG, :(o,p),

dgloc,z (u,v;) =k, +k, +rrc.

This is a constant and hence the
strong product G,°G,:(o,u) is a full
regular fuzzy graph.

Theorem 4.6:

If Gi:(o1,11) and Gy:(oa,12) are two
full regular fuzzy graphs such that 6,>p1, and
o>l and pvp=C (a constant) with G;*
and Gy* are k-regular where ‘k’ is a
constant, then their strong product
G,°G,:(o,u) is also a full regular fuzzy
graph.

Proof:

Let Gi:(o1,p) and Gy:(oa,12) be two
full regular fuzzy graphs such that o;>, and
o>l and puvp=C (a constant) with G*
and G,* are k-regular. Then,
dGloGz(ui’Vj):[1+dG;(Vj)]dG| (u)

+[1+ dG; (u)]dg, (v;)
_[dGT (ui ) dG; (Vj )]C

Since Gy:(oy,) 1s a full regular fuzzy graph
with G* is k-regular,
dg (u;) =k andd . (u;)=k Vu, eV,
Similarly since Gj:(oa,12) is a full regular
fuzzy graph with G,* is k-regular,
dg,(v;)=k,andd . (v;) =k Vv, e V,.
Then for any vertex (u;vj) In
G,0G,:(o,W),
dGloGz (u;,v;)
=(1+kk, +(1+kk,-k’C
=(1+k)(k,+k,)-k*C.
This is a constant and hence the

strong product G,°G,:(o,n) is a full
regular fuzzy graph.

Theorem 4.7:

If Gi:(op,p) is a full regular fuzzy
graph and Gj:(oy,1p) 1s a partially regular
fuzzy graph such that 6,<y,, o) is a constant

and pAp=c (a constant), then their strong
product G, °G, :(o,)is a full regular fuzzy
graph.
Proof:

Let Gy:(o1,11) be a full regular fuzzy
graph and Gj:(o2,12) be a partially regular
fuzzy graph such that o) < p, o) is a
constant and p; A [, = ¢ (a constant).

Then for any vertex (u;,vj)) 1in

G,°G,:(o,n),
dGloG2 (u;, Vj)

= dG»« (Vj)GI (U.i )+ dG] (ui)

+ [dGT (ui)dG; (Vj )c.
Since Gi: (o) 1s a full regular fuzzy
graph,
dg (u) =k andd . (u;)=r, Vu eV,

Similarly since Gj:(oa,12) 1s a partially
regular fuzzy graph, dG’; (v;)=1, Vv;eV,.

Then the degree of any vertex (u;,v;) in the
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strong product G,°G, :(o,u) is given by,
dg ., (U, v)) =1,0, +k, +rr,c

This is a constant and hence the
strong product G,°G,:(o,n) is a full
regular fuzzy graph.

V. CONCLUSION

In this paper, we have studied the
regular properties of the strong product of
two fuzzy graphs and illustrated that when
two fuzzy graphs are regular then their
strong product need not be regular. We have
provided the conditions under which the
strong product of two regular fuzzy graphs
is regular and the strong product of two full
regular fuzzy graphs is full regular. In
addition to the existing properties these
properties will be helpful to study the
properties of large fuzzy graph as a
combination of small fuzzy graphs.
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