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The ternary homogenous quadratic Diophantine equation representing cone given by   is analyzed for finding its non-
zero distinct integral solutions. Seven different patterns of integer solutions are presented. A few interesting relations 
between the solutions and special number patterns are given. 
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I. INTRODUCTION 

 
The Ternary Quadratic Diophantine  
Equation offers an unlimited field for 
research because of their variety [1-2]. For 
an extensive review of various problems, 
one may refer [3-10]. This communication 
concerns with yet another interesting 
Ternary Quadratic equation  

222 404 zyx  representing a homogenous 
cone for determining its infinitely many 
non-zero integral solutions. Also a few 
interesting relations among the solutions 
have been presented..  
 
Notations used :  
t m,n= Polygonal number of rank n with size m. 
obln = oblong number of rank n  
 
II.METHOD OF ANALYSIS 
 
The ternary Quadratic equation to be solved 
for its non-zero integer solution is  
x2+4y2=40z2                             (1)  
We present below different patterns of non-
zero distinct integer solutions to (1)         
Equation (1) can be written as  

))((4)6(6( yzyzzxzx   which may 
be written  in the form of ratio as 
  

                      (2) 
 
 
This is equivalent to the following two 
equations 

0)6(  ayabzbx  
04)64(  axbyabz  

On employing the method of cross 
multiplication, we get 
 

 
                (3)  

         

Properties 
(i) )2(mod0),1(6),1(  nznx  
(ii) )10(mod0),1(100)1,(400  nxny  

(iii) )8(mod0)1,(),1( 5,3  tnynz  

(iv) )2(mod023)1.(),1( 2  nnynx  

(v) )2(mod0)1,(),( 3,4  tnznny  
 

Thus (3) represent the non- zero distinct 
integer solution of equation (1) in two 
parameters 
 
It is observed that by rewriting (2) suitably, 
one may arrive at the following three 
patterns of solutions to (1). 
 
 
Pattern II : 
 

 
 

 
 
Properties: 

(i) )10(mod0),1(6)1,(4  nynx  
(ii) )3(mod0)1,()1,( 7,3  toblnznx n  

(iii) )6(mod0),1(),1( 1,3  tnzny  

(iv) )2(mod0)1,(),1( 5,5  tnynx  

(v) )2(mod012),1(),1(  nnzny  
 

 
Pattern III : 
 

 
 

 
 
Properties: 

(i) )5(mod0),1(),1(  nynx   

(ii) )4(mod0)1,(4)1,( 2,3  tnznz  

(iii) )2(mod05)1,(),1( 2  nnznx  
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(iv) )4(mod0)1,()1,( 5,3  tmymx  

(v) )5(mod012),1(),1(  nnzny  
Pattern IV : 
 

 
 

  
Properties: 

(i) )5(mod020)1,()1,(  noblnynx  

(ii) 080)1,(6)1,(  nnynx  
(iii) )4(mod0),1(),1(  nzny  

(iv) )5(mod0),1()1,( 3,4  tmymx  

(v) )5(mod0)1,(),1( 5,3  tnzny  

Pattern V : 
 
Introducing the transformation 

     (4) 
 in (1), we get 
 

 
  

                                (5) 
which is satisfied by 

) =    
    

                 (6) 
Substituting (6) in (4) , non zero distinct 
integral solutions of (1) in two parameters is 
given by  
 

 
         

 
Properties: 

(i) )2(mod0)1,()1,(  nynx  
(ii) )8(mod0),1(),1(  nzny  

(iii) )7(mod0),1(),1( 2  noblnznx n

 
(iv) )5(mod0).1(),1(  nynx  
(v) 016)1,()1,(  nnzny  

 

Pattern VI : 
Assume             (7) 
Also write 40 as 
                      (8) 
Substitute (7) and (8) in (1) and employing 
the method of factorization, define  

        (9) 
Equating the real and imaginary parts, we 
get 
x = x(a,b) =  
y = y(a,b) =  
z = z(a,b) =  
 
Properties: 

(i) )5(mod020),1(),1(  noblnynx  

(ii) )2(mod0),1(),1(  nzny  

(iii) )8(mod0),1(12),1( 2,3  tnznx  

(iv) (mod)0),1()1,( 7.8  tmymx  
 

 Pattern VII : 
 
Write (1) as  
  ------(9) 
 
Write 4 as        (10)  
Assume             (11)  
 
Using (10) and (11) in (9) and employing the 
method of factorization, define  
 

     (12) 
 
Equating rational and irrational parts in (12), 
we get  
x = x(a,b) =  

                       (13) 
z= z(a,b) =               
                                                                                        
Thus (11) & (13) represent non – zero distinct 
integral solutions of (1) in two parameters. 
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Properties: 
(i) )10(mod07),1(),1( 2  nnynx  
(ii) )2(mod012),1(),1(  nnzny  
(iii) )2(mod012),1(),1(  nnznx  

(iv) )4(mod0),1(),1( 4,5  tnznx  

 
III.CONCLUSION 
In this paper, we have presented seven 
different patterns of non-zero distinct integer 
solutions to the ternary quadratic Diophantine 
equation x2+4y2=40z2    representing a cone. 
To conclude one may search for other patterns 
of non-zero distinct integer solutions 
satisfying the cone under consideration.  
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