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Abstract-We consider a 𝐆𝐆𝐆𝐆𝐆𝐆𝑿𝑿  / 𝐆𝐆𝐆𝐆𝐆𝐆 / 𝟏𝟏 queue with 𝑵𝑵-limited nonstop forwarding. In this queueing system, 
when the server breaks down, up to 𝑵𝑵 customers can be serviced during the repair time. The steady-state 
distribution of the number of customers is given by using matrix analytic approach. 
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INTRODUCTION  
This paper analyses a discrete-time 𝑁𝑁-limited nonstop 
forwarding queue. This queueing system operates as 
follows: customers arrive according to a batch 
geometric process. The server starts immediately the 
repair process whenever the server breaks down. 
Despite the server breakdown, up to 𝑁𝑁 customers can 
be serviced during the repair time. Lee and Choi [1] 
analyzed a Geo/Geo/1 queue with 𝑁𝑁-limited nonstop 
forwarding. Lee [2] analyzed a Geo𝑋𝑋/ D / 1 queue with 
𝑁𝑁 -limited nonstop forwarding. In this paper, we 
analyze a Geo𝑋𝑋 / Geo / 1 queue with geometric service 
times and 𝑁𝑁-limited nonstop forwarding. 

SYSTEM MODEL  
We consider a Geo𝑋𝑋 / Geo / 1 queue in which the time 
axis is divided into fixed-length contiguous intervals, 
referred to as slots. Customers arrive according to a 
batch geometric process. The numbers of arrivals 
during the consecutive slots are assumed to be i.i.d. 
random variables with distribution {𝑎𝑎𝑘𝑘, 𝑘𝑘 = 0, 1, … }. 
It is assumed that the service of a customer can start 
only at a slot boundary. The service times of customers 
are assumed to follow geometric distribution with 
probability  𝑞𝑞 . The system has a buffer of infinite 
capacity. 

It is assumed that the server is subject to breakdowns. 
The server broken down starts immediately the repair 
process. The lifetime of the server is assumed to be 
geometrically distributed with probability  𝛼𝛼 . The 
repair times of servers follows a geometrical 
distribution with probability 𝛽𝛽. When the server breaks 
down, the system continues to forward the next 𝑁𝑁 
customers. The inter-arrival times, the service times, 
the failure times, and the repair times are assumed to 
be mutually independent of each other. 
 

Let 𝑀𝑀(𝑘𝑘) be the number of customers in the system at 
the beginning of slot 𝑘𝑘. Let 𝑆𝑆(𝑘𝑘) be the system state at 
the beginning of slot 𝑘𝑘: if the server is under repair and 
the system has forwarded 𝑁𝑁 − 𝑛𝑛 customers after the 
server's breakdown, then the value 𝑆𝑆(𝑘𝑘) is 𝑛𝑛 for 𝑛𝑛 =
0, 1,… ,𝑁𝑁 ; if the server is normal, the value  𝑆𝑆(𝑘𝑘) 
is  𝑁𝑁 + 1 . Then the process {(𝑀𝑀(𝑘𝑘), 𝑆𝑆(𝑘𝑘)), 𝑘𝑘 =
0, 1,… }   is a Markovian process with state 
space  {0, 1, 2, … } × {0, 1, … , 𝑁𝑁 + 1} . We have the 
transition matrix 𝑷𝑷  of the Markovian 
process {(𝑀𝑀(𝑘𝑘), 𝑆𝑆(𝑘𝑘)), 𝑘𝑘 = 0, 1, … }: 

𝑷𝑷 = (
𝑎𝑎0(𝑪𝑪 + 𝑭𝑭) 𝑎𝑎1(𝑪𝑪 + 𝑭𝑭)
𝑎𝑎0𝑞𝑞𝑩𝑩 𝑎𝑎1𝑞𝑞𝑩𝑩 + 𝑎𝑎0𝑫𝑫

𝑎𝑎2(𝑪𝑪 + 𝑭𝑭) ⋯
𝑎𝑎2𝑞𝑞𝑩𝑩 + 𝑎𝑎1𝑫𝑫 ⋯

𝟎𝟎            𝑎𝑎0𝑞𝑞𝑩𝑩
⋮           ⋮

𝑎𝑎1𝑞𝑞𝑩𝑩 + 𝑎𝑎0𝑫𝑫 ⋯
⋮ ⋱

), 

where 𝑩𝑩 , 𝑪𝑪  and 𝑭𝑭  are (𝑁𝑁 + 2) × (𝑁𝑁 + 2)  matrices 
given by  

𝑩𝑩 =

(

 
 
 
 

0 0 0
1 − 𝛽𝛽 0 0
0 1 − 𝛽𝛽 0

⋯
⋯
⋯

0    0     0
0     0     𝛽𝛽
0     0     𝛽𝛽

     ⋮        ⋮      ⋮ ⋱ ⋮      ⋮    ⋮
     0       0     0
     0       0     0
     0       0     0

⋯
⋯
⋯

0 0 𝛽𝛽
1 − 𝛽𝛽 0 𝛽𝛽
0 𝛼𝛼 1 − 𝛼𝛼)

 
 
 
 

 

𝑪𝑪 =

(

 
 
 
 
0       0           0       ⋯        0           0           0    
0   1 − 𝛽𝛽       0       ⋯        0           0           𝛽𝛽    
0       0       1 − 𝛽𝛽   ⋯        0           0           𝛽𝛽    
⋮       ⋮           ⋮         ⋱         ⋮           ⋮           ⋮    
0       0           0       ⋯    1 − 𝛽𝛽       0           𝛽𝛽    
0       0           0       ⋯        0       1 − 𝛽𝛽       𝛽𝛽    
0       0           0       ⋯        0           𝛼𝛼       1 − 𝛼𝛼)

 
 
 
 

 

𝑭𝑭 = (
1 − 𝛽𝛽   0   ⋯    0   𝛽𝛽
    0       0   ⋯    0   0
    ⋮        ⋮     ⋱     ⋮     ⋮
    0       0   ⋯    0   0

) 

and 𝑫𝑫 = (1 − 𝑞𝑞)𝑪𝑪 + 𝑭𝑭. 

STABILITY CONDITION OF THE SYSTEM 
A necessary and sufficient condition to ensure the 
existence for the stationary probability vector of the 
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process {(𝑀𝑀(𝑘𝑘), 𝑆𝑆(𝑘𝑘))}  is provided. Let 𝜸𝜸 ≡
(𝛾𝛾0,   𝛾𝛾1, …,   𝛾𝛾𝑁𝑁+1) be the stationary probability vector 
of  𝑨𝑨 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑ (𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)∞

𝒊𝒊=𝟏𝟏 = 𝑞𝑞𝑩𝑩 + 𝑫𝑫 , i.e., 
𝜸𝜸𝜸𝜸 = 𝜸𝜸 and 𝜸𝜸𝜸𝜸 = 1, where 𝒆𝒆 is the column vector, all 
of the elements equal to 1. Solving the linear equations, 
we get  

𝛾𝛾0 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽 [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁

, 

𝛾𝛾𝑖𝑖 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽

𝛽𝛽
𝑞𝑞(1 − 𝛽𝛽) [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁−𝑖𝑖+1

, 𝑖𝑖 = 1, 2, … , 𝑁𝑁, 

𝛾𝛾𝑁𝑁+1 = 𝛽𝛽
𝛼𝛼 + 𝛽𝛽. 

The equilibrium condition of the system is 

𝜸𝜸 ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝒆𝒆
∞

𝒊𝒊=𝟏𝟏
< 𝑎𝑎0𝑞𝑞𝜸𝜸𝜸𝜸𝜸𝜸, 

which is given by  

∑ 𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝒊𝒊=𝟏𝟏
< 𝑞𝑞 [1 − 𝛼𝛼

𝛼𝛼 + 𝛽𝛽 { 𝑞𝑞(1 − 𝛽𝛽)
1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)}

𝑁𝑁
], 

the left-hand-side of which is the mean number of 
customers arriving in a slot and the right-hand-side of 
which is the probability that the service is available. 

STEADY STATE ANALYSIS 
Under the above stability condition, we can compute 
the steady state distribution 𝝅𝝅 ≡ (𝝅𝝅𝟎𝟎,   𝝅𝝅𝟏𝟏, … ) of the 
Markov chain, where 

𝜋𝜋𝑖𝑖,𝑗𝑗 ≡ lim
𝑘𝑘→∞

P{𝑀𝑀(𝑘𝑘) = 𝑖𝑖, 𝑆𝑆(𝑘𝑘) = 𝑗𝑗}, 

𝝅𝝅𝒊𝒊 ≡ (𝜋𝜋𝑖𝑖,0,   𝜋𝜋𝑖𝑖,1, … , 𝜋𝜋𝑖𝑖,𝑁𝑁+1). 

Note that the steady state distribution 𝝅𝝅 is the solution 
to the linear system 𝝅𝝅𝝅𝝅 = 𝝅𝝅 and  𝝅𝝅𝝅𝝅 = 1. 

For the solution of M/G/1-type processes, several 
algorithms exist. These algorithms start with the 
computation of matrix 𝑮𝑮, which is the solution of the 
following equation:  

𝑮𝑮 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝑮𝑮𝑖𝑖
∞

𝒊𝒊=𝟏𝟏
. 

The matrix 𝑮𝑮  is obtained by solving iteratively the 
above equation. The stationary probability vector 𝝅𝝅 is 
computed recursively using Ramaswami's recursive 
formula [3]. 

CONCLUSIONS 
We considered a 𝑁𝑁-limited nonstop forwarding queue. 
We gave the stability condition of Geo𝑋𝑋  /  Geo  /  1  
queue with 𝑁𝑁-limited nonstop forwarding queue and 
the steady-state distribution of the system state and the 
number of customers by matrix analytic approach. 

ACKNOWLEDGEMENT 
This research was supported by Basic Science 
Research Program through the National Research 
Foundation of Korea(NRF) funded by the Ministry of 
Education (No. NRF-2013R1A1A4A01013094). 

 
REFERENCES: 
[1]Lee, Y. and Choi, W. (2016), “Geo/Geo/1 queue for 
graceful restart mechanism.” Global Journal for Research 
Analysis, 5(2), 47-48. 
[2]Lee, Y. (2015), “Queueing systems with N-limited 
nonstop forwarding.” East Asian Mathematical Journal, 
31(5), 707-716. 
[3]Ramaswami, V. (1998), “A stable recursion for the steady 
state vector in Markov chains of M/G/1 type.” Comm. Statist. 
Stochastic Models, 4, 183-263. 

Global Journal for Research Analysis 
Website: www.worldwidejournals.com (ISSN 2250-1991) 

 

process {(𝑀𝑀(𝑘𝑘), 𝑆𝑆(𝑘𝑘))}  is provided. Let 𝜸𝜸 ≡
(𝛾𝛾0,   𝛾𝛾1, …,   𝛾𝛾𝑁𝑁+1) be the stationary probability vector 
of  𝑨𝑨 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑ (𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)∞

𝒊𝒊=𝟏𝟏 = 𝑞𝑞𝑩𝑩 + 𝑫𝑫 , i.e., 
𝜸𝜸𝜸𝜸 = 𝜸𝜸 and 𝜸𝜸𝜸𝜸 = 1, where 𝒆𝒆 is the column vector, all 
of the elements equal to 1. Solving the linear equations, 
we get  

𝛾𝛾0 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽 [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁

, 

𝛾𝛾𝑖𝑖 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽

𝛽𝛽
𝑞𝑞(1 − 𝛽𝛽) [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁−𝑖𝑖+1

, 𝑖𝑖 = 1, 2, … , 𝑁𝑁, 

𝛾𝛾𝑁𝑁+1 = 𝛽𝛽
𝛼𝛼 + 𝛽𝛽. 

The equilibrium condition of the system is 

𝜸𝜸 ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝒆𝒆
∞

𝒊𝒊=𝟏𝟏
< 𝑎𝑎0𝑞𝑞𝜸𝜸𝜸𝜸𝜸𝜸, 

which is given by  

∑ 𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝒊𝒊=𝟏𝟏
< 𝑞𝑞 [1 − 𝛼𝛼

𝛼𝛼 + 𝛽𝛽 { 𝑞𝑞(1 − 𝛽𝛽)
1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)}

𝑁𝑁
], 

the left-hand-side of which is the mean number of 
customers arriving in a slot and the right-hand-side of 
which is the probability that the service is available. 

STEADY STATE ANALYSIS 
Under the above stability condition, we can compute 
the steady state distribution 𝝅𝝅 ≡ (𝝅𝝅𝟎𝟎,   𝝅𝝅𝟏𝟏, … ) of the 
Markov chain, where 

𝜋𝜋𝑖𝑖,𝑗𝑗 ≡ lim
𝑘𝑘→∞

P{𝑀𝑀(𝑘𝑘) = 𝑖𝑖, 𝑆𝑆(𝑘𝑘) = 𝑗𝑗}, 

𝝅𝝅𝒊𝒊 ≡ (𝜋𝜋𝑖𝑖,0,   𝜋𝜋𝑖𝑖,1, … , 𝜋𝜋𝑖𝑖,𝑁𝑁+1). 

Note that the steady state distribution 𝝅𝝅 is the solution 
to the linear system 𝝅𝝅𝝅𝝅 = 𝝅𝝅 and  𝝅𝝅𝝅𝝅 = 1. 

For the solution of M/G/1-type processes, several 
algorithms exist. These algorithms start with the 
computation of matrix 𝑮𝑮, which is the solution of the 
following equation:  

𝑮𝑮 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝑮𝑮𝑖𝑖
∞

𝒊𝒊=𝟏𝟏
. 

The matrix 𝑮𝑮  is obtained by solving iteratively the 
above equation. The stationary probability vector 𝝅𝝅 is 
computed recursively using Ramaswami's recursive 
formula [3]. 

CONCLUSIONS 
We considered a 𝑁𝑁-limited nonstop forwarding queue. 
We gave the stability condition of Geo𝑋𝑋  /  Geo  /  1  
queue with 𝑁𝑁-limited nonstop forwarding queue and 
the steady-state distribution of the system state and the 
number of customers by matrix analytic approach. 

ACKNOWLEDGEMENT 
This research was supported by Basic Science 
Research Program through the National Research 
Foundation of Korea(NRF) funded by the Ministry of 
Education (No. NRF-2013R1A1A4A01013094). 

 
REFERENCES: 
[1]Lee, Y. and Choi, W. (2016), “Geo/Geo/1 queue for 
graceful restart mechanism.” Global Journal for Research 
Analysis, 5(2), 47-48. 
[2]Lee, Y. (2015), “Queueing systems with N-limited 
nonstop forwarding.” East Asian Mathematical Journal, 
31(5), 707-716. 
[3]Ramaswami, V. (1998), “A stable recursion for the steady 
state vector in Markov chains of M/G/1 type.” Comm. Statist. 
Stochastic Models, 4, 183-263. 

Global Journal for Research Analysis 
Website: www.worldwidejournals.com (ISSN 2250-1991) 

 

process {(𝑀𝑀(𝑘𝑘), 𝑆𝑆(𝑘𝑘))}  is provided. Let 𝜸𝜸 ≡
(𝛾𝛾0,   𝛾𝛾1, …,   𝛾𝛾𝑁𝑁+1) be the stationary probability vector 
of  𝑨𝑨 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑ (𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)∞

𝒊𝒊=𝟏𝟏 = 𝑞𝑞𝑩𝑩 + 𝑫𝑫 , i.e., 
𝜸𝜸𝜸𝜸 = 𝜸𝜸 and 𝜸𝜸𝜸𝜸 = 1, where 𝒆𝒆 is the column vector, all 
of the elements equal to 1. Solving the linear equations, 
we get  

𝛾𝛾0 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽 [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁

, 

𝛾𝛾𝑖𝑖 = 𝛼𝛼
𝛼𝛼 + 𝛽𝛽

𝛽𝛽
𝑞𝑞(1 − 𝛽𝛽) [ 𝑞𝑞(1 − 𝛽𝛽)

1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)]
𝑁𝑁−𝑖𝑖+1

, 𝑖𝑖 = 1, 2, … , 𝑁𝑁, 

𝛾𝛾𝑁𝑁+1 = 𝛽𝛽
𝛼𝛼 + 𝛽𝛽. 

The equilibrium condition of the system is 

𝜸𝜸 ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝒆𝒆
∞

𝒊𝒊=𝟏𝟏
< 𝑎𝑎0𝑞𝑞𝜸𝜸𝜸𝜸𝜸𝜸, 

which is given by  

∑ 𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝒊𝒊=𝟏𝟏
< 𝑞𝑞 [1 − 𝛼𝛼

𝛼𝛼 + 𝛽𝛽 { 𝑞𝑞(1 − 𝛽𝛽)
1 − (1 − 𝑞𝑞)(1 − 𝛽𝛽)}

𝑁𝑁
], 

the left-hand-side of which is the mean number of 
customers arriving in a slot and the right-hand-side of 
which is the probability that the service is available. 

STEADY STATE ANALYSIS 
Under the above stability condition, we can compute 
the steady state distribution 𝝅𝝅 ≡ (𝝅𝝅𝟎𝟎,   𝝅𝝅𝟏𝟏, … ) of the 
Markov chain, where 

𝜋𝜋𝑖𝑖,𝑗𝑗 ≡ lim
𝑘𝑘→∞

P{𝑀𝑀(𝑘𝑘) = 𝑖𝑖, 𝑆𝑆(𝑘𝑘) = 𝑗𝑗}, 

𝝅𝝅𝒊𝒊 ≡ (𝜋𝜋𝑖𝑖,0,   𝜋𝜋𝑖𝑖,1, … , 𝜋𝜋𝑖𝑖,𝑁𝑁+1). 

Note that the steady state distribution 𝝅𝝅 is the solution 
to the linear system 𝝅𝝅𝝅𝝅 = 𝝅𝝅 and  𝝅𝝅𝝅𝝅 = 1. 

For the solution of M/G/1-type processes, several 
algorithms exist. These algorithms start with the 
computation of matrix 𝑮𝑮, which is the solution of the 
following equation:  

𝑮𝑮 ≡ 𝑎𝑎0𝑞𝑞𝑩𝑩 + ∑(𝑎𝑎𝑖𝑖𝑞𝑞𝑩𝑩 + 𝑎𝑎𝑖𝑖−1𝑫𝑫)𝑮𝑮𝑖𝑖
∞

𝒊𝒊=𝟏𝟏
. 

The matrix 𝑮𝑮  is obtained by solving iteratively the 
above equation. The stationary probability vector 𝝅𝝅 is 
computed recursively using Ramaswami's recursive 
formula [3]. 

CONCLUSIONS 
We considered a 𝑁𝑁-limited nonstop forwarding queue. 
We gave the stability condition of Geo𝑋𝑋  /  Geo  /  1  
queue with 𝑁𝑁-limited nonstop forwarding queue and 
the steady-state distribution of the system state and the 
number of customers by matrix analytic approach. 
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