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In this paper, we define the Mellin Transformation, then use it  to derive the joint distribution of two eigenvalues. This 
form of distribution was first defined by Roy(1939), Hsu(1939), and Fisher(1939). We also tabulate the upper percentile 
points of this distribution that was partially done by Pillai K.C.S.  (1956).

ABSTRACT

KEYWORDS : Eigenvalues, Extended Tables,  Fisher-Girshick-Hsu-Roy Distribution, 
Upper Percentage points, Pillai K.C.S.  

1 
 

 



GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 236 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

2 
 

 

g(x)x)(1x
2nm

1
2nm

(g')J
(g)J

2nm
1m(g)J

  then g(t)dtt)(1t(g(t))Let J

1n1m1,x1,nm
m,n,x1,n,xm

x

0

nm
m,n,x


 












 

  then)
1-t
t)(

1m
1(     v                              

(t)dt  g(1-t)g(t)dt 2)(1-t)n-(m       du

dt)
t1

t(
(1-t)

1g(t)    dv(1-t)  Let u

    g(t)dtt)(1t(g)Since   J Proof:

1m

'2nm1nm

m
2

2nm

x

0

nm
m,n,x















 

2nm
g(x)x)(1x) (gJ

2nm
1(g)J

2nm
1m(g)J

)(gJ
1m

1(g)J
1m

2nm g(x)(1-x)x
1m

1           

(t)dtgt)(1t
1m

1    -                    

g(t)dtt)(1t
1m

2nm g(x)(1-x)x
1m

1(g)J

1n1m
'

1,x1,nmm,n,x1,n,xm

'
1,x1,nm1,n,xm

1n1m

x

0

'1n1m

x

0

n1m1n1m
m,n,x
























 


 



















 

  

  

x

0
1x,n,m

n
1

m
1x,n,m

x

0

nm
x

x
2

n
2

m
2x,m,n

x

0

x

x
2121

n
2

n
1

m
2

m
1

dg)1(J           

and  duu)(1ud)(1Let  g     

d)d()(1)(1I

1

1

     
x

0

x

x
21

n
2

n
1

1m
2

m
1

x

0

x

x
21

n
2

n
1

m
2

1m
1

11

dd)(1)(1  - dd)(1)(1I 3 
 

 

  

  









x

0

x

x
1

n
1

m
12

n
2

1m
2m,n1,n,xm

x

0

x

x
21

n
2

n
1

1m
2

m
1m,n1,n,xm

0

x

x

0

x

0

x

0

x

x

1

1

1

1

1

d)(1d)(1)(gJ   

dd)(1)(1)(gJI

fact : aware the  

m,n1,nmm,n1,n,xm

m,n1,n,xm

x

0

x

0
1

n
1

m
12

n
2

1m
2m,n1,n,xm

x

0

x

0
1

n
1

m
1

x

0
1

n
1

m
12

n
2

1m
2m,n1,n,xm

gg)(g2JI

)(gJd)(1d)(1)(gJ  

}d)(1d)(1{d)(1)(gJ  
1













  

   

2nm
gx)(1x

)-'(gJ
2nm

1(g)J
2nm

1m                  

gx)(1x
2nm

1-                    

dtt)(1tt)(1t
2nm

1(g)J
2nm

1m)(gJ

m,n
1n1m

,x1,n1mm,n,x

m,n
1n1m

x

0

nm1n1m
m,n,xm,n1,n,xm















 

















 





  



x

0

nm
m,n

11,2n2mm,n,x11,nm

2
m,nm,nm,n

2
x

0

x

0

x

0

x

0

x

0

nmnm
m,nm,n

}dt)t1(t {g  where

g
2nm

1) is '(gm in JSecond ter

}{g
2
1)(g     J]g(t)dt[ 

2
1g(u)dudt g(t)   Since 

dudt      u)(1ut)(1t)(gJ

                 }dt)t1(t {}dt)t1(t {}dt)t1(t {
2nm

x)(12x -    

}dt)t1(t {
2nm

2 }dt)t1(t{
2nm

1m    

)g       -(g

gx)(1x
2nm

2g
2nm

2
2nm

1m}{gI

x

0

nm
x

0

n1m
x

0

nm
1n1m

x

0

1n21m22
x

0

nm

m,n1,nm

m,n
1n1m

11,2n2m
2

m,n

   



 


 





























GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 237 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

3 
 

 

  

  









x

0

x

x
1

n
1

m
12

n
2

1m
2m,n1,n,xm

x

0

x

x
21

n
2

n
1

1m
2

m
1m,n1,n,xm

0

x

x

0

x

0

x

0

x

x

1

1

1

1

1

d)(1d)(1)(gJ   

dd)(1)(1)(gJI

fact : aware the  

m,n1,nmm,n1,n,xm

m,n1,n,xm

x

0

x

0
1

n
1

m
12

n
2

1m
2m,n1,n,xm

x

0

x

0
1

n
1

m
1

x

0
1

n
1

m
12

n
2

1m
2m,n1,n,xm

gg)(g2JI

)(gJd)(1d)(1)(gJ  

}d)(1d)(1{d)(1)(gJ  
1













  

   

2nm
gx)(1x

)-'(gJ
2nm

1(g)J
2nm

1m                  

gx)(1x
2nm

1-                    

dtt)(1tt)(1t
2nm

1(g)J
2nm

1m)(gJ

m,n
1n1m

,x1,n1mm,n,x

m,n
1n1m

x

0

nm1n1m
m,n,xm,n1,n,xm















 

















 





  



x

0

nm
m,n

11,2n2mm,n,x11,nm

2
m,nm,nm,n

2
x

0

x

0

x

0

x

0

x

0

nmnm
m,nm,n

}dt)t1(t {g  where

g
2nm

1) is '(gm in JSecond ter

}{g
2
1)(g     J]g(t)dt[ 

2
1g(u)dudt g(t)   Since 

dudt      u)(1ut)(1t)(gJ

                 }dt)t1(t {}dt)t1(t {}dt)t1(t {
2nm

x)(12x -    

}dt)t1(t {
2nm

2 }dt)t1(t{
2nm

1m    

)g       -(g

gx)(1x
2nm

2g
2nm

2
2nm

1m}{gI

x

0

nm
x

0

n1m
x

0

nm
1n1m

x

0

1n21m22
x

0

nm

m,n1,nm

m,n
1n1m

11,2n2m
2

m,n

   



 


 



























5 
 

 

1)!n(m
m!n!

1)!1)!(2n(2m
4)!2n(2m

2)n4(m
1

2)nΓ(m
1)Γ(n  1)Γ(m

2)Γ(2n  2)Γ(2m
5)2nΓ(2m

2)n4(m
1

,n)*I ism in k(2,mSecond ter
 function;plete betat of incomcoefficienCheck the 























































1m
2nm

22m
42n2m

2)!n(m
1)!1)!(n(m

2)!2)!(2n(2m
4)!2n(2m

2)2)(2n(2m
2)2)(2n(2m

2)!n(m
m!n!

1)!1)!(2n(2m
4)!2n(2m

4
1

 



















θ

0

1b1a

1n1m

dtt)(1t
Γ(a)Γ(b)

b)Γ(a,b)a  ,a(θwhere  Bet

)11,nm , Beta(θx)(1x
)

1m
2nm

(

)
22m

42n2m
(

-)22,2n2m  θ,(Beta

θ}2  pr{xFor s

 






















 





p

1i

p

1i

p

1i

e
p

1i

h

p

1i

he
p

1i

he

eh

heehh

)(new)
2
iΓ()(old)

2
1p-iΓ(Also 

)
2

2ipnΓ(m1)
2
i

2
p

2
1pn

2
1pnΓ(

1(old)p-iere i(new))       wh
2

inpnΓ()
2

1ninΓ(

d n1)/2 callepd m;  (n1)/2 callepnt (nLet expone
 Roy,)Followingnpand n (n and p) to (np , changeFor n

d betaGeneralizemation in e transforApply abov

t , letargest rooution of lhe distribdard for tRoy's stan

)
2

1iΓ(m)
2

1i
2

1pnΓ(

)
2

ipnΓ()
2

11)i(pnΓ()
2

1inΓ(

p

1i

p

1i

h

p

1i

h
p

1i

h
p

1i

h



























GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 238 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

5 
 

 

1)!n(m
m!n!

1)!1)!(2n(2m
4)!2n(2m

2)n4(m
1

2)nΓ(m
1)Γ(n  1)Γ(m

2)Γ(2n  2)Γ(2m
5)2nΓ(2m

2)n4(m
1

,n)*I ism in k(2,mSecond ter
 function;plete betat of incomcoefficienCheck the 























































1m
2nm

22m
42n2m

2)!n(m
1)!1)!(n(m

2)!2)!(2n(2m
4)!2n(2m

2)2)(2n(2m
2)2)(2n(2m

2)!n(m
m!n!

1)!1)!(2n(2m
4)!2n(2m

4
1

 



















θ

0

1b1a

1n1m

dtt)(1t
Γ(a)Γ(b)

b)Γ(a,b)a  ,a(θwhere  Bet

)11,nm , Beta(θx)(1x
)

1m
2nm

(

)
22m

42n2m
(

-)22,2n2m  θ,(Beta

θ}2  pr{xFor s

 






















 





p

1i

p

1i

p

1i

e
p

1i

h

p

1i

he
p

1i

he

eh

heehh

)(new)
2
iΓ()(old)

2
1p-iΓ(Also 

)
2

2ipnΓ(m1)
2
i

2
p

2
1pn

2
1pnΓ(

1(old)p-iere i(new))       wh
2

inpnΓ()
2

1ninΓ(

d n1)/2 callepd m;  (n1)/2 callepnt (nLet expone
 Roy,)Followingnpand n (n and p) to (np , changeFor n

d betaGeneralizemation in e transforApply abov

t , letargest rooution of lhe distribdard for tRoy's stan

)
2

1iΓ(m)
2

1i
2

1pnΓ(

)
2

ipnΓ()
2

11)i(pnΓ()
2

1inΓ(

p

1i

p

1i

h

p

1i

h
p

1i

h
p

1i

h

























6 
 

 

);of 1-x(exponent 
2

1pn
 n

);of x(exponent 
2

1pn
sion);  m,p} (dimenmin{ns

i
e

i
h

h







6 
 

 

);of 1-x(exponent 
2

1pn
 n

);of x(exponent 
2

1pn
sion);  m,p} (dimenmin{ns

i
e

i
h

h









GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 239 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

6 
 

 

);of 1-x(exponent 
2

1pn
 n

);of x(exponent 
2

1pn
sion);  m,p} (dimenmin{ns

i
e

i
h

h







7 
 

 



GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 240 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

7 
 

 

8 
 

 

                    ...1,2,3,....k               x,
)k2)(1k2(

)kk( C            and

    x,
)1k2)(2k2(
)1k1)(-k(- C         where

                       ]  ........
1
C.........

1
C

 
1
C 

1
C 

1
1[

)()1(
)x1(x),;x(B

12k

2k

n321





















)x x 


 xx 

)),;x1(B1),;x(B 



GJRA - GLOBAL JOURNAL FOR RESEARCH ANALYSIS  X 241 

Volume-5, Issue-1, January -2016 • ISSN No 2277 - 8160

REFERENCES [1] Fisher, R.A.(1939) The sampling distribution of some | statistics obtained from non-linear equations, Ann. | Eugenics, Vol. 9, pp. 238-249. | | 
[2] Girshick, M.A.(1939) On the sampling theory of the roots | of determinantal equations, Ann. Math. Stat., Vol. 10, pp. | 203-224. | | [3] Heck, 
D.L.(1960) Charts of some upper percentage points of | the distribution of the largest characteristic root, Ann. | Math. Statist.,31, pp625-642. | | 

[4] Hsu, P.L.(1939) On the distribution of roots of certain | determinantal equations, Ann. Eugenics, Vol. 9, pp. 250-258. | | [5] Pillai, K.C.S.(1956a) On the distribution of the largest 
or | the smallest root of a matrix in multivariate analysis, | Biometrika, Vol. 43, pp. 122-127. | | [6] Roy, S.N.(1939) p-statistics or some generalizations in | analysis of variance 
appropriate to multivariate problems, | Sankhya, Vol. 4, pp. 381-396. | | [7] Chen, W.W.S.(2003) Table for upper percentage points of the | largest root of a determinantal equation 
with five roots, | February, http://InterStat.stat.vt.edu/InterStat/ | | [8] Chen, W.W.S.(2004) The new table for upper probability point | of the largest root of a determinantal 
equation with seven, | September, http://InterStat.stat.vt.edu/InterStat/ | 


