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INTRODUCTION 1.0

We have established the numerical integration algorithm (1.1) which can be expressed

as one-step methods in the form:

Vi1 = Vo + [fr?—ﬂfrf+ fﬁ—ﬂfn] (2n + 1)h? + I:fr%cosxn - fr?Sinxn] [Zr ) (lh)r]

2(1—Axp) A3 (cosxp—Asinxy)
3 Af2 w RZ2T R2r+1
+ [cosxn - lsinxn] [Cosxn (ZT 1 2r') —sinx, (Zr o (2r+1)')] 1.1
Vn+1 = Yn + RO (Xp, Yn; h)
Where
(D(xn'yn; h) = {an + QfTiL + anz + an3} 1.2

is the increment function.
Definition 1.0 (Henrici, 1962)

We define any algorithm for solving a differential equation in which the approximatic
the solution at the point x,,; can be calculated if only x,, y,, and h are known as
method. It is a common practice to write the functional dependence, y,, .1, on the quant:

and h in the form y,,,1 = y,, + hO(x,, Yu; h).
We observe that @(x,,v,; h) = {Pf,, + Qfil + Rf;2 + Sf3} 1.3
2.0 CONVERGENCE OF THE NON- LINEAR COMPUTATIONAL ALGORIT

Theorem 1.0 (Henrici, 1962)
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x € [a,b] and y € (—o0,); 0 < h < hy, where hy > 0, and let there exists a constan

that [@(xn, yn; h) — B, s M| < Llyn = yal
Forall (x,,y,; h) and (x,, yn; h) in the region just define.

Then the relation (x,,y,;0) = (x,,y,) is a necessary and sufficient condition

convergence of the new scheme defined above in (1.3)

Proof

The increment function @(x,,, y,,; k) can be written in the form:

B(xn, Ynih) = {Pfo + Qf + Rfi + S} 2.0

Where P, Q, R and S are coefficients defined below:

A(2n+1
p=_ (2n+1)
2(1-Axy)
Q __ h(2n+1)
T 2(1-2xp)
A(2n+1Dh 12 + 6h + 2h%A%2  Ah7-56Ah% -20160h1 cosxy,
R = - ,
2(1-Axy) 1222 40320 COSXp—ASinx,
N Ah® — 422h* 4+ 840Ah% — 210AK3 sinx,
5040 cosx, — Asinx,
g = 2n+1 ((Z—hl) _ 210Ah3 - 5040 - 42h* — h6) sinxy
2(1-2xy) 272 5040 CoSXy—Asinx,

s (20160h + 1680h + 56h° + h7) cosx,

40320 cosx, — Asinx,

Equation (2.2), can also be written as,

B0,y k) = {PFCe,ym) +Qf (e, ym) + REZ (e, ym) + S£2 0, v} 2.1

Subtract (2.0 ) from (2.1), hence:
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P(FGe,ym) = £ G, 3)) +Q (£, y) = £y

(Z)(xn' yrt‘ h) - Q(Xn: Yni h) = 2 3 3
RO G,y ) = F20 ) + S (203D = £ Gm))

Let y be defined as a point in the interior of the interval whose points are y and y*, applying mean

value theorem, we have:

* f (xny) /.«
f(xn' yn) - f(xn' yn) = # (}’n - yn)

! * ! af’( n'_) *
f (xn' yn) - f (xn' yn) = a;n . (yn - yn)

o \ 22
£2Ceny) = F2Con ) = 22 (0= 33)
o
£2Cen ) = F2Con ) = 22 (0 = 33)
L = sup 9f (xnyn)
(tn, ym)ED O
Ly= sup O Cons yn)
(xn, yn)ED n 23
L,= sup O Gt y) ‘
(tny)eD  On
L3 = sup af3(xn, yn)

(nyn)ep  Ovn )

Therefore

* 6 TL‘_ * 6 ! Tl!_ *
(b(xn’ Yns h) - Q)(xn' Vns h)=P {% (Yn —In )} +Q {%n)’) (yn ~n )}

0f*(xn,y) , 0f>(xn,¥) ,
+R{T(J’n —}’n)} +S{T(Vn _yn)}

=PLYn =)t Q L1 —Yn) +RL,(Yn —yn) + S Ls(yn — ¥n)
2.4

Taking the absolute value of both sides
|OCtn, Yni h) = @Cn, s W S IPL+Q Ly + R Ly + S La||yn = yn | 2.5

Ifwelet M = |PL+ Q L; + R L, + S Ls| then, our equation (2.5) becomes

|0(xn' y;;' h) - (Z)(xn' Vi h)l < Mly;; ~Vn | 2.6
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which is the condition for convergence.

3.0  CONSISTENCE OF THE NON-LINEAR COMPUTATIONAL ALGORITHM
Definition 2.0 (Fatunla, 1988)

A numerical scheme with an increment function @(x,, y,,; h) is said to

be consistent with the initial value problem

y'=fy); y(%0) = Yo 3.0

From (1.2), Yn41 = Y + hO(x, Y 1)

Where

00k yni h) = {Pfo + Qfy + RE + Sfi} 3.1

If h =0, then

_ fg_lfrg'*fr%_/lfn] 2 [fr%cosxn_ fr%smxn [ 0 (Ah)r]
Ynt1 = It [ 2(1-2Axy) (Zn T Dh t A3(cosxp—Asinx,) r=1 4

COSX,, (Zr 1 ) sin x, (Zr 0(::?) )]

COSXpy — lsmxn] [

Becomes

Yn+1 = Yn » hence
Q)(xw Yns 0) = f(x' y) 3.2

Therefore a consistent method has order of at least one. We say our new numerical metho
consistence since equation (2.5) reduces to (3.2) when h = 0, therefore, we say that the methc

consistent
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40  STABILITY ANALYSIS OF THE NON-LINEAR COMPUTATIONAL

ALGORITHM

THEOREM 2.0 (Fatunla, 1988)

Let y, = y(x,) and p, = p(x,,) denote two different numerical solution of differential equation

(3.0) with the initial conditions specified as
y(xy) = ( and p(xy) = (" respectively, such that [{ — (*| <&, &> 0.

If the two numerical estimates are generated by the integration scheme, we have:

Vi1 =Wt hq)(xn; Y h) 4.0
Pt = Do+ ROCxn, pos 1) 4.1
The condition that

|yn+1 - pn+1| < kl( - {*|

Is the necessary and sufficient condition that our new method is stable and convergent.
Proof:
If Y1 = Yo + h{Pfu + Qi + R + S} 42

Then let

Yusr =Y+ R{PFCo )+ QF Gy )+ RF (e, 30 ) +SF ( 3)) 43

And

P+t = DPn T h{Pf(anpn) T Qfl(xn :pn) T sz(xn :pn) T Sf3(xn)pn)} 44

Therefore
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Vn+1

_pn+1=yn_pn+h<
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P(f(xn'Yn) - f(xn' Pn ))
+0Q (fl(xn'yn) _fl(xnjpn ))
+R (fz(xn»yn) _fz(xn:pn))

\+S (fg(xn»yn) _fg(xn»pn ))}

Applying the mean value theorem, we have as above:

( POf(xn,Pn) A
0P, (n = Fo)
+Qaf (Xn,Pn) (xn _ Pn)
— P = — P + h< apn >
Y41~ Fnt1 = Yn — I ROf' (xn,Pn ) (x, —P,)
oP,, noon
SOf' (xnPpn)
\+ T (xn - Pn )J
Yn+1— Pni1 = Yn— By
o WA gy
(xn,Pn )ED Pn
+ sup 00F Gt Pn) (xn —PFy)
(xn.Pn )ED 0Py
+h o ROf' (xp,P (
+ sup —2* ROF Gl Xn — By
(xp,Pp)eD  9Pn
SOf' (xn,Pn)
+ su —(x, —B)
\ Pnp)eD OPn T
PL(xn,pp )

+QL1 (xni pn )
+PL2 (xn» pn )
+SL3 (xnr Pn )

Vn+1 ~ Pn+1 = VYn — Pn +h

Taking the absolute value of both sides of (4.8) gives

|Vn+1 = Prsal < v —Ppl +RIPL+Q Ly + R Ly + S Ls|x,

let N =|PL+ QL +RLy+S L]
and y(xy) = { and p(x,) = {*, given € > 0. Then

|Vn+1 = Pns1l S Nlyn — Do |

4.5

-

4.6

4.7

4.8

— DPn | 4.9

4.10
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And

|Yn+1 — Prsa| S N|¢ =7 | for every e > 0

4.11

Then we conclude that our scheme is stable and hence convergent.

5.0

CONCLUSION AND RECOMMENDATION; we have presented comprehensive

detail of the convergence theorem for a newly developed non-linear method for numerical

integration of ordinary differential equations. It is proved that the scheme is convergent.
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