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ABSTRAC

solutions and special numbers are presented.

1.INTRODUCTION

The Diophantine equations offer an unlimited field for research due
to their variety [1-3]. In particular, one may refer [4-15] for cubic
equations with four unknowns. This communication concerns with
yet another interesting equation x*+y* = “h?+3p?zw? representing
the homogeneous cubic equation with four unknowns for
determining its infinitely many non-zero integral points. Also a few
interesting properties are presented.

NOTATIONS:

1. tmn - Polygonal number of rank n with sizem

2.pn -Pyramidal number of rankn with sizem

3.gma -Gnomonic number ofranka.

4. so, -StellaOctangularnumberofrankn

5. Pr, -Pronicnumber of rankn.

6.cr.. -Centered Pyramidal number of rank n with size m.

2.METHOD OF ANALYSIS:
The cubic Diophantine equation with four unknowns to be solved
forgetting non-zerointegral solutionsis

x2 + y® = 57(h? + 3p?)zw? —(1)
Introduction of the linear transformations

x=u+v, y=u—vandz=2u ~(2)
in(1)leadsto

w+3v’=57(h*+3p?)zw’ —@3)

Now, we solve (3) through different methods and thus obtain
different patterns of solutions to (1).

Pattern1:
Imaginethat w=w (a, b)=a’+3b? -—-(4)

Where aand b are non-zerodistinctintegers Mark 57 as

_ (3n+4niy3)(3n-4ni\3)

>
n2

57 -—(5)

using (4) and (5) in (3) and applying the way of factorization, classify
u +iV3v = (3n + 4niV3) (h + iV3p)(a + iV3b)?

Equating the realandimaginary parts, we have
u = h(3a®? — 24ab — 9b?) + p(—12a’? — 18ab + 36b%)
v = h(4a® + 6ab — 12b%) + p(3a? — 24ab — 9b?)

Henceinview of (2), the values of x, y, zare given by
x(h,p,a,b) = x = h(7a® — 18ab — 21b?) + p(—9a® — 42ab + 21b?)
y(h,p,a,b) =y = h(—a? - 30ab + 3b?) + p(—15a® + 6ab + 45b?)
z(h,p,a,b) = z = h(6a® — 48ab — 18b?) + p(—24a* — 36ab + 72b?)

1) 7x(3,-1 a,20a° - 1)+ y(3,-1.a,2a° - 1) + 5184 Star, + 158976FN,* = 0 mod (1104)
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Thus equation (6) represent the non-zerointegral solutions to (1)
Afew interesting properties observed are as follows:
1. x (h,p,a,b) +y (h,p,a,b) — z (h,p,a,b) =0

2 [x(h,p,a,b) + y(h,p,a,b)) — z*(h,p,a,b) = 0
3. x(1,1,a,1)+ 7y(1,1,a,1) + 114 Pro, = 0 (mod 114)
4, z (h,p,a,1) — h{6 Pro, — 27Gno, + 9} — p{24 Pro, + 6Gno, — 66} =0
Pattern-1I
Rewrite equation (3) as
u® 4 3v* =57 (h* +3p*) zw* "1 —(7)
Mark 1as
1= (n+niv3) (n-niva)
(2n)? — (8)

Using (4), (5) and (8) in (7) and applying the method of factorization.
Classify,
u+iV3v = (n+ niv3) (3n + 4niv3)(h + iv3 P)(a + iv3b)? --(9)

Equating thereal and imaginary parts, we have
u=2{h(-9° - 42ab+27b* ) + p (~21a’ + S4ab + 63b%)}

v= %[h (7a* = 18ab — 21b* ) + p (=9a* — 42ab + 27b%)}

Henceinview of (2) the values of x,y, zare given by
x = 3{h (~20* — 60ab + 6b*) + p (~30a° + 12ab + 90b%)}
y = 3{h (~16a% — 24ab + 48b°) + p (—12a° + 96ab + 36b%)}
z=h(—9a* — 42ab + 27b* ) + p (—21a* + 54ab + 63b%)

w =a*+3b°

Our interest is to obtain the integer solution, so that the values of x
andyareintegersfor suitable choices of the parametersaand b.

Puta = 24,b = 2B

x(h.p.a.b) = x = h (—44° — 120AB + 12B%) + p (~604° + 24AB + 180B°)

y (h.p.a,b) = y = h(~324° — 48AB + 968 ) + p (~244° + 1924B + 72B%)

z(h.p.a.b) =z = h(~364% — 1684B + 108B% ) + p (—B4A° + 216AB + 252B2)

y (h.p.a.b) =w = 4A* +12B*
w(hpab)=w ---(10)

Thus equation (10) represent the non-zerointegral solutions to (1)
Afew interesting properties observed are as follows:

1. x(1,-1,2.b) +w(1,-1,2,b) + 156 Ct,, = 0 (mod 132)

2 y(Lp.aa+1)+8w(lp.aa+1)—48Pro,(2p—1)+ 24pT,, — 180Ct,, =0 (mod 180)
3. z(2.1,a,a— 1) + 624T,, + 20Star, — 488 CS, = 20

4 x(Lla(a+1)a+2)+14(Pro,)* + 576 TH, — 18T,, = 0 (mod 36)

Pattern-111
Rewrite equation (3) as

u® 4+ 3v* =19+« 3 (h* +3p* ) zw? --(11)

Make 19and 3 as
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_ (4n+niy3) (4n-niy3)
19 = %

—(12)

3 = (n#niv3) Gnoniy3)
B (2n)?

Using (4) and (12) in (11) and applying the method of factorization
classify,

u+iV3v = (4n +niv3) (3n+niv3) (h+iV3P)(a +iV3b)? —(13)

Equating thereal and imaginary parts, we have

w=12{h(9a® — 42ab — 27b?) + p (—21a? — 54ab + 62 b?)}
1
v= E{h (7a* + 18ab — 21b% ) + p (9a® — 42ab + 27b*)}

Hencein the view of (2), the values of x, y, zare given by

1
x= E{h (16a® — 24ab — 48b* ) + p (—12a® — 96 ab + 35b%)}

1
y= E{h (2a* — 60ab — 6b*) + p (—30a* — 12 ab + 89b%)}
z =h (9a* — 42ab — 27b*) + p (—21a® — S4ab + 62b?)

w = a®+3b*

Our interest is to obtain the integer solution, so that the values of x
andyareintegersfor suitable choices of the parametersaandb.

Puta = 24,b = 2B

x (h,p,a,b) = x = h (324> — 484B — 96B? ) + p (—24A4% — 1924B + 70B?)

y (h,p,a,b) =y = h (44 — 1204B — 12B?) + p (—604% — 24AB + 178B%)

z (h,p,a,b) =z = h (364> — 168AB — 10882 ) + p (—84A% — 216AB + 248B?)

w (h,p,a,b) =w = 44 + 12B* —(14)

Thus equal (14) represent non-zero integral solutions to (1)
Afewinteresting properties observed are as follows:

1) x(32,0,2a° + 1)~ 8y(32,0,2a° + 1) - 27760 T, , - 82080H, — 143424 FN; = 2988

2 4y(5,-1, 20° - 1,) - z(5,~1,2° - 1,a) - 15552 FN} + 9007, , = 324

3) z(1,-1,aa+1), a+2)+ 9w (L,-1,a(a+1),a+2)~ 156 (Pro,)* - 288 Pa* - 248T,, =0 (mod 496)
4) w(na,na)is a square number,wheren = 1,2, ...

Pattern-1V
Rewrite (3) as

w4+ 30 =19+3(h* +3p*)zw? =1 ~(15)

Using equation (4), (8) and (12) in (15) and applying the method of
factorization, classify,
u+iy3v = (4}1 + ni\.’i}(3n + ﬂi\.@}(n +'ni\."§)[h +i43 p)a+ i\.@b): —(16)

Equation therealandimaginary parts, we have

1 s 2
u= 1{h (—12a* — 36ab + 36b% ) + p (—48a° + 72 ab + 14467}

1 B 5
v= ;{h (6a* — 24ab — 185% ) + p (—12a* — 96 ab + 365%)}

Henceinthe view of (2), the values of x, y,zare given by

1 3 s 2 .
x= Z{h (—6a* — 60ab + 18b* ) + p (—60a* — 24 ab + 1805%)}

1 3 2 N N
y= z{h (—18a® — 12ab + 54b* ) + p (—36a° + 168 ab + 108b%)}

1 2 2 2 2
z= Z{h (—24a® — 72ab + 72b% ) + p (—96a® + 144 ab + 288b%)}

Our interest is to obtain the integer solution, so that the values of x
andyareintegersfor suitable choices of the parametersaandb.

Puta = 44,b = 4B

x (h.p.a,b) = x = h (—244% — 240AB + 72B% ) + p (-2404% — 96 AB + 720B%)
y(h.p.a,b) =y = h(-724* —48AB + 216B%) + p (—1444" + 672 AB + 432B%)
z(h.p.a.b) =z =h(-96A% — 288AB + 288B% ) + p (—384A% + 576 AB + 1152B%)
w (h.p.a,b) =w = 164° +48B% —(17

Thusequal (17) represents the non-zero integral solutions to (1)

Afewinteresting properties observed are as follows:

2) z(1,-13.2) + 6w (1,-1,3,2) is a Nasty Number

3) wi(na,na)is a square number,wheren = 12, .....

4) x(12, 2a%,a) + 252 (Ctyq * Tiga) + 840 P, = —300 (mod 1464)
3.Conclusion:

To conclude, one may search for other patterns of solutions and
their corresponding propetrties.
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