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LU VN Csaszar in [4] introduce weak structures as generalization of general topology, and introduce closure and
interior, also introduce some types of o -open set. In this paper, we define u - weak structures as a generali-
zation of weak structures and introduced some types of o, _ open sets. The relation between these types are introduced.

1 Introduction

Let X be a non-empty set and P its
power set. A structure on X is a subset
of P (e.g. a topology on X), and an
operation on X is a function from P
to P.If ¢ is an operator on X, and
Ac X, we write @A instead of ¢(4),
and if y is another operator, we write
oy instead of go y. If v is a structure
on X, we call v -open the elements of
v and v -closed their complements (in
X). If v is a suitable structure in X and
c X , we denote by i,A the union of
all v -open sets contained in 4 and by
c,A the intersection of all v -closed
sets containing A4. In the literature, we
find i,A and c,A in the case, of
course, if v is a topology, but also in
the case if v is a generalized topology
in the sense of [2] (i.e. a g — P such
that @ € g and the union of any
subfamily of g always belongs to ), or
a minimal structure in the sense of [5]
(i.e. mcP such that g€ m and
X € m ). The purpose of this paper is
to define; the family w, ={vnu:
v € w} is the w, -structure induced over
pcX by w (by short w,S). The
elements of w, are called w,-open
sets; a set v is a w,-closed set if
U —vew; . We note that wy is the
family of all w, -closed sets.

2 [,w and C, @

In this section we define i, w and
¢, w under more general conditions and
to show that the important properties
of these operations remain valid under
these conditions.

Let v € w,S we define the w, -

interior (by short i, w ) of y as the
finest w, - open sets contained in v
that is, i, w(v) = Usew, (¢ {c v}

Let v € w, S we define the w),-
closure (by short ¢, w ) of u as the
smallest w, -closed sets which
contained in v thatis, ¢,w(v) =
Usew, fu—Gvcp—c}

Example 2.1.

LetX ={a,b,c}, w =
{¢{a},{a,b} }, u = {a,b}, and
v = {c}. Then
Lw) =4¢ andi,w() = {c}.

Remark 2.1.
Every w, -open set is w -open
set, but the converse is not true.

Example 2.2. Let X = {a, b, c,d, e},
w = {¢{a}, {b},{c}{d}}.u=
{a,b,c,d}, and v = {a, b}. Then v is
w, —open butnot w — open set.
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Proposition 2.1.

Let w, be a weak structure of X,
and 4, B, u < X. Then the following
are hold:-

i. LwAnB)ci,wld)n
i,w(B)
ii. cw()U cqwB)cn
c,w(A U B)
iii. If A€ w,S,then i ,w(4) = A4,
and A € wﬁS, then A =
c,w(A).

Proof.
It's obvious.

Proposition 2.2.
Let w, be a weak structure of

X,andv,uc X. Thenv = i,w(v),
and if v is w, —closed then v =
¢, w(v).

Remark 2.2.

The conversely of the above is
not true, i.e., if v = i, w(v) does not
imply v is w,- open. And v =
¢, w(v) does not imply that v is w, -
closed.

Example 2.2.
Let X = {a; b; c, d’ e}a

w = {g{a}, {b}{ch{d}}.n=
{a,b,c,d}, and v = {a, b}. Then
Lw®) =v=cwl). But vew,
and v is not w),— closed set.

Theorem 2.1.
Let w, be a weak structure of X,

and v,a, u  X. then :

(1) j,w(w) cvcegwl)

(2) v a implies
i, w@)ci, w(a), and
o) ccgw(a)

3) Lwl) = i#w(iﬂw(v)), and

Cy (cuw(v)) = o)
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(4) i,uw(.u - U) L C/,Lw(v)a
and c,o(u—v)=p-—
L, w().
Proof.
(1) (@) =U{r:v € w,S,
vcvycvc N{u—v:v €

w,S, v p—v}=cw)

(@) If wisw,-open, T is w,-
closed. And w c v(a < T), then

w < a(vcT), thus [2] is true.

(3) If w is w,- open, then w cv

iff w < i, w(v) (from (1), (2),

and the definition of i, w(A)) .

This implies the first part of

(3). Similarly:

a w, - closed T contains
¢, (v) iff T contains v, hence
the second part is also true.

(4) Finally, results from the fact
that Wis w, - open iff" w, is

U, - closed. O
Remark 2.3.

Both i, w and ¢, w are
monotonic by (1) from above theorem.
And by (3) in the same theorem both
are idempotent in the sense of [1].
Now consider A c X and x — X.

Lemma 2.1. Let w, be a weak
structure of X, x € i, w(A), iff there
is a wy, - open set W < A such that

x eW.

Remark 2.4.

A somewhat more complicated
argument describes conditions for
X € c,w(A).

Lemma 2.2.

Let w, be a weak structure of
X, wehavex € q,w(A) iff WNA=+
@ whereeverx E W € w,.
Proof.

Clearly x¢c,w(A) iff there is
a w, -closed set T'such that A  T'and
xe¢ T. Put
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W =u—T, then W is w, - open, Acvciw(cw(l))
x €W and WnNnA=0. Thus (or,v c iy w(c, w(i,w(v))));
x ¢c,w(A)iff there isa W € w, (4)  Anw, -semi preopen (briefly,
such that x € W and WNA = @. w, — spo) set if there exists an
Finally: w, — po set A such that

x €Ec,w(A) iff  among the Acvccw(d)
w, - open sets W containing x, there is (or.v < ¢, (i, w(c,w(®))) ):
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no one for which WnNnd4 =@, ie. (5)

WnNnA #=@ forall these W.

Let w, be a weak structure of
X, and u c X, and consider the
functions from P to P having
the form ¢° @,°... ¢, where
Qr =i,w or ¢, =c,w forall k.
Observe:

e.g Lw(i,w)=i,w and
c,w(c,w)=c,w see theorem (2.1.3).

Proposition 2.3.

Let w, be a weak structure of
X and u < X. Then :
¢y w (i, w( cﬂw(iﬂ a)))) = ¢, w (i, w),
and [, w (¢, w( iﬂw(cu w))) =
i, w(c,w).

3 The structures of

W, — S0, W, — Sp,

W, — SSP, w,~Y0, w, —
po

Definition 3.1.

Let w, be a weak structure of X
and u  X. Then v is called:
(1) An w, -semi open (briefly,
w, — so) set if there exists 4 € w,
such that A< ¢, w ()
(or,v C ¢, w(i,w);
(2) An w, -preopen (briefly,
w, —po)setifvci,w(c,w(v));
3) An w, -strongly semi open
(briefly, w, — sso) set if there exists

AE wy such that

Foraset c X ;letA € w,y —
opensetif Aci,w(c,w(A)) U
¢, w (i, w(A)).

Their complements are called

w, —semiclosed (briefly, w, — sc),
w, —preclosed (briefly, w, — pc),
w, —strongly semi closed (briefly,
w, — S$SC), w, —semin pre closed
(briefly, w, — spc) set.

w, — S0, W, — PO, W, — SSO,
and w, — SpPO (resp. W, — SC,

w, — Ppc, W, —1C, W, — SSC and
w, — spc) will always denote the
family of w, —semiopen,

w, —preopen, w, —strongly semiopen
and w, —semipreopen (resp.

w, —semiclosed, w, —preclosed,

w, —regular closed, w, —strongly
semiclosed and w, —semipreclosed)
sets.

Proposition 3.1.

The implications between
these different notions of w, sets are
given by the following diagram:
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w—0
r Wy =0 j
w, — po w, — SO

T

w, Y — o

W, — spo

Proof.
Let Wy be a weak structure of

X, consider a set v € w),. Then
v = i, w(v) by Proposition (2.2) then
Lw) ccw (iﬂw(v)) by Theorem
(2.1.1), hence vcc,w (iuw(v)). As
v is w,-open, this implies
vCi,w (Cﬂa) ( iﬂa)(v))) . Thus
v € w, — Ss0.

Similarly:

i, w <cuw ( iua)(v))) cqw (iuw(v)).

by Theorem (2.1.1). So that

vCi,w (cﬂa) ( iﬂw(v))) implies
vCC,w ( i#w(v)) S0 W, —

$50 C w, — po.

Clearly vcc,w ( i#w(v)) implies
vC <i#a> (cﬂa)(v))> Uc,w (iﬂw(v))
so that

i, w (cuw(v)) Uc,w (iﬂw(v)) Cw, — Yo.
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As

Cuw (iﬂ w(v)) ccw (iu ) (cﬂ w(v)))
by theorem (2.1.1) and (2.1.2),
moreover

i, w (c#a)(v)) cow (iﬂw (cﬂw(v)))
by theorem (2.1.1). We have
i, w (Cu w(v)) Uc,w (iﬂ a)(v))

ccw (iﬂa) (c#w(v)))

and w, —yo c w, — spo.
Similarly

,w (c#w (iuw(v))) Ci,w (cuw(v))
by theorem (2.1.1) and (2.1.2), so that
w, — S50 C w, — so. and

I, w (cﬂw(v)) Cliw (cuw(v)) U

Cuw (iﬂ a)(v))
implying w, — so c w, —yo. ad
Remark 3.1.

The conversely of the above
diagram in propeosition 3.1 is no true
in general, so we give the following
example.

Example 3.1.
LetX ={a,b,c,d}, w=
{¢{a}, {b},{c},{d}},A={b,d}

u ={a,b,d}, then visw, — semi
open and w,, —pre open but not
w, —open set

Example 3.2.

Let X ={a,b,c,d}, w =
{¢{a, b}, {c,d}},u=v=_{b,c}
Then v is w, — yo but not w, — sso
set.

Example 3.3.

Let X ={a,b,c,d}, w =
{#p{a b}, {a}, (b}, u=v={ac})
Then v = p. Then v is w, — so but
not w, — o set.
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Example 3.4.

Let X ={a,b,c,d}, w=
{¢{a,b,c}, {b,c,d},{a,c d}},
u=1{a,cd} Thenv ={a,d}is
w, — po but not w, — o set, and
a = {a,c}is w, — o butnot w, —ro
set.

Example 3.5.

Let X ={a,b,c,d, e},
w = {¢,{a}, (b}, {c}, {d}}.u=
{a,b,c,d}. Thenv = {b,e}is
w, — Yo but not w, — sso set.

Theorem 3.1.
Let Wy be a weak structure of

X, each of the operation :
I, w (Cu a)(iu w)),
W (iy a)(c# w))

And c,w (i# a))
1S monotonic.
In factif v c ¢ then

WRA) (iﬂw(v)) ccw (iﬂw(a))
,w (cuw(v)) Cliw (cua)(a))
hence
@ (iuw(v)) Ui,w c#w(v))
ccw (iua)(a)) Ui, w (cﬂa)(a))
Remark 3.2.

(1) An w, — o setand an w — o set are
independent concepts.

(2) An w, — so setand an w — so set
are independent concepts.

(3) An w, — po setand an w — po set
are independent concepts.

Volume : 4 | Issue : 1 | Jan 2014 | ISSN - 2249-555X

(4) An w, — sso setand an w — ss0
set are independent concepts.

(5) An w, — sposetand an w — spo
set are independent concepts.

Example 3.6.

LetX ={a,b,c,d}, w =
{¢{a}, {a,b,c},{c,d}}, u={b,cd},
v={a}B =1{b,c}, a ={cd}, and

6 ={a,b,d}.

Then v is w — so but not w, — so set,
B is w, — o but not w — o set, w, — so
but not w — so set,

@ is w — o but not w, — so set,

0 is w — po(w — spo) but not

w, — po(w, — spo) set.

Theorem 3.2.

Let (X, ) be wS structure,
pucX,andv € w,S. Then the
following are equivalent:

() v is an w, — semiclosed set;

(if) u — v is an w, — semi open set;
(iii) i, w (cuw(v)) cv;

(iii) ¢, w (iua)(u - v)) oU—v.
Proof. It is obvious.

Of course, the above results were
contained in the literature (e.g. in [3])
in the case when the

w, S is a generalized topology or a
minimal structure.
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