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LA VNR Y | this paper, we introduce and study the properties of wgra-I-closed sets in ideal topological spaces. Their
relationships with other existing generalized closed sets in topological and ideal topological spaces are es-

tablished.
1. Introduction 1. g-closed [9], if cl(A)SU, whenever ASU and U is open in (X,7).
In 1990, Jankovic and Hamlett investigated the applications of topological ideals[5].In 2. wgra-closed[6],if cl(int(A)) U, whenever A U and U is regular 0-open in (X,).
1999, Dontchev et al. studied the notion of generalized closed sets in ideal topological spaces 3. o-closed[13],if ¢l(A) U, whenever AU and U s semi-open in (X,7).

called Iclosed sets [3]. Navancethakrishnan and joseph [10] further investigated and 4. rgoeclosed[ 13} f ael(A) U, whenever AU and U is resular a-open n (X.).

characterized I-closed sets and I-open sets by the use of local functions. I this paper, we define 5 swglosed[2 iFlin(A) U, whenever AU and U s semiopenin ().

and characterize wgra-I-closed sets and wgro-l-open sets. .
Definition: 2.3

2 Preiminaries A subset A of (X,z,]) is said to be

An ideal T on a topological space (X;7) is non-empty collection of subsets of X which satisfies 1 eelosed 1], il ANICA

the following properties. (1) Al and BCA implies BEL, (2) Al and Bel implies AUB€L. An 3. Lyclosed 11}, FA'CU, whenver ACU and U s resarpen n (X3

ideal topological spaces is a topological space(X,t) with an ideal I on X and s denoted by 4.1 chosed 8], fA'CU, whenever ACU and Ui Gopenin (X
. <losed [8], if A CU, whenever ACU and U is @-open in (X;1).

(X;tI).For a subset AQX,A‘(LTHXEX - ANUgI for every Uet(Xx) is called the local ,
5. *-closed[5],if A CA.

function of A with respect to I and 1 } [7]. We simply write A" in case there is no chance for s
6. l-open[S], if ACint(A ).

confusion. A kuratowski closure operator cl‘(],r) called the *-topology, finer than ¢ is defined by 7 IR chosed )i A=l )

* _ ¥ C N .. . . .
cl (A)= AUA [14]. I ACX, cl(A), int(A) will respectively, denote the closure and interior of A 8. salosed 12}, iFplel(A) U, whenever AU and U s reckopenin (X,

in (X1).
in(X1) 3, wgra-I-closed sets.

Definition 2.1, Definition: 3.1

Aot Aof space (8,1) s alled A subset A of an ideal space (X;1,]) is said to be wgro-I-closed if cl*(int(A))CU whenever ACU

1. regular open [ 13] if A= int(cl(A)).

and U is regular a-open.
2. regular a-open [13] if there is a regular open set U such that Uc Ac ocl(U). Definition: 3.2
3. c-open[4] if ACin(cl{nf(A) A subset A of an ideal space (X;1,]) s said to be wera-T-open if X-A is wgro-I-closed.
4. semi-open] 13] if ACcl(int(A)). Theorem: 3.3
Definition: 2.2 1. Every closed set is wgro-I-closed.
A subset A of (X.1) is said to be 2. Every a-closed set is wgro-T-closed.
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3. Every o-cosed set s wgn--<losed.

4 Every ou-closed et 5 wgreelosed

5. Every swo-tlose et i wereeloged.

6. Every waro-closed st i ware-loged

7. Every *closed st i ware-Lelosed

8. Every o-Lclosed et i wereeloged.

Proof

Stright forward,

Remark: 34

Converse ofthe above theorem ned notbetue a5 shown i the folowing exemple.

Example: 35

Let X= {a,byc,d}={0, X.{al o] 0.} by}, 1= o ffthen 1 ={0, K0,
o d), . 0L fa, ¢ d),1byc,d) t*open ={o.X (ol (b, {ab}, (b}, fabe), g} and 7%

closed = {0 faf {0}, ad),fed), ), {ac 0}, worlelosed = | g, Kol e} {0,

(oD, {ac), fad], {bd), cd), fabe), (b} facd], e}
(i) fa 5 war-Lclsed,but no losed

(f{a} i warteFlosed, but ot e-losd.

(o} i wgr-Lclosd, but not vclosed.

(v).{a i wara-Lclosed,but not re-chosed

(v)fa ¢} i ware-Lclosed,but notsw-closed.

(vi).{a 1 ware-losd, butnot wre-closed.

(i o 5 war-Lclsed,but not*cloged.

Example: 36
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Let X=labadle = {6 X fllod)fuad), © = {0101 ablbad | F fofa
thapE(0X, ol fod) faed) bedflo*dowd= {oXfaf ), fablthod)fad
gkt {QX{al 0] (e} (a0, fachfudh, focl, (b} abel fahd),
i) bad) e ahe] s vl ot oo

Remarks

The concepts semi-losed, | closed, ms-Fclosed and wggo--losed are independent,

Example: 38

Let X= {a,b,¢,0}1={0, X (o], (b} o b1, 10, fa by ¢l 1= {o o} thent” = {0, {d)
{0}, {c,dh{a, ¢ 8], {byc, dft*open={ 0, X.fa], (b}, {a,bl, b, ¢}, {a,byc}, {b,c, d}} and
thclosed = { 0.X,{a}, {d) a ) ), bed) o, ¢ 01, weroelelosed = { X, {a}, {c], {d},
{ab,facl fad), (bl {ed), fabet, (abd), facd), bed}).

(1 {by 1 semi-closed, but not wera-I-closed. b} s weo-lclosed, but not semiclosed

(i b s 1 closed,butnot weroelelosed. {c} is ware-Flosed, but not [, <losed.

(). {bc} 5 ps-lclosed, but not wera-Lclosed. {a i 1s wera-T-closed, but not mps-I-losed.
Remark3

The concepts wara-1-closed and gclosed are ndependent ofeach other,

Example:3.10

Let X={abed) = {0, X fah ed) facd) ], v = (0X,{0) b}, bed), o, o)), ™open
=0, led) ), ey, o*closed ={0,X {a], (b}, {ab, b,d} fand wero-lclosed=
(0ol 10110 a0, fachfadhbel, (b fabel abd) facd) edi) laf
wareeLclosed, but not g-closed. {ed} s gclosed, butnot wera-J-closed.

Remark:3.11

From theorem:3.3, remark :3.7and remark:3 8 ollowing diagram holds
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osed  polelosed  rgoeclosed

wgru-closed\\‘ ‘A//u-closed

semiclosed waelosed. €———g-chsed

(- closed / \ g-Closed
dofed  closed  oclosed

Remark:3.12

Unionof two wero--closed st is not wgreeFelosed,

Example:3.13

Let X=fabedlr= (0, {00}, facd)fond 1={0,fa}}.{c} and {d} are wgroeLclosed, but
(e} s not wro-lclosd.

Remark:3.14

Intersetion of o wgro-Fclosed st i not wgreeLclosed.

Example:3.15

Let X={abe )= (0. {al, b, fab}, e fabe!Jand I={0,fa) ). {ab) and (bd} are wro-
Lclosed, but {b} s not wgre-J<losed.

Theorem: 3,16

Let (X1, ) be an ideal space and AC X. If A s wareelclosd, them cl¥(int{A)) - A contains no
non-empty regular c-open set,

Proof

Let A'be a wgre-Lclosed set in X and U be a regular-o-apen subse of cl¥(nf(A)) - A. Then A C
X-Uand X-U s regular c-open, Since A i wgteeLclosed, ¥ it(A)) € X-U . Which implies
that U C X-cl*(nf(A). Thus U{el*(intA)) (X-cl¥int{A)0. Henee cl*int{AJ}-A contans

1o o=ty regular c-open set,
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Theorem: 37

Let (X1, 1) be an ideal space and AC X, IF A is ware-Lclosd, then cl¥(in(A)) - A contains no
normpty tegular 0-cloged et

Proof Follows from theorenr: 3.16,

Theorem: 3.8

Let (X1, 1) be an idealspace and AC X, IF A is ware-Lclosd, then cl¥(inf(A)) - A contains no
nonmpty egulr open st

Proof Follows from theoren: .16 and the fact that every regular oen set s regular o-apen.
Theorem: 3.19

Let (X7, 1) be an ideal space and ACK. If A is wera-Lclosed,the (1tA* - A contins no non-
ennptyregulr -open §et,

Proof

Let A be a wara-Lclosed et i X. Suppose that U i aregulr c-open et such that el A) €
XU, which impliestha in(A) *C X-U,thusin(A)* - A contains no non-emnpy regular -
open et

Theorem: 3.0

Let A be a wgra-Lclosed set o an ceal topologialspace X. Then the following ae equivlen.
(I} Ais FReclosed.

(1 cf¥(in(A)) - Ais 2 egular-teclosed set,

() i A) A 1 2 regula-g-closed st

Proof

() Let A be -R-closed. We have cl¥(nt(A) <A, them cl*(nt{A)) - A= Thus,cl¥nt(A)) -

Aisategular--closed et
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(i) Let cl*(intA)) - A be reguler--closed. C¥(int(A)) - A=(int(A))* -~ A. Therefore
(i A)* - A aregular-t-closed et

()= Let (nt(A))¥ - A be  regular-o-closed set,el¥(int(A))-A= (if{A)* A =0.Thus
cl*(nf{A)=A. Hence A is R=closed.

Theorem: 321

Let (X, 1 be an idealspace and AC X. If A s wgre-Lclosed,and whenever AC U and U s 2
tegula-open et in X, the A i weakly I, <losed st

Proof

Let A be a waro-l-closed set, we have, int(A))CU. Then (in(A) *CU. By hypothess, A i
Weakly 1 closed se.

Theorem: 3.2

Let (X, 7, 1) be a ideal space and AC X. If A i regular-apen and wera-J-losed, then A is *
closed set,

Proof

Let ACA and A be regular open Since A is were-Lclosed in X, cl¥(in(A))CA, which implies
tht, (A J=cl*(nt(A)CA. Therefore A *closed et in X.

Theorem: 3.23

Let (X, 1) be an ideal space . Then either {15 regular closed (or) X-{x is wero-lclosed for
everyXeX.

Proof

Suppose {x} 5 not regula-closd, them X-{x] is not regulr-apen and the only regulr-open set
confaining X - {x} 5 X and ef¥int(%-{x})CX. Henoe X~} is wera-[-closed set i X.

Theorem: 3.4
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Let (X, 7, 1) b an ideal space, A is eguler-open and AC X, Then the following properties ae
equivlen,

(1) Ais*closed.

(1) A s R-<losed.

(i) A s wereelclosed

Proof

(1t A be *closed and regular-open, l*(n A)el*(AJA. Thus, A i [R-closed
(1j(1)Let ACA and A be reguler open. Since A s F-R-closed and every regular-open s¢t i
tegularg-open, cfin(A) CA. Thus A s wero-lelosed

()= ollows from theorem 3.22

Theorem: 3.23

Let A bea wgmeLclosed set in an ideal space X such that ACBCel*(nfA), then B s also an
wro-Fclosed set,

Proof

Let U be anregular o-apen st of X, such hat BEU. Then ACBCU. Since A i wero-Fclosed,
Cl*(intA)) U, Now int(B))Celnl(nt( ) =cl¥(int(A) U, Therefore B i gyl

closed.

Theorem: 3.26
Let A be 2 wero-lclosed st n an ideal space X. Then AU(X-cl¥(int(A)) i wera-J-<losed if
and only f (nt(A))* A 1s wgra-L-open.

Proof
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Let (int(A))*- Abe wro-lopen in X & X-A(in(A)*-A) s were-Lclosed.
Y )-4) & Xn(fA)naYf

& AU(X-cl¥intA)).
Hence the proof.
Theorem: 3.17
Let (X 1, 1) be an ideal space and ACK Tha A is wereopen if and only if
UCntcl(A)) whenever U i regulr o-apen and UCA,
Proof
Let A be wgre-L-open and U be a reqlar c-open setin X contaned in A.X-U s also regular -
open setconteining K-A and X-A is were-Lclosed we have cl*(int(X-A))CX-U. Which implis
that X-int*(cl (AJ)CX-U.Thus UCint*(clA)),
Conversely, UCint(cl{A)) whenever Ui regular a-open and UCA. Wehave  X-AC U Then
X-UCA and so X-UCint?(cl(A)).Therefoe cfin(X-A))CU. Hence A is wera-open.
Theorem: 3.8

Let (X1, 1) be an deal space and AC X. I Ais wara-T-losed,then cl¥in(A)) - A 1 2 wero-
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open et in X,

Proof

Let A be o woro-hclosed set in X, Suppose that U s 2 regular-o-open set such that
UCel(int{A))-A. Since A 15 were-Lclosed, it follows from thearem 3.16 that U, Thus, we
have U inf*(lcin(A)}-A)) by theorem 3.7,cint{A)}-A & wereeLopen in X

Theorem: 3.29

Let A be a wereeL-open set n an ideal space X and ACK such tha nt*{cl(A))CBCA, then B1is

also an wro-Fopen.

Proof
Since A is were-l-open, then X-A 15 wgra-T-closed. cl*(int(X-A)HX-A) contains no non-
empty regular g-open st Since int*(cl(A))Cint?(cl(B])we have cl*(int(X-B))Cl*(in(X-

A))which implies that fint(X-B HX-B)Cel*(int(X-A)H{X-A). Thus B is wero-open.
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