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1. INTRODUCTION

In 1976, Jungck [9] obtained a common 
fixed point theorem for commuting mappings which 
extends the famous Banach contraction principle. He 
proved his result by using a new iteration process 
which is a generalization of the Picard iteration 
scheme.

Definition 1.1 (Jungck iteration scheme). Let T , 
S and f be selfmappings of a nonempty set X , 

and let 0( )n nx =
∞ be a sequence in X such that 

1

,
,

n
n

n

Tx if n is even
f x

Sx if n is odd+


= 


   0,1,2,...n =

Then the sequence 0( )n nf x =
∞ is called a

( , )- -T S f sequence or Jungck iteration.

Let f and g be two selfmappings of a 

nonempty set X . Recall that a point x X∈ is 
called a coincidence point of f and g if fx gx= . 

A point y X∈ is called a point of coincidence of f
and g if there exists a point x X∈ such that 

y fx gx= = . Mappings f and g are called 

weakly compatible [10] if they commute at their 
coincidence points.

In 2011, Zhang [17] introduced a useful 
binary relation between an ordered vector space Y
and the set of all subsets of Y .

Definition 1.2 [17]. Let ( , )Y  be an ordered 

vector space, x Y∈ and A Y⊂ . Then we say 

that x A if there exists at least one vector y A∈

such that x y .

For brevity, throughout the paper we denote 
by ( , , , , )T S f x yΑ and ( , , , , )T S f x yΒ the sets

{ }( , ) ( , )
2

( , ), ( , ), ( , ), ,d f x S y d fy Tx
d fx fy d fx Tx d fy Sy

+

{ }( , ) ( , )( , ) ( , )
2 2

( , ), , ,d f x S y d fy Txd fx Tx d fy Syd fx fy
++

respectively, where , ,T S f are selfmapings of a 

cone metric space X and ,x y X∈ .

Analogously, ( , , , , )T S f x yΜ stands for the 
set
{ ( , ), ( , ), ( , ), ( , ), ( , )}.d fx fy d fx Tx d fy Sy d fx Sy d fy Tx
In what follows we denote by I the identity map of a 
cone metric space X .
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In 2011, Olalelu [12] obtained the following 

result for common fixed points of three mappings.

Theorem 1.3 (Olalelu [12]). Let ( , )X d be a cone 

metric space over a solid Banach space ( , )Y  , and 

,T S and f be selfmappings of X such that 

( ) ( ) ( )T X S X f X∪ ⊂ . Suppose that:

(a) ( , ) ( , , , , )d Tx Ty T S F x yλ Α for all points 

,x y X∈ with x y≠ , where [0,1)λ∈ .

(b) ( , ) ( , ) ( , )d Tx Sx d fx Tx d fx Sx≠ + for every 

x X∈ whenever Tx Sx≠ .
(c) ( )f X or ( ) ( )T X S X∪ is a complete 

subspace of X .
Then , ,T S f have a unique point of coincidence 

Xξ ∈ . Furthermore if ( , )T f and ( , )S f are 

weakly compatible, then ξ is a unique common fixed 

point of ,T S and f .

Olalelu [12] proved also that Theorem 1.3 
holds with the set ( , , , , )T S f x yΒ instead of 

( , , , , )T S f x yΑ .

Throughout the paper co A stands for the 

convex hull of a set A in a real vector space Y .
In 2013, Ding et al. [8] obtained the 

following theorem.

Theorem 1.4 (Ding et al. [8]). Let ( , )X d be a 
complete cone metric space over a solid Hausdorff 
topological vector space ( , )Y  , and let ,T S be

selfmappings of X . Suppose that
(1)          co( , ) ( , , , , )d Tx Ty T S I x yλ Α

where [0,1)λ∈ . Then T and S have a unique 

common fixed point in X .

In this paper, we establish a convergence 
theorem with error estimates for the Jungck iteration 
process for approximating points of coincidence and 
common fixed points in cone metric spaces. Our 
result unifies, improves and complements with error 
estimates the above mentioned results of Olaleru [12]
and Ding et al. [8] as well as the results given in [1], 

[2], [3], [4], [5], [6], [7], [11], [15] and [16]. Finally, 
we note that the main result of the paper is new even 
in the classical metric space setting. 

Throughout this paper we use the
terminology from [13] (see also [14, Section 2]).

2. MAIN RESULT

Theorem 2.1. Let ( , )X d be a cone metric space 

over a solid vector space ( , )Y  , and let ,T S and 
f be three selfmappings of X such that 
( ) ( ) ( )T X S X f X∪ ⊂ . Suppose the following 

conditions hold:
(a) ( , ) co ( , , , , )d Tx Ty T S f x yλ Α for all 

,x y X∈ with x y≠ , where [0,1)λ∈ is a 
constant. 
(b) ( , ) ( , ) ( , )d Tx Sx d fx Tx d fx Sx≠ + for every 
x X∈ whenever Tx Sx≠ .
(c) ( )f X or ( ) ( )T X S X∪ is a complete 
subspace of X .
Then the following statements hold true:
(i) The mappings , ,T S f have a unique point of 

coincidence Xξ ∈ .

(ii) Every ( , )- -T S f sequence ( )nf x in the space

X converges to ξ .

(iii) For every 0n ≥ the following a priori error 
estimate holds

0 0( , ) ( , )
1

n

nd fx d fx Txλξ
λ−

 .

(iv) For every 0n ≥ the following two a posteriori 
error estimates hold:

1
1( , ) ( , )

1n n nd fx d fx fxξ
λ +−

 ,

1 1( , ) ( , )
1n n nd fx d fx fxλξ

λ+ +−
 .

(v) If the pairs ( , )T f and ( , )S f are weakly 

compatible, then ξ is a unique common fixed point 

of  , ,T S f .

Remark 2.2. It can be proved that if condition (a) of 
Theorem 2.1 is satisfied for all ,x y X∈ , then 
assumption (b) can be dropped.
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3. AUXILIARY RESULTS

In this section, we give some lemmas which 
will be used in the proof of the main result.

Lemma 3.1 [14]. Let ( , )Y  be an ordered vector 

space. Suppose that 1 1, , ,..., , ,...,n mx y x x y y are 

nonnegative vectors in Y and 0 1λ≤ < . Then:

(i) 1co{ ,..., , }nx x x y , 1co{ ,..., }my y y ⇒

1 1co{ ,..., , ,..., }n mx x x y y ;

(ii) 1co{ , ,..., }nx x x xλ ⇔ 1co{ ,..., }nx x x ;

(iii) 1co{ ,..., , }nx x x y ⇔ 1co{ ,..., }nx x x if 

iy x=   for some i . 

Lemma 3.2 [13]. Let ( , )X d be a cone metric space 

over a solid vector space ( , )Y  , and let ( )nx be an

nfinite sequence in X satisfying

1 2 1( , ) ( , )n n n nd x x d x xλ+ + + for every 0n ≥ ,

where [0,1)λ∈ . Then ( )nx is a Cauchy sequence. 

Moreover if ( )nx converges to a point Xξ ∈ , then 

for all 0n ≥ the following error estimates hold:

0 1( , ) ( , )
1

n

nd x d x xλξ
λ−

 ;

1
1( , ) ( , )

1n n nd x d x xξ
λ +−

 ;

1( , ) ( , )
1n n nd x d x xλξ

λ −−
 .

Lemma 3.3. Let ( , )X d be a cone metric space over 

a solid vector space ( , )Y  , and let ,T S and f be 

selfmappings of X satisfying conditions
(a) ( , ) ( , ) ( , )d fx Tx a d fx fy b d fx Sy+ for all 

,x y X∈ with x y≠ ,

(b) ( , ) ( , ) ( , )d fx Sx a d fx fy b d fx Ty+ for all 

,x y X∈ with x y≠ ,

(c) ( , ) ( , ) ( , )d Tx Sx d fx Tx d fx Sx≠ + for every 

point x X∈ whenever Tx Sx≠ , 

where a and b are nonnegative constants. If there 
exists a ( , )- -T S f sequence in X converging to a 

point ( )f Xξ ∈ , then ξ is a point of coincidence 

of , ,T S f .

Proof. Let ( )nfx be a ( , )- -T S f sequence

in X converging to ( )f Xξ ∈ . By the assumption, 

there exists x X∈ such that fxξ = . To prove that 

ξ is a point of coincidence of ,T S and f it is 
sufficient to prove that x is a coincidence point of 

,T S and f . Let us consider three cases.
Case 1. Suppose there are infinitely many 

odd numbers n such that nx x≠ . By the condition 

(a) with ny x=   for every such n , we obtain

1

( , ) ( , ) ( , )
( , ) ( , ).

n n

n n

d fx Tx a d fx fx b d fx Sx
a d fx fx b d fx fx +

+

= +



From this inequality, taking into account that 

nfx fx→ , we conclude that ( , )d fx Tx c for 

every 0c  . Hence, ( , ) 0d fx Tx = which implies 

fx Tx= . It remains to prove that Tx Sx= . Now let 

us assume that Tx Sx≠ . It follows from condition 
(c) that

( , ) ( , ) ( , )d Tx Sx d fx Tx d fx Sx≠ + ,

which implies that ( , ) ( , )d Tx Sx d Tx Sx≠ . This 

contradiction proves that Tx Sx= . Therefore, x is a 
coincidence point of  ,T S and f .

Case 2. Analogously, if there are infinitely 
many even numbers n such that nx x≠ , then from 

condition (b) we obtain that x is a coincidence point 
of ,T S and f .

Case 3. Suppose that nx x= for all but 

finitely many n . Then we can choose an even 

number n such that 1 2n n nx x x x+ += = = . From 

the definition of the sequence ( )nf x , we have 

1n nfx Tx+ = and 2 1n nfx Sx+ += .  In other words we 

have fx Tx= and fx Sx= , which completes the 
proof.             □
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Lemma 3.4. Let ( , )X d be a cone metric space over 

a solid vector space ( , )Y  , and let  let ,T S and f
be selfmappings of X . Suppose that there exists

[0,1)λ∈ such that for all ,x y X∈ with x y≠ ,

( , ) co { , , , , }d Tx Sy M T S f x yλ .

Then for all ,x y X∈ with x y≠ the following 
inequalities hold:

( , ) ( , ) ( , )d fx Tx a d fx fy b d fx Sy+ ,

( , ) ( , ) ( , )d fx Sx a d fx fy b d fx Ty+ ,

where (1 )a λ λ= − and (1 ) (1 )b λ λ= + − .

Lemma 3.5. Under the assumptions of Lemma 3.2, 
the mappings ,T S and f have at most one point of 

coincidence in X .

Lemma 3.6 [1]. Let X be a nonempty set and 
, ,T S f be selfmapings of X that have a unique 

point of coincidence Xξ ∈ . If ( , )T f and ( , )S f
are weakly compatible, then ξ is a unique common 

fixed point of , ,T S f .

4. PROOF OF THE MAIN RESULT

We divide the proof into two steps.
Step 1. First we shall show that every 

( , )- -T S f sequence ( )nfx satisfies

(2)            1 2 1( , ) ( , )n n n nd fx fx d fx fxλ+ + +

for every 0n ≥ . We consider the following two 
cases.

Case 1. Suppose 1n nx x +≠ for some 

0n ≥ . If n is an even number, then

1 2 1( , ) ( , )n n n nd fx fx d Tx Sx+ + += .

Applying condition (a) to the right-hand side of this 
equality and taking into account claims (ii) and (iii) of
Lemma 3.1, we get

(3)         
1 2

2
1

( , )
( , )co ( , ), .

2

n n

n n
n n

d fx fx
d fx fxd fx fxλ

+ +

+
+

 
 
 



Analogously, if n is an odd number, then 

1 2 1( , ) ( , )n n n nd fx fx d Sx Tx+ + += .

Applying condition (a) to the right-hand side of this 
inequality and taking into account properties (ii) and
(iii) of Lemma 3.1 we again get (3). It is easy to 
prove that

(4)            
{ }

2

1 1 2

( , )
2 co ( , ), ( , )

n n

n n n n

d fx fx
d fx fx d fx fx

+

+ + +


.

From (3), (4) and claims (i) and (iii) of Lemma 3.1, 
we obtain

1 2

1 1 2

( , )
co{ ( , ), ( , )}.

n n

n n n n

d fx fx
d fx fx d fx fxλ

+ +

+ + +



From this and  Lemma 3.1 (ii), we get (2).
Case 2. Let 1n nx x += for some 0n ≥ . 

Therefore, to prove (1) it is sufficient to show that 
(5)                          2 1n nfx fx+ += .

Assume the contrary: 2 1n nfx fx+ +≠ . If n is even, 

then we have that 1n nfx Tx+ = and 

2 1n n nfx Sx Sx+ += = . Hence n nTx Sx≠ . Then (b)

implies that 
( , ) ( , ) ( , )n n n n n nd Tx Sx d fx Tx d fx Sx≠ + .

It is easy to see that n nfx Tx= . Then the last 

inequality becomes ( , ) ( , )n n n nd Tx Sx d Tx Sx≠
which is a contradiction. This proves (5) in the case 
when n is even. The case when n is odd can be 
proved similarly.

Step 2. It follows from (2) and Lemma 3.2
that ( )nfx is a Cauchy sequence. From assumption 

(c), it is easy to see that ( )nfx converges to a point 

( )f Xξ ∈ . This completes the proof of (ii). Now 
(iii), (iv) and (v) follow immediately from Lemma 
3.2.

It follows from Lemma 3.4 that all 
assumptions of Lemma 3.3 are satisfied. Now it 
follows from Lemma 3.3 that ξ is a point of 

coincidence of ,T S and  f . From Lemma 3.5 we 

conclude that ξ is unique. This proves (i).

If ( , )T f and ( , )S f are weakly compatible, then

from Lemma 3.6 follows that ξ is a unique fixed 

point of ,T S and  f . This proves (vi).                   □
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Example 5.1. In this example, we construct mappings 

, ,T S f  which satisfy the conditions of Theorem 2.1, 
but do not satisfy condition (a) of Theorem 1.3.

Let R2 be endowed with the pointwise 

ordering  . Let ( , , , )X a b c h=  and the mapping 
2:d X X× → � R2 be defined by

( , ) ( , ) (5,2),
( , ) ( , ) (3,3),
( , ) ( , ) (2,5),

d a b d a c
d a h d b c
d b h d c h

= =
= =
= =

( , ) ( , )d x y d y x=  and ( , ) 0d x x =  for all points 

,x y X∈ . Then ( , )X d  is a complete cone metric 
space over R2. Consider now the selfmappings 

, ,T S f  of X   defined by

a b c h
T S

a a h a
 

= =  
  , 

a b c h
f

a a b a
 

=  
  .

It is easy to show that the conditions of Theorem 2.1 
are satisfied. In particular, condition (a) holds with 

6 / 7λ = . On the other hand, the mappings  , ,T S f  
do not satisfy condition (a) of Theorem 1.3. Indeed, it 
is easy to verify that

(6)          ( , ) ( , , , ,c)d Ta Tc T S f aλ Α
is satisfied if and only if 6 / 5λ ≥ . 

Note that the last claim holds also for the 

inequality ( , ) ( , , , ,c)d Ta Tc T S f aλ Β  instead 
of (6).

Example 5.2. In this example we construct two 

mappings ,T S  which satisfy the conditions of 

Theorem 2.1 (with f I= ), but do not satisfy 
condition (1) of Theorem 1.4.

Let ( , , , )X a b c h=  and :d X X× → � R be a map-
ping defined by

( , ) 2, ( , ) ( , ) 4,
( , ) ( , ) ( , ) 5,

d a b d a c d a h
d b c d b h d c h

= = =
= = =

( , ) ( , )d x y d y x=  and ( , ) 0d x x =  for all points 

,x y X∈ . Then ( , )X d  is a complete metric space. 

Define the selfmappings ,T S  of  X  by

, .
a b c h a b c h

T S
a a h a a a b a
   

= =   
   

Condition (a) holds with 4 / 5λ = . Condition (b) 
also holds since Tx Sx≠  is fulfilled only for x b=
.  On the other hand, condition (1) of Theorem 1.4 is 

not satisfied for x y b= = , since it is equivalent to 
1λ ≥ .
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