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In a graph ,a set is an equitable edge domination set of if every edge not in is adjacent to at least

one an edge such that .The minimum cardinality of such an equitable edge domination set is denoted
by and is called equitable edge domination number of .In this paper, we introduce the end equitable edge domina-
tion in graphs, exact values for some standard graphs are found. The relation with the others domination parameters is
studied. Some bounds for the end equitable edge domination are obtained.

1. Introduction

In this paper, by graph G =(V, E), we mean undirected graph without loops or multiple edges and at least contains one
edge. Let G be a graph, as usual p:‘V‘ and q+‘ E‘denote the number of vertices and edges of G, respectively. In
general we use <X>to denote to the sub graph induced by the setX .N(v) and N[V] denote the open and closed

neighborhood of the vertex v in (G, respectively. For any notion not defined here we refer to Harary[4].

A set DgV(G) is said to be a dominating set of G, if every vertex in ve /' —D is adjacent to some vertex inD. The
minimum cardinality of vertices in such setis called the domination number of G and denoted by y (G)
The concept of edge domination was introduced by Michell and Hedetiemi[6]. A subset X of E is called an edge

domination set of G if every edge not inX is adjacent some edgein X . The edge domination number y'(G) of G is the

minimum cardinality taken over all edge dominating sets of G. For more details about edge domination number in graph
we refer the reader to [6]

The equitable edge domination in graphs has introduced by Alwardi and N.D.Soner[2]. LetG be a graph for any edge
fekE the degree of f=yy inG is defined bydeg(f ):deg(u)+deg(v)—2- A set § cEof edges is an equitable edge

deg(f)—deg(/')

minimum cardinality of such an equitable edge dominating set is called the equitable edge domination number and denoted

domination set of G if every edge [ not in § is adjacent at least one edge f e §such that <1. The

byy'e((;). Graphs and degree equitably has studied in[l]. For more details and terminology about equitable domination

and equitability in graphs we refer the reader to [2]

The end domination was introduced for the first time by Hatting and Henning [5] A dominating set DQV(G) is said

to be an end dominating set of G if D contains all the end vertices ofV(G). The minimum cardinality of such set is
called the end domination number of (; and denoted by e (G)

INDIAN JOURNAL OF APPLIED RESEARCH = 523



RESEARCH PAPER Volume : 6 | Issue : 4 | April 2016 | ISSN - 2249-555X | IF : 3.919 | IC Value : 74.50

End edge domination in graphs has introduced by Sedamkar and MuddebinaI[S]. An edge dominating set SgE(G) is

said to be an end edge dominating set of G if S contains all the end edges ofE(G). The minimum cardinality of such set

is called the end edge domination number of G and denoted byy;(G).

The end edge domination and equitable edge domination in graphs motivated us to introduce the end equitable domination
in graph. We found exact values for some standard graphs, relations between the end equitable edge domination number
and others domination parameters are obtained. Bound of the new parameter is established.

2. End Equitable Edge Domination of
Graphs

Definition 2.1. Let G be a graph with at least one edge. An equitable edge dominating set S c E is said to be an
end equitable edge dominating set of G if S contains all the end edges of G. The minimum cardinality of edges in such set

is called the end equitable edge domination number of G and denoted by 7; (G)

Example 2.2. LetG bea graph as
in Figure 1.

i T #y -~

£y
.f Frgure [ ‘

Clearly the edge e adjacent to all the other edges of the graph. Therefore y'ee(G)z 1. The edgesez,e3,e4 e ,eaand e,
are all of degree 3 but e, is of degree 6 . That means e, is equitable isolated edge. Therefore y, (G):3. But the end

equitable edge domination number;/'ee(G) =7 that means all the edges of G . Hence, }/(G) =1 Ye (G) =3and 7'ee(G) =7.

Proposition 2.3. For any graph G ,/(G)g 7' (G) < ;/;e((;).
e

Proof. Let G be a graph with at least one edge and let § E(G) be any minimum end equitable edge dominating set inG .
Then from the definition of the end equitable edge dominating set in graph, S is an edge equitable dominating set.

Therefore, y (G)g ‘S‘ ie.y (G)g Vee(G)'
Similarly, if D any minimum equitable edge dominating set inG, then D is also dominating set from the definition of the

equitable edge domination in graph. Therefore 7'(G)g ‘D‘ < y' (G)
e

Proposition 2.4. LetG be a graph with no end edges and all the edges an equitable edges. Then
e (G): ?’e(G): Vee(G)'
Proof: From the definition of the end equitable edge domination if no end edge in G, then if § ¢ E is any minimum equitable
edge dominating set will be an end equitable edge dominating set of G . i.e. ' G)< ' G). Therefore, ' G)= ' G), and
7e( ) 7ee( ) J’ee( ) }/e( )

since for any edge in G is equitable edge, then any minimum edge dominating set in G will be end equitable edge
dominating set. i.e., ' G)< 'G and by Proposition 2.3 ' G)< ' G)- Therefore, ' G)= ' G)-

7,(6)<7(0) 7(6)<7,(6) 7 (6)=7,(6)

1 1 1
Hence, ' (G)= 7. (G)= 72¢(6)-
Remark 2.5. The converse of Theorem 2.3 not true in general. See the following example.

Example 2.6. Let G be a graph as in Figure 2.
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Fuogure 2

it is easy to see that y'(G): }/' (G) =2.But¢ e,, e;and ¢, are not equitable edges.
e 3
Example 2.7. LetG =~ P5 . Then clearly 7' (P ):2 . Similarly, 7/' (G)=2 . But there are end edges in the graph
e ee
By Proposition 2.4 the proofs of the following results are straightforward.

For any complete graph K, with p >2 vertices

Proposition 2.8.
p .
- Lif piseven;
7ee(Kp ): Pt
E— Jif pisodd
2
Proposition 2.9. For any cycle graph C, with p >3 vertices
P
- if' p = 0mod 3;
3
' 2
Vee(cp): p;— ., if p=1mod3;
p+1, if p =2mod 3.

Proposition 2.10. For any Path graph P, with p >6 vertices
+2
L if p=1mod3;

3
' +1
798(Pp): L, if p=2mod3;

+3
L , if p=0mod3.

...... e, there are two pe

Proof: Let G be path Pp on p >0 vertices and labeling the edges of Pp ase,,e,,
e, and e, For any minimum end equitable edge dominating set must be contains ¢, and e, and clearly ¢,

e, and e, will adjacentep ,» S0 only we need to dominate <E — { el’ep—l }> . Therefore, V4 (G)=2 +}"ee(P

- ' ! ! -5
Also by Proposition 2.4 = = | 2=2
y J’ee(Pp_‘J 7e(Pp_4) 7(Pp—4j |: 3 :|

p-5

Therefore, 7'ee(G)=2+[ 3
p_4:p+2,ifpzlmod3

3

}=L_5,if p =0mod3

YoeG)=2+ |:p;5:|:2+

Similarly, if p =2 mod3

- -5
Wehave | P=2|_ P—>

3 3
p+l ,if p=2mod3

. Hence, y;e(G):

Therefore,
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—, Yy p=1m0dJ;

' p+l
rooG)= S Up=2mody
+3
L, if p=0mod3.

Proposition 2.11. For any star graph K In with n+1 vertices

gammaee (Kl n): n-
Proof. Let G be the star graph with n+1 vertices. Clearly for any edge e in g |y deg (e)z n —1, that means all edges of

K are equitable adjacent. Therefore, one is enough to equitable but the end equitable edge dominating set must have all

Ln
the end edges and since all the edges of K L, are end edges and there are n edges in K L

Hence, Yee (K Ln ):n .

Proposition 2.12. LetG = K where2 <m < n. Then V;e(G):m .

m,n’
Proof: For any complete bipartite graph K, , where 2 <m < n any edge e EE(K m. n ) we have deg (e)=m + n that

mean any two adjacent edges are also equitable adjacent edges. Therefore K m

Then by Proposition 2.4 Vee(Km,n)= 7e(Km nj =y (Km nj and as we know (K

» has no end edge.

j=min(m,n) 7;8(Km,n):m

m,n

Therefore, 7ee(Km n): m,where2<m<n.

A spider graph is a tree with property that the removed of all end paths of length two result in an isolated vertex called head
of spider. The spider of n end path denoted by SP, -

Proposition 2.13. Let G = SB, withn>3.Then, y,.(G)=n+1.
Proof: Let G = SPN as in Figure 3.

.-‘/--
.""'-.
.-"‘-
_.-"'f '
™ - - - - 1
LT U L5 Ul
Figure 3
It is easy to see that all the edges v, where [ =1,2,...... , n—1 are of degree n—1. Butthe edgey ; , where i=1,2,...... , N
i

are of degree one only. That means all the edges , ; are equitable isolated and also end edges of the form ,, ;; must be
included in any end equitable edge dominating set zl-mld to dominate the edges s i=1,2, n we need onl)l/ ;ne edge.
Solet § = iviui 1i=1,2,...... . n }u w; Clearly S is end equitable edge dominating set.

Therefore, V'ee(G) <n+1l-.

Suppose 7:%((;) < n+1. What that is 7‘ee -set of size less than n+1 say’s¢ There are n end edges must be belongs to
the set S . Therefore all the edge belongto S are end edges and no edge will dominate in v i=1,2
Hence,

J’ee(G) <n+l.
Theorem 2.14. Let G be a graph. Then /ee(G) =1, ifand only if G =~ K2 orK4 _ e, forsome edgee.

Proof. Let G be a graph with y'ee(G) =1, we have two cases:

Case 1: If G has end edges. Then clearly G ~ Kz'

Case 2: If G has no end edges and y'ee(G) =1. Suppose there are g edges in G, then there is one edge say f such that
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deg( f)=g—1and all the others edgese, we have

deg (/)=q~1-
Subcase 2.1 If all the others edge of size ¢ —1 then G is g
1

deg =g-1 org-2. Since deg( f)=g—1. Then clearly
e

which is contradiction because G has no Pendant edge.
-q

Subcase 2.2 Some edges have degree g=2 and other has degree ¢ —1 there is only one case one edge of degree g —1

and the others will be of degree ¢ —2 whichis g —for some edgee, then Y;e(G) =1.
4

Theorem 2.15. Let a graph G is bi-star G, where m n>2 or star g . Then ¥ (G) =q- where ¢ is the number of edges
1,n ee
in G.

Proof: IfG= K, then by Proposition 2.9, 5 (G)=gq-
1 ee

. n

Suppose G = B(m,n), m,n>2as in Figure 4.

(L Lt

E5]

0 ¢
5
.
hed

Figure 4
Clearly all the edges of B (m, n) are end edges and must belong to any minimum end equitable edge dominating set and it
is easy to see that zz/v is an isolated equitable edge =(0. Hence, ' B =q-
deg, ()=0- Honce. . (B(on.n)) = ¢
Remark 2.16. The converse of Theorem 2.13 is not true in general see example 2.15

Example 2.17. Let G be the graph as in Figure 5. From the figure we see that deg(e1 )= 1, deg(e2 )= 3, deg(e )= 5,
deg(e4 )= 7,

deg(es ): deg(eg ): deg(elo): deg(el 1): dcg(el 2 ): 5 and deg (65 ): deg(e6 ): deg (67 ): 3

Figure 5

So it is easy to see that y (G) =3, ;/‘e(G) =6, but V'ee(G) —12. Therefore, but G is neither Bi-star nor star.

Theorem 2.18. For any graph G vy (G)< ¥ (G)+[ where ¢ is the number of pendant edges inG .
ee e

Proof: Let G be a graph with minimum equitable edge dominating set D E(G)and let the set of pendant edges is F .That
means F = {e: eeE(G)& eis pendant } . Now, it is clear that the set D < Fis end equitable dominating set in G
.Therefore, },ee(G) < DU F and since sometimes DN F = ¢, implies to ‘DuF‘ < ‘D‘ + ‘F‘ =7, (G)+ ¢, wherey = ‘F‘ .

Hence, 7, (G) <7, (G)+ ‘-

Corollary 2.19. For any graph G without pendant edges we have y;e (G) =7‘e (G) -

Proof: By Theorem 2.16 if G has no pendant edges, then 7;3 (G)gy; (G) and we }/;(G) < 7;e (G) by Proposition 2.3.
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Hence Vee(G) =%, (G) .
Remark 2.20. The converse of Corollary 2.17 is not true always see the following example

Example 2.21. LetG =~ p . Then itis easy to see that J’;e(P ):y; (P ): 2, but P5 has two pendant edges.
5 5 5

Theorem 2.22. Let G be a graph such that for any edge eeE(G),deg (e): 0. Then y;E(G) :)/;(G) .
e
Proof: Let G be a graph and for any edge ¢c E(G),deg (e): 0, that mean ¢ is not equitable adjacent to any other edge
e

(equitable isolated edge). Let F = {eeE(G):eis pendant } By Proposition 2.3, we have ;/; (G)g 7;e (G) . Suppose that D

is any minimum equitable edge dominating set in G, we have to prove that D is also an end equitable edge dominating set

in G . Suppose, by contrary, that D is not end equitable edge dominating set of G, then there exists at least one end edge in

G does not belong to D. Suppose that an edge fe F but f¢ D and since deg (f):oimplies that D is not equitable
o\

edge dominating set which is a contradiction. Therefore, D is an end equitable edge dominating set of G .
Thus 7ee(G)S7/e (G) - Hence, 7ee(G) =Ye (G) .

Remark 2.23. The converse of Theorem 2.20, is not true in general see example 2.19, y;e(G) :]/;,(G) but the end edges
are not equitable isolated.

Theorem 2.24. Let G be any connected graph with p >2 vertices and 4 edges. Then 7;,5, (G):q if and only if one of the
following condition:
(i) All the edges of G are end edges. (i) For any edge feE(G) such that f* not end edge deg (f): 0-

o\

Proof: If all the edge in G are end edges mean that G =~ Kl 2and clearly by Proposition 2.9, }/;, (G):q .

Similarly, let F = {eeE(G):e[s pendant } Let H E(E —F). since all the edges which is not end edge has equitable degree
'

zero it follows that H is totally equitable disconnected graph and y, (G): q— ‘F‘ and since no edge from Fis equitable

adjacent any edge in E — F . Therefore, 7;6(0) :}/;(G)«}»‘F‘ =|e-F|+|F|=|g| - Hence, y, (G)=q-

Conversely, suppose that G is connected graph with J’(Za (G)=q , then we have two cases:

Case 1 If G has no end edges and ;/;(, (G):q implies that y; (G):qthen all the edges of G are equitable isolated that

mean condition (ii) is holding.
Case 2 If G has pendant edges, then we have two subcases.

Subcase 2.1 All the edges are pendant edges that means condition (i) is holding.
Subcase 2.2 Some of the edges are not end edges, so if F = {eeE(G):eis pendant }and H= (E*F). Since

7;,‘,(0) =q= ‘EfF‘ +‘F‘ it follows that <E — F> is totally equitable disconnected graph. Hence for any edge fcE —F , we
have deg (f): 0 Hence, condition (ii) is holding.
e

Theorem 2.25. Let G be equitable connected graph with p vertices and g edges. Then 7'ee(G)+ 70(G) < B.(G)+,(G)
where ﬂ)(G) and ae(G)are the equitable independent number and equitable covering number. Further equality holds if

G=K _.
1,2

Proof: Let G be an equitable connected graph with p vertices and ¢ edges. Then there are two cases:

Case 1: If G has end edge, then suppose that F = {eeE(G) reisanend edge } and let / be the minimum equitable edge
dominating set of the graph <E — F> . Now, clearly /U F' is an end equitable edge dominating set of G ,that means

Ve G)<|TOF| 1)
Let F ={ e E/ f isequitablaidiacent for sameedgeinG} . Suppose H is the minimum dominating set of (Fuf) and
suppose g is the minimum dominating set of (E—(FUF))NOW, Hl qu is equitable dominating set of G . Therefore,

2
7oe(G) < ‘Hl v, ‘ .......... @)
By (1) and (2) y;e(G) + | gamma (G)S ‘Fmp]‘ ‘Hl UHZ ‘ and obviously ‘Fu1‘+ ‘Hl UHZ ‘gp and we have
e

P:ae(G)‘*'ﬂe(G) by Theorem in[3]. Hence, y;e(G)+7E(G)gﬂg(c)+ae((;). For equality, let G;K12 , then clearly

y;e(K ):2 . B, kKl 2)= 2 and a,(G) =1, then the equality is holding.
1,2 N

Case 2: If G has no end edge, then let D be a minimum equitable dominating set of G and let § be an end equitable

' ' ! !
dominating set of G, let D be the covering set of set § and containing D. i,e., Dc D. Now, let D —-D=s and

E-mail: dineshac.bit@gmail.com 6|Page
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7;e(G)+ 7.(G)<|s|+|D| = ‘S‘ +|p]

and if ‘S' +V -D,then

S" — p=a,(6)+ p.(G)Hence, 1,,(G)+7,(G)< B.(G)+ a,(G)-

Remark 2.26. If G is not equitable connected, then y;E(G)+ 7€(G)S ﬂe(G)+0‘e(G) is not true in general.

Example2.27.Forany ¥ ,n >3we have y;,()(K ):n :y;(K ):,, +1, ﬂe(K ): n+1and O‘e(G) =0.
1 1, 1,n 1,n

o0 n

Hence 7;E(G)+ }’e(G)S ﬁE(G)+ ,(G) is not true here because ¥, n >3 is not equitable connected.
1

Theorem 2.28. For any graph G with at least two end edge have common vertex, 7;9(6) > M ,where M is the equitable
e e

matching in G .
Proof: Let G be a graph which has at least two end edges have common vertex and let D be any minimum end equitable

dominating set such that D = F UF , where F is the set of all end edges in G and D is the minimum equitable edge

dominating set of graph <E —(FUF')>v where F is the set of edges which equitable adjacent to the end edges F, where

FUF =¢.Nowlet J be the maximum equitable matching contains D '. That meansJ = D uUS , where § c F . Therefore,

ree©)=|p] |l >

D" +|8] = 8.(G)-
Hence 1, ()= £,(G).

Remark 2.29. The equality of }’Le(G) > M hold see example 2.26.
e

Example 2.30. Let G be a graph as in Figure 6.

Frogure &

Obviously deg (( )= deg (g )= deg (( )=3,deg (e )= deg (e )=4,deg (( )= deg (@ )=2and deg (e )=1.
e 1 e 2 e 8 e 3 e 4 e 5 e 6 e N7
The set of end edge is {e ,e ,e }.The set i e .,e,e.,e } is @ minimum end equitable edge dominating set in G . That
556 7 375 6 7
means ;/'ee(G) =4The set of {e ,e ,e e }is a maximum equitable matching inG .There are also the sets
1 4 6 7

{e ,e e .,e } {e ,e.,e e }and {e ,e e e }allaremaximumequitablematching inG . Thus ps (G):4:y' (¢)
4 6 7 8 45 7 8 4 6 7 8 e “

Here we will state the following open problem for future work. What is the sufficient and necessary conditions for
'
7ee(G)= M =7

Theorem 2.31. For any equitable connected graph G, ;/;e(G) :]/;(G)Sp, where p is the number of vertices. Further the
equality holds ifG= KX or C or K -

1,n 4 4
Proof: Let G be an equitable connected graph, that means for any two vertices in G there is at least one equitable path
connect between them. Let ' be minimum equitable edge dominating setinG . Let F = {eeE(G) teisanendedgeinG }
and let / be the minimum equitable edge dominating set of the graph <E —F> . Clearly 7 U F is an end equitable edge
dominating set of G . Since G is equitable connected, then G has at least p —1 edges and the minimum equitable edge

dominating set /{ contains at least one edge and the set / U F contains at most g edges. Therefore, 1—[‘ + ‘F v [‘ <g+1

and since the number of edges here at least p — 1, then ‘]—1‘ +‘Fu1‘ < p. Finally, 7;8(0) +y;(G) < ‘H‘ +‘Fu[‘ < p Hence

7;e(G) :7;(0)311-

dineshac.bit@gmail.com 7|Page
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For equality, ifG= Kl , then V;e(G) —n and ye(G):l. Thus 7ee(G) +7e(G):"+1 which is the number of vertices in

n

K

1,n

Similarly, if G~ C , we have ', G)= ')G =2. Hence, ') G)+ ' G )= 4 the number of vertices inC .
4 Vee Ve Vee Ve 4

For complete graph g , 7;6(0) +7;(G): 4 the number of vertices.
4

Here we will state the following open problem.
What is the sufficient and necessary conditions for 7;6 (G) +7; (G): p?

Definition 2.32. The subdivision graph S(G) of a graph G obtained by inserting vertex of degree two to every edge of G .

In the following results we get the exact values of the end equitable edge domination number of subdivision graph of some
standard graphs.

Proposition 2.33. For any Path graph p with p>6 vertices
P

2p+1

, if2p=2mod3;
. 2
blH 2 e

2p+2 )
—, if2p=1mod3.

Proof: From the definition of subdivision graph of a graph S(p ): Pz,, . and by apply Proposition 2.10 the result is holding.
» .

Proposition 2.34. For any cycle graph ¢ on p vertices.
P

2p
= if2p=0mod3;
3

' 2p+2
7eel C  |= , if2p=1mod3;
r 3

2p+1

, if2p=2mod3.
Proof: The proof straightforward since S(C ): Czp and by apply Proposition 2.9.
n

Proposition 2.35. Let B(m, n) be the bi-star graph of p vertices. Theny (S(B(m,n))) =p.

Proof: Let G be the subdivision of B(m,n) as in Figure 7.

LLEEH

g
.I
®:

Figura 7

1 1 1 A}
s VV,VV VY }which is of size m + n all the edges in F' has equitable
1122 mom’ 1122 22

degree zero, that means all the end edges of G are equitable isolated edges and any other two adjacent edges in £ — F

..... uu o,

The end edge set is F:{ u u',u u'

are also equitable adjacent. So to equitable dominate the edges in £ — F we need only two edges without lose the
' ' ' '

generality VW and uu and clearly the set ,uu is minimum equitable edge for the setE£ — F . Hence,
1 1 1 1

7.(G)=m+n+2=p.
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