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LU VN Y Our aim, in the present paper, is to introduce two new types of fuzzy connectedness in fuzzy biclosure
spaces namely fuzzy semi-connectedness in fuzzy biclosure space and fuzzy

Pre-connectedness in fuzzy biclosure space. We also investigate the fundamental properties of these new types of con-
nectedness.

1. INTRODUCTION

Fuzzy Closure space was first introduced by A.S. Mash hour and M.H. Ghanim [2]. The notions of
closure system and closure operator are very useful tools in several areas of classical mathematics. They
play an important role in topological spaces, Boolean algebra, convex sets etc.

Fuzzy Biclosure space was introduced by Tapi U. D. and Navalakhe R. [3]. Such
spaces are equipped with two arbitrary fuzzy closure operators. He extended some of the standard results
of separation axioms in fuzzy closure space to fuzzy biclosure space. Thereafter a large number of
papers have been written to generalize the concept of fuzzy closure space to fuzzy biclosure space.
Semi-connectedness and pre-connectedness in biclosure space was introduced by our self [5].We have
[4] introduced the fuzzy semi-connectedness and fuzzy pre-connectedness in fuzzy closure space. Here

we are generalizing these concepts into fuzzy biclosure space. In this paper we introduce fuzzy
semi-connectedness and fuzzy pre-connectedness in fuzzy biclosure space.

2. PRELIMINARIES

Definition 2.1 [1]:- Let X is a non empty fuzzy set. A function k: I* —I¥ is called fuzzy closure

operator on X if it satisfies the following conditions

1. k(0)=0
2. A<k(),forall AeTI* .

3 k(AvA)=k@) vk(4) forall 2, ,4, eI*.

The pair (X, k) is called fuzzy closure space.
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Definition2.2 [4]:- A fuzzy closure space (X, k) is said to be fuzzy semi-connected fuzzy closure space
if and only if there exists an Fs-continuous mapping f from X to the fuzzy discrete space {0, 1} is

constant.

Definition2.3 [4]:- A fuzzy closure space (X, k) is called fuzzy pre-connected fuzzy closure space if and

only if there exists an Fp-continuous mapping f from X to the fuzzy discrete space {0, 1} is constant.

Definition2.4 [3]:- A fuzzy biclosure space is a triple (X, u,, u,) where X is a nonempty set and ui, u2

are two fuzzy closure operators on X which satisfies the following properties:

(1) u,¢=¢g andu,g = ¢;
(i) A<u,Aand A <u,A forall A<T*
(iii) u,( AvB)=uAvuBand u,(AvB)=u,Avu,Bforall A,B<I*.

3. FUZZY SEMI-CONNECTEDNESS IN FUZZY BICLOSURE SPACE

Definition 3.1:- A fuzzy set y, in a fuzzy biclosure space (X, k;, k,) is said to be fuzzy semi-open if

7, <k(int, (7)) for all i= {1, 2}. The complement of fuzzy semi-open set is called fuzzy semi-closed

set. The class of all fuzzy semi-open sets of fuzzy biclosure space (X, k,, k,) is denoted by FSO

(X, kl? kz) .
Definition 3.2:- Let (X, k, k,) and (Y, ¢,, ¢,) are fuzzy biclosure spaces and let 1€ {1, 2} .Then an

F-mapping f: (X, k,, k,) > (Y, ¢,, ¢, )is called:
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(1)Fuzzy i-open (respectively, Fuzzy i-closed) if the F-mapping f: (X,k ) = (Y, ¢ )is open (respectively,

closed).

(it) Fuzzy open (respectively, Fuzzy closed) if f is fuzzy 1-open (respectively, fuzzy i-closed) for all

1e{l,2}.

(iii)Fuzzy i-continuous if the F-mapping £: (X, k.) = (Y, ¢,) is F-continuous for alli € {1, 2}.

(iv) Fuzzy continuous if fis fuzzy i-continuous, for alli € {1, 2}.

Definition 3.3:- Let (X, k,, k,) and (Y, ¢,, c,) are fuzzy biclosure spaces. An F-mapping
£ (X k., k) =>(Y,c,c,) is called Fs-continuous if f(y,)is a fuzzy semi-open subset of

(X, k,,k,) for every fuzzy open subset y, of (Y,¢c,,c,).

Definition 3.4:- A fuzzy biclosure space (X, k;, k,) is called fuzzy semi-connected if there exists an Fs-

continuous mapping f from X to fuzzy discrete space {0, 1} is constant.

Example 3.5:- Consider a non empty set X = {a, b, ¢}, and k, and k, are two fuzzy closure operators

which are defined by k: ¥ —1* such that
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(0,:if 2, =0

Xivers 1fO0= y, < Koy
k(X)) =9 Xpes 0= 5, <y,
Xy HO0# 1, < xo

|1y ;otherwise.

Here (X, k,) 1s a fuzzy closure space.

~

Fuzzy open sets of (X, k) = {Xa> Xiy> Xicy> Xiavy> Liacr» x> Ox -

~ —~

FSO (X, k,) = {Z{a}a K> Xicys Xia,by> Xia, ey Ly, Oy}
Define another fuzzy closure operator k,: I — I such that

((~

0,;ify, =0

Xy H0#x, <y,
ky(X2) =3 Xy 0+ 2, <y,
Aia, ¢y ifo;’iﬂfﬂ,gﬂ({c}

|1, ;otherwise.

Here (X, k,) 1s a fuzzy closure space.

FSO(X’ kz) - {Z{a}’ Xivy> Xieyo XLiavy> Lo,y Xayop 2 IX’ Ox}a
Here (X, k,, k,) 1s a fuzzy biclosure space.

Fuzzy open sets of (X, k,, k,) = {Z{a}, Xivy> Xieys> Xiavrs Xiaers Lxo 6X},
FSO Of(X> kl’ kz) - {Z{a}’ Xwys Xieys Xiavys Xiaeyo IX’ 6X}

Define a Fs-continuous mapping f: X — {0, 1} such that

FHT =00 = X = Moo =Koy = Lot =Ko =1x» £{0}=0 is constant.
Hence (X, k,, k,) is a fuzzy semi-connected fuzzy biclosure space.
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Example 3.6:- Let X = {a, b, ¢, d} is a non empty set and consider a fuzzy closure operator whi

defined by k,: 1* — 1* such that

()X ;1,70
Ziavps if0#y, < Xiay
Xiavy if0#y, < Xy
Ziv.ep> if0+£y, < Zie)
Xie.ap> if0=y, Ny~
s x=l

k (x,)=

0y, 1f y,=0,

For all fuzzy subsets y, <1¥, letk =
& ) {v{k1 Xy} Xy S X2} otherwise.

Hence (X, k,) 1s a fuzzy closure space.

Fuzzy open sets of (X, k,) :{Z{a}a Xiors Xiers Xiays X, e X, ay> Xid, a0 Ao, e, dis Xga,d,oys Xic, d,ab> 1y, 04}

FSO of (X, k,) = {Xp)> Xiwp> Xieps Xiap» Xivnep» Xie.ap g,y Koo > Xiaavp Xie.dap> 1xo Ox -

Consider another fuzzy closure operator k,: I¥ — 1* such that

Ox; 2, =0
Ziavcts if0#y, < Xia
X, c,dis if0=y, Ny
Xieoads if0=y, < Xl
Xid abp> if0+£y, < Xy
I, ify,=1

k,(x,)=

0y, if y,=0,

For all fuzzy subsets , <X letk =
A ’ 2 (2) vik,{ Z{a}}: X < X, )» otherwise.

Hence (X, k,) is a fuzzy closure space.

Fuzzy open sets of fuzzy closure space (X, k,) =

{la’Zb"Zc’/{d’Za,b’zb,c’;(c,d’zd,a’la,b,cJZb,c,dilc,d,a"la,d,bJIX’OX}'
{a}> A{b}> Afch> A{d}> Afa,b}> Adb,c}> Adc,dp> A{d,a}> Afa,b,c}oA{b,c,d}> Afc,d,a}>Afa,d, b}
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FSO (X, ky) = s Xings Xieys Xiays Xiavs Xivcio Xicoaps Xiaoars Xiaw ey, ays Xie. i a.vys bxo Ox -
Here (X, k,, k,) 1s a fuzzy biclosure space.

Fuzzy open sets of fuzzy biclosure space (X, k,, k,) are

{Z{a;» Kioys Xicy> Xiays Koo, o Xie,dys i app X, e, dys Xie, d, 10X fa, d, by I, éx}

FSO(X, k., k,) = {Z{a}a Kooy Xieys Xiays Xiv, > Xie, aps Xid,apo Ao, e,y Z{c,d,a},l{a,d,b}aix’ ﬁx}
Define a fuzzy semi-continuous mapping f: X — {0, 1} such that

f'l{i}:l{a}: Xy~ Xig =Xy = Ao =Xy = Xiday = Ao dy = Aieday — Aiad, b}=IX9 f-l{()}:ﬁx-
is constant. Hence (X, k,, k,) 15 a fuzzy semi-connected fuzzy biclosure space.

Definition 3.7:- A fuzzy biclosure space (X, k,, k,) is called fuzzy semi-disconnected if there exists an

Fs-continuous mapping f from X to fuzzy discrete space {0, 1} 1s surjective.

Theorem 3.8: A fuzzy biclosure space (X, k,, k,) is fuzzy semi-connected if and only if every Fs-
continuous mapping f from X into a fuzzy discrete space Y= {0, 1} with at least two fuzzy points is
constant.

Proof: Necessary: Let (X, k,, k,) 1s a fuzzy semi-connected fuzzy biclosure space. Then there exists a
Fs-continuous mapping f from the X into the fuzzy discrete space Y= {6, T}, for each z,, < Ty,

'z} =0y or I, IffY b =0, forall Hig S I, then f ceases to be a mapping. Therefore

f! Xisal =1, for a unique Xy S TY . This implies that f(1, )= Xy, @nd hence fis a constant mapping.

Sufficiency: Let every Fs-continuous mapping f from X into a fuzzy discrete space Y= {6, i} 18

constant. Suppose ¥, 1s a fuzzy semi open set in a fuzzy biclosure space (X, k,, k,).If y, =6X, we will
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not fuzzy semi-connected fuzzy biclosure space, which is a contradiction to our initial assumption.

Hence the only fuzzy subsets of X both fuzzy semi-open and fuzzy semi-closed are (~)X and ix .
2]=[3]

Suppose the only fuzzy subsets of X both fuzzy semi-open and fuzzy semi-closed are (~)X and iX . Let
f: X — {0, T} is an Fs-continuous surjection. Then £{0}# 0, and £{0}# 1I,. But {0} is both fuzzy
open and fuzzy closed in {0, 1} Hence £{0} is fuzzy semi-open and fuzzy semi-closed in X. This is a

contradiction to our assumption. Hence no Fs-continuous mapping f: X — {0, 1} 1s surjective.
31= (1]

Let no Fs-continuous mapping f: X — {0, 1} is surjective. If possible let fuzzy biclosure space
(X, k,, k,) 1s not fuzzy semi-connected fuzzy biclosure space. So I =7,V Xs» X, and y; are also
fuzzy semi closed sets.

Then Yo = {O ity >
’ X At

is Fs-continuous surjection which is a contradiction to our initial assumption. Hence fuzzy biclosure

space (X, k,, k,) 1s fuzzy semi-connected fuzzy biclosure space.

Theorem 3.10: The Fs-continuous image of a fuzzy semi-connected fuzzy biclosure space is fuzzy

semi-connected fuzzy biclosure space.
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show that y,=1,.Otherwise, choose two fixed points Xy, and g, inY. Define £: X — v by

Xy 2 < 26

Xy, Otherwise.

f(}({x;) = {

%, 1f 5 contains y, only,

1./7,,if 7. contains y, only,
Then for any open set y; in Y, f '1(;(5) =X ).(1 %o . Y2 O
, 1f y; contains both y, and y,,

I
0, otherwise.
In all the cases f(y,)is fuzzy semi open in X. Hence f is not constant Fs-continuous mapping. This is a

contradiction to our assumption. This proves that the only fuzzy semi—open subsets of X are 6X and ix .
Hence (X, k,, k,) is fuzzy semi-connected fuzzy biclosure space.

Theorem 3.9: The following assertions are equivalent:

l. (X, k,,k,) is fuzzy semi-connected fuzzy biclosure space.

2. The only fuzzy subsets of X both fuzzy semi-open and fuzzy semi-closed are (N)X and ix .

3. No Fs-continuous mapping f: X — {0, 1} 1s surjective.
Proof: [1] = [2]

Let (X, k,, k,) 1s fuzzy semi-connected fuzzy biclosure space. Suppose y, < IX is both fuzzy semi-
open and fuzzy semi-closed such that y, # 0, and z, # I, then 1,= y, v X s Where y 18

complement of y, in X. Hence Fs-continuous mapping f: X — {0, 1} is not constant i. e. (X, k,, k,) is
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Proof: Let fuzzy biclosure space (X, k,, k,) 1s a fuzzy semi-connected fuzzy biclosure space. Consider
an Fs-continuous mapping f: X — £(X) is surjective. If f(X) is not fuzzy semi-connected fuzzy
biclosure space, there would be a Fs-continuous surjection g: f(X) — {0, 1} so that the composite
function g o f: X — {0, 1} would also be a fuzzy semi-continuous surjection, which is a contradiction to
fuzzy semi-connectedness of fuzzy biclosure space (X, k,, k,) . Hence f(X) is a fuzzy semi-connected

fuzzy biclosure space.
4. FUZZY PRE-CONNECTEDNESS IN FUZZY BICLOSURE SPACE

Definition 4.1:- A fuzzy set A in a fuzzy biclosure space (X, k,, k,) 18 said to be fuzzy pre-open if

2, <int, (k;(y,)) for all i= {1, 2}. The complement of fuzzy pre-open set is called fuzzy pre-closed set.

The class of all fuzzy pre-open sets of fuzzy biclosure space (X, k,, k,) is denoted by FPO (X, k,, k,) .

Definitiond.2:- Let (X, k,, k,) and (Y, ¢, c,) are fuzzy biclosure spaces. An F-map

f: (X, k,, k,) = (Y, ¢,, c,)1s called Fp-continuous if £'(G) s a fuzzy pre-open subset of

(X, k,, k,) for every fuzzy open subset G of (Y, ¢, c,).

Definition 4.3:- A fuzzy biclosure space (X, k,, k,) is called fuzzy pre-connected if there exists a Fp-

continuous mapping f from X to fuzzy discrete space {0, 1} is constant.

Example 4.4:- Consider a non empty fuzzy set X = {a, b, ¢}, and k,and k, are two fuzzy closure

operators which are defined by k,: 1* — I* such that
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0ysif %, =0

Xibeys 0=y, < X o
k(X)) = Xwes 1£0# 1, < 7,
Xy HO0# 1, <y

1,;otherwise.

Then (X, k,) is called fuzzy closure space.

-~ ~

Fuzzy open sets of (X, k,) = {Xa> Xivy> Xicr> Xiavys> Xiacr» 1x»> Ox -

~ ~

FPOX, k) = {Z{a}a A by> Xa, ey Iy, Oy}

Define another fuzzy Cech closure operator k,: I* — I* such that

0y ; if y,=0

Aa by> if0= y, = X
K,(¥:) =\ X £0# 1, < 7,
Hie.aps £0# x, <y,
i.

X

otherwise.

Then (X, k,) is called fuzzy closure space.

-~ ~

Fuzzy open sets of (X, k,) = {Xja1> Xivy» Liey» Liavy» Liv.er» Xiacys Ixs» Ox}a

-~ ~

FPO X, k) = {Z{a}: Awr> Xicy> Xiavy> X, cv> Xia,cp» IX’ Ox}a

Here (X, k,, k,) is a fuzzy biclosure space.

~ -~

Fuzzy open sets of (X, k,, k,) = {Xja> Xinr> Xiers> Xiavy> Xia s x> Ox§s

~

FPO (X, ki, k) = {Xiay> Xiavy> Lia oy Ixo 6x}

Define a Fp-continuous mapping f: X — {0, 1} such that
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f_l{i}zl{a}z Ay~ Xy Xan™ Ao A C}Zix, f'l{()}:ﬁx is constant.

Hence (X, k,, k,) 1s a fuzzy pre-connected fuzzy biclosure space.

Example 4.5:- Let X = {a, b, ¢, d} is a non empty set and consider a fuzzy closure operator which is

defined by k: I* — 1* such that

0,; ify,=0

vy H0# 7, <70
Xian) if0#y, < Xy
ey H0# 7, <7
e 0% 7, <74
i-

X

k (7,)=

if y,=1.

0y, if y,=0,

For all fuzzy subsets 1 <1, letk, (y,)= .
VAR Xy} X S 2,1 otherwise.

Hence (X, k,) is a fuzzy closure space.

Fuzzy open sets of (X, k,) :{I{a}a Aoy Xy Xiays Xiv, o> X dys Xidap> Ao, dps Lo, a0y X, d a)> Iy, Oy}

FPO of (X, k) = {l{a}vl{b}algc}vlm}’ Ao,y Xid, a0 Ko, e, dp> Xia, d,vyo Xie,d,ap2 Iy, Oy}

Consider another fuzzy closure operator k,: I* —I* such that

005 2,0

Ziab.es if0#y, < X

Koo, if0#y, < o)

Zie.ads if0#y, Sy

Ziary 1£0# 7, < 7,
1

X5

k,(7,)=

if y,=1.
0y, if 7, =0,

For all fuzzy subsets 1 <1*, letk, (y,)= |
V{kZ{Z{a}}: K S X}, otherwise.
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Hence (X, k,) is a fuzzy closure space.

Fuzzy open sets of fuzzy closure space (X,k,) =

{Z{a}’ Z{b}?l{c}a Z{d}a Z{a,b}’ Z{b,c}’ Z{c, dj» Z{d, a}? Z{a, b,c}? Z{b,c,d}’ l{c, d,a}? Z{a,d, bl » 1)(3 OX}}

FPO sets of (X, k,) =

{Z{ap Kiors Xy Xiays Xiaopr Xpp,epo Xie,dpo X idar> Xav,eps Aty dy> X, d apr Lo, d by Iy, Ok}
Here (X, k,, k,) 1s a fuzzy biclosure space.

Fuzzy open sets of fuzzy biclosure space (X, k,, k,) are

U Xy Xiyo X Koo Xiear Xiaap Xio.e.ap Xiaavps Xy bxo Ox -
fa}? Ab}> AfcdA{d}> Afb,c}? Afc,d}> A{d,a}> Aib,c,d}> Afa,d b} Afc,d,a}

FPO sets of fuzzy biclosure space (X, k,, k,) =

{Z{a}a Xioys Xieys Ziayr Xieody> Xid,ap0 Ay, dys Aga,d bys Age,d a2 Iy, Oy}

Define a Fp-continuous mapping f: X — {0, 1} such that

AT >
f {1}_)({&;_;(gb)_z(c;_lm;_lm,b)_;(¢b,c>_Z;c.d;_Z,fd.a',_Z(a,b.c;_lgb,c.m_Z;a.d.b}_Z¢c,d,a)_ lx ’

f7{01=0, is constant.

X

Hence (X, k,, k,) 1s a fuzzy pre-connected fuzzy biclosure space.

Definition 4.6:- A fuzzy biclosure space (X,k,k,) 1s called fuzzy pre-disconnected fuzzy biclosure

space if and only if any Fp-continuous mapping f from X to the fuzzy discrete space {(), i} is

surjective.

Theorem 4.7:- If {, :1€ A} is a family of fuzzy pre-connected fuzzy biclosure subsets of
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Fuzzy pre-connected fuzzy biclosure space (X, k;, k,), then vy, is also a fuzzy pre-connected fuzzy
biclosure subset of , where A is any index set.

Proof:-Each 7, : 1€ A is a fuzzy pre-connected subset of fuzzy pre-connected fuzzy biclosure space
(X, k,, k,) so there exists Fp-continuous mapping f: A — {0, 1} is constant. Let an Fp-continuous
mapping f: v 4 — {0, 1} is not constant, ™' (1} = X, Which is a contradiction to each Ai is fuzzy pre-
connected subsets of (X, k,, k,), 1.e. Fp-continuous mapping f is constant. Hence vy, is fuzzy pre-

connected fuzzy biclosure space.

Theorem 4.8:- Let (X, k,, k,) and (Y, c,, c,) are two fuzzy biclosure spaces and f: X — Y is a fuzzy

bijection. Then

1) f is Fp-continuous mapping and X is a fuzzy pre-connected fuzzy biclosure space then Y is fuzzy

connected fuzzy biclosure space.

2) f is F-continuous mapping and X is fuzzy pre-connected fuzzy biclosure space then Y is a fuzzy

connected fuzzy biclosure space.

3) f is Fp-open mapping and Y is fuzzy pre-connected fuzzy biclosure space then X is fuzzy connected

fuzzy biclosure space.

4) £ is F-open mapping and X is fuzzy connected fuzzy biclosure space then Y is fuzzy pre-connected

fuzzy biclosure space.
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Proof: -1. Let(Y, c,, c,) 1s a fuzzy biclosure space and X is a fuzzy pre-connected fuzzy biclosure space
then there exists an Fp-continuous mapping fog: X — {0, 1} is constant. Consider an Fp-continuous
mapping g:Y — {(~), I}, given that f: X —Y is Fp-continuous mapping and f is bijection so that g is

also a constant mapping. Hence Y is fuzzy connected fuzzy biclosure space.

2. Given that X is a fuzzy pre-connected fuzzy biclosure space, i.e. g:X — {0, 1} Fp-continuous
mapping is constant. ;Y — X is F-continuous bijection, so that f"'og: Y — {0, 1}

F-continuous mapping is constant. Hence Y is fuzzy connected fuzzy biclosure space.

3. Given that Y is fuzzy pre-connected fuzzy biclosure space i.e. g:y — {0, 1} Fp-continuous mapping

is constant. Since f: X — Y is fuzzy pre-open and F-bijection mapping so that F-continuous mapping

fog: X — {0, 1} is constant. Hence X is fuzzy connected fuzzy biclosure space.

4. Given that X is fuzzy connected fuzzy biclosure space i.e. a F-continuous mapping
g:X — {0, 1} is constant and ;Y — X is F-open mapping so that it is a fuzzy pre-open mapping then
flog: Y —{0, 1} is a Fp-continuous constant mapping. Hence Y is a fuzzy pre-connected fuzzy

biclosure space.

Theorem 4.9:-A fuzzy biclosure space (X, k,, k,) 1s fuzzy pre-disconnected if and only if there exists

an Fp-continuous map f from X onto a fuzzy discrete two point space Y = {0, 1}.
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Proof: Given that fuzzy biclosure space (X, k,, k,) is fuzzy pre-disconnected i.e. there exists a Fp-
continuous map f:X — {0, 1} is not constant and f1{0} # ¢.If a Fp-continuous map £:X — {0, 1} is
onto, so that F-mapping is not constant. Hence (X, k,, k,) is fuzzy pre-disconnected fuzzy biclosure

space.

Conclusion: - In this paper the idea of fuzzy semi-connectedness and fuzzy pre-connectedness in

fuzzy biclosure space were introduced.
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