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For double sampling procedure, the problem of estimating population mean by using auxiliary informa-

tion in the form of attribute and variable both is considered. A generalized class of estimator is proposed

and the bias and mean square error are obtained. It is shown that the proposed generalized class of estimator is supe-
rior to some of the previously studied estimators under the minimum mean square error criterion.

1. Introduction

In double sampling or two-phase sampling technique, we first take a preliminary large sample
of size n” (called first phase sample) from a population of size N and then a sub-sample of
size n (called second phase sample) is drawn from the first phase sample of size n” by simple

random sampling without replacement scheme at both the phases.

At first phase sample of size n’, only the auxiliary variable X and auxiliary attribute ¢ are
observed but at the second phase sample of size n, the study variable Y, auxiliary variable X
and auxiliary attribute ¢ all are observed.

Let us denote by ?, X and P as the population mean of study variable, population mean of
auxiliary variable and population mean of auxiliary attribute ¢i.e.
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S}, S>and S} are the population variance of study variable, population variance of auxiliary
variable and population variance of auxiliary attribute and are given by
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Let (y,x,p) based on second phase sample of size n be the sample mean estimators of
population means (17,7(, P) of (¥, X, P) respectively and (76', p') based on the first phase n”’
sample values on (X, P) be the mean per unit estimator of (}, P) respectively. Also
s)z,,sf and Sf, are the sample variance of the study variable, auxiliary variable and auxiliary

attribute respectively based on the second phase sample of size n. Hence we are given with
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n

S)Z; :%Z()}i _)_/)2 > S,f :%Z(xi _)_C)z and S; :%é‘,(ﬁ _p)2

i=l

For estimating population mean Y of the study (main) variable Y, a generalized double

sampling estimator ,, as the bounded function of (3,x,%', p, p’) is proposed as

V=855 p.p) (L1)
satisfying the validity conditions of Taylor's series expansion such that

i) g (I_/,)_(,)_(,P,P): Y (1.2)

(i)  first order partial differential coefficient of g(3,%,x’, p, p’) with respect to y at

7= (Y.X.X,P.P) is unity, that s

0 - = = '
goz[__g(yaxaxap7p)j =1 (13)
0y ;
62
(i) & =[—_2g(ﬁ,f,fc',p,p’)] =0 (1.4)
0y .
iv) gi=—-g (1.5)

for g1 and g being the first order partial derivatives of g(¥,%,%’, p, p’) With respect

to X and X' respectively at the point T' = (_,)_(, )_(, P, P), that is

0 - = = '
g =[6—_g(y,x,x DD )}
X

T
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v)

(vi)

(vii)

0 - = = '
g, =[—g(y,x,x D,D )J
T

ox'
201 =—gn (1.6)
82
for 801 :( _ _g(yvxa)_dp’p!)j
0 yox .

62
e :[ayax'g(“v aTop ’p,)j

T

g3=— g4 (1.7)
for g3 and g4 being the first order partial derivatives of g(7,%,%’, p, p’) With respect

to p and p ‘respectively at the point 7= (_,)_(, )_(, P, P), that is

0 = '
g :[a—g(y,x,x ,D,D )]
p

g03 = — go4 (1.8)

82
for g03:[a_a g(yrfax,apapl)J and
yop r

62
S [85/819' g(y’f’f’p’pl)J

T

It can be seen that the proposed generalized double sampling estimator is more efficient than

the commonly used estimators available in the literatures as mean per unit estimator, ratio
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estimator, ratio estimator by Naik and Gupta (1996) and exponential ratio estimator by

and Tuteja (1991).

2. Bias and Mean Square Error of the Proposed Estimator

The proposed generalized double sampling estimator is given by
Y =8g.%.X.p,p) .
Let y=Y(l+e,)
x=X(+e)
=X(1+e)
p= P(l + ez)
p'=P+é)

with  E(eo) = E(e1) = E(e! ) = E(e2) = E(€3)=0 (2.1)
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Ee€))= £, pCiCy
Eleé,)= £, puCCy
Elee)=f, C2
Ele))=f, pwCyC,
E(ele,)= f,; pwCyCo
E(€€,)=f, ppCxCp  and

Eleq)= 1, C 2.2)

1 1 1 1 ? s’ s
_ _ 2Oy 2 _ S, 2 ¢
where f;l_(;__Nj, fn,_(—n,——j, C==,C"==,C, = ISR S P> Py and o

are the correlation coefficients between (y,x) , (y, p) and (x, p) respectively.

Now expanding g(3,%,%,p,p’) in the third order Taylor's series about the point

)_/gd = g(Y,)_(,)_(,P,P)+ ()7 —)_’)go + ()_c —)_()g1

+(¥ =X, +(p- Pz, +(p'- Ple,

T (P s PO (e P
+(p=PY g+ (0 - PP gy + 27 -V )i - X,
25 -7 (¥ - X)gp, + 27 -Y) (0~ Pleyy
+25 =Y )(p' - P)gyy + 25— X) (7' - X,

+2()_c—)_()(p—P)g13 +2()_c —)_() (p'—P)g14
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+2()_C'—)_()(p—P)g23+2()_C'—)_()(p'—P)g24+2(p—P)(p'—P)g34}

1
+_ —_ —_ —_ —_
3!{@ ox ox' op op'

where y =)_’+h()7

¥ =X +h(x

p* :P-I-h(p

8 & 8 0 5}3 I
+—+ +—+ g(y,x,x ,p,p)

S~—"

-Y

,_)—()

—P)

p =P+h(p'=P), 0<h<1

and go, g1, 22, g3, g4, goo, gol,

go2, o3, go4 are already defined in equations (1.3) to (1.8) and

% .
62
g2 :(5)_6'2 g(y’)_cﬂ)_c"p’p,)JT
62
83 = ( e g(y,fc,x',p,p')l
0° o _
g44 :(ap,z g(yaxax’5p>p,)JT
o2 _
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g3 = a)_cap g(yaxax » PP )jr
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82
g14 = (axap, g(.)_}aiax,apap’)j

T

a 2
ox'op

g23: g(ye)?a)_c,epsp’)

82
~ | ax'ep’

2(3,%,%, p,p')

82
opop'

834 = g()_;s)_caflap’p')J

T

Now, using the conditions given from (1.2) to (1.8), we have

Vou —Y =Ye, + Xe,g, — Xelg, + Pe,g, — Pelg,
n % { )—(Zelzgl o+ )_(2el'2g22 + Pzezzg33
+ Pze;2g44 + 2}_7)_(8061&)1 - 2?)_(606{g01
+ 2)_’Peoezg03 — 2)_’Peoe;go3 + 2)_(26161'&2
+2XPee,g,+2XPee.g ,+2XPee,g,,

+ 2X’Pel'e; 2ot 2P2eze; < 4}

1/ o o o 0
==t —t—t+—+
31 loy ox ox' op op

3
} T )
(2.3)

Now, taking expectation on both the sides of (2.3) and using the values of the expectations

given 1in (2.1) and (2.2), the bias in )7gd to the first degree of approximation is given by

Bias in (ygd): E()_/gd)— Y

1 J—=2
= E{X (ﬁqgll"'ﬁq'gzz"'zfn'gu)c)z(
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+P* (fngzs +f;q'g44)c123 +2P'CyCropyp f &
+ 2?)_(CYCX Prx (fn — )gm + Z?PCYCP pYP(fn — )g03

- 2)_(PCXCP ,OXp(fnglg + /8t 1823 +fn'g24)} (2.4)

Now, squaring (2.3) on both the sides and then taking expectation, the mean square error of

¥,q to the first degree of approximation is given by
2a v N ! ’ 2
- E{Yeo +Xe g — Xeg, + Pe,g, —P82g3}
= I_/zE(eg )+ )_(zgle(ef )+ )_(zgle(el'z)— 2)_(2g12E(elel')
+P2g32E(e22)+ Pzng(ef)—2P2g32E(e2e;)
+2Y Xg Ee,e,)-2Y Xg,Ele,e)+2Y Pg,E(ee,)
—2Y Pg,E(e,é, )+ 2 XPg,g,E(¢e,)+ 2 X Pg g, E(¢le))
- 2)_(Pg1g3E(ele;)— 2)_(Pg1g3E(e1'e2)
Using the values of the expectations given in (2.2), the mean square error is given by
MSE (3,,)=Y f,C2+ X f,Cig? + X f,Cog}
Ve S.G+ X f,Cg + X f,Cg
—2
-2X f,Crgl + P f,Crgs + P’ £,Crg;
_2P2fn’ }Z)gs’z +2Y X £, oGy Cr g = 2Y X f, py G Cr g
+2YEf, pypCyCrgs — 2Y P, S PreCrCrgs + ZXmlmeXCPg 183
+2X0, ppCrCrgi8s = 2X Pf  pipCr Cr8185 = 2X S, p1pC Cr8185

:fn}_/vzc)% +}2C)2((fn _fn')gl2
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+P2C;(fn _fn')g32 +2YX/0YXCYCX(fn _fn’)gl
+2)_7PpYPCYCP(fn — )g3 +2)_(PpXPCXCP(f;1 —J )g1g3
or MSE ()_/gd)zj;1)_72c}% +(/, _fn') |:)_(2C)2(g12 +P2C}2,g32 +2?)_(pYXCYCXgl

+2Y Pp,C,Crg, +2X PpyCiCrgis ] . 2.5)

For minimizing (2.5) in two unknowns gi and g3, the two normal equations after

differentiating (2.5) partially with respect to g1 and gs are

XC, g, +PppCogs+ Y, C, =0 (2.6)

XC,ppg +PCogy+Yp,,C, =0 . (2.7)

Solving (2.6) and (2.7) for g1 and g3, we get the minimizing optimum values to be

*_ §CY (pXPpYP - pyx)
gl N 2
xC,(1-p%,)

and (2.8)

. _ ?CY (pYXpXP - pYP) 2.9
SR, (- ) =

which when substituted in (2.5) gives the minimum value of mean square error of the

estimator V,, as

MSE (3,,) = f.Y C2=(f, = f,)Y R (C?

min

= 1Y C —(;—;jyzzejxpcﬁ = M (say) (2.10)

3. Some Particular Estimators Belonging to the Proposed Class of Estimator
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Some particular members (estimators) belonging to the proposed class ¥, of estimators are

) Vit =7 +ky (X=%)+ky (p-p') (3.1)
_ X
(i) Tep) = y[r}{1+k[ j+k [—-—g} (3.2)
X P
—\Kk ky
_ | X
(iii) ygd(3)=y[:) [ﬁj (3.3)
X P
V) T =Y ek (x-¥)+k, (p-p)} (3.4)

which may be easily shown to satisfy the conditions of y,, and thus belongs to the class
Vea-
Let us consider the estimator ) given by

Veat) =V k) (x-%')}+k, (p-p')
In order to obtain the bias and mean square error of ygd(l) , we have

Vo) =Y (1+€,)+k, { X(1+e)- )_((1+e1')}+k2 {P(1+e,)-P(1+¢))}
or V() —17:)7@0 +k, )_((el —el')+k2 P(e2 —e;) (3.5)
Now, taking expectation on both the sides of (3.5), the bias in fgd(l) is given by

Bias in Vg0) = E(ygd(l))— Y

= E(Ye0 +k, X (e, —¢/)+k, P(e, —e;))

= VE(e J+k X {E(e)-E(e ) +k, PIE(e; )-E(e; )
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using values of the expectations given in (2.1), we have
Biasin Y,4q) =0 (3.6)
Now, squaring (3.5) on both the sides and then taking expectation, the mean square error in

Vea(r) s given by

MSE (J_’gd(l)) :E@gd(l) _Y)2

E {Yeo +k, )_((el —el’)+k2 P(e2 —e;)}z

E {}7@0 +Xe k~Xe k +Pe,k,~Pe,k, }2
= Y E(e} )+ X K2E(e} )+ X k2 Ele]*)-2X k2 Ee,e})
+ PREE )+ PRE(e? )-2P K Eeye))
+2Y Xk Ele,e,)-2Y Xk E(e,e| )+ 2Y Pk,E(e,e,)
2V Pk, E(e e} )+ 2 XPk,k,E(e,e, )+ 2X Pk k, E(ele})
~2X Pk,k,E(e,e,)-2 X Pk k,E(ele, )
using values of the expectations given in (2.2), the mean square error in ygd(l) is given by
MSE (7o) =Y f,C2+ X [,C2 2+ X [, C3k
—2X £,C2K2 + P2f.C2E + P2 f,C2k
—2P f,C2k2 +2Y X f. py CyC oy = 2Y X £ pyye Cy C ok,

+ 2)_]an10YPCYCPk2 - 2}_,}7n’pYPCYCPk2 + 2}}%,0)@ CyCpkik,

+ 2)_(Hn'p)aacxcpk1k2 -2X P pxpCyCpkik, = 2)_G%1'pXPCXCPk1k2
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= £,Y C}+ X CL(f, — fu R?
+P2Cﬁ(fn _fn' )k22 +2}_7}pYXCYCX(fn _fn’ )k]

+2;Ppypcycp(fn _fn’ )kz +2)_(PIDXPCXCP(fn _fn' )klkz

or MSE ()—/gd(l)):fnl_fzc)% +(fn _fn') lezC)z(klz +P2Cf2’k22 +2?)_(pYXCYCXkl

+2Y Ppy,CyCokey +2X Pp oy CyCokik, | RN )

The minimum value of mean square error is obtained if the optimum values of &, and &, are

k= ?Cy_(p)a)pyp _szX) (3-8)
XCX(I—,DXP)

k= Ye, (pYXpXP :pYP) (3.9)
PC,(1-p2,)

and the minimum mean square error of Y, under the optimizing values of the

characterizing scalars is given by

_ — 1 1)\=
MSE(ygd(l))min =f YZC'Y2 —(———JYZRZY.XP CY2 (3.10)
n n

which is the same as the minimum mean square error of the proposed generalized class of
estimator ),, and this can also be verified for the estimators Y ,,), Vgu3)and Ygy(4)0n the

similar lines.

4. Efficiency Comparison with the Available Estimators
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For comparing the efficiency of the proposed generalized double sampling estimator, let us

consider the following

(i)  Double Sampling Ratio Estimator

~ x'

= ?;
with MSE(5, )= £, 77 (C2+ €2 —2p,,C,C, )- £,72(C* = 2pC,Cy ) (A1)
from (4.1) and (2.10), we have
MSE(5,)-M = £,Y (C2+C2 —2p,,C,C, )~ £,72(C,* —2p,CC )
— £, Y2C, +(f, - £, )Y *R*vxr C,°
=1, Y’[C3 ~2puC Cy 4R}, G
-7 ez 20,000, 4R, ]
=1,7[C2 ~2pC,C, + P CE - P11+ G
~ 1y V' [C3 =290 C,C + 9}, C} = i C} + R C
= VCy o,V + (R - 03 ) 2] (1, - 1)

>0 since Ry » > pry (4.2)

Showing that the proposed generalized double sampling estimator is more efficient

than the ratio estimator.

(ii)  Double Sampling Ratio Estimator by Naik and Gupta (1996)

A

J’2:)_7-£
P

with MSE (3, )= £, Y (C2+C2 =2p,,C,C, ) - £, ¥ (C2=2p,,C,C,) (43)
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from (4.3) and (2.10), we have
MSE(5,)-M = 1,7 (C2 +C2 =2p,,C,C )~ £,7°(C =2,,C,C)

~5,7°C +(f, - £, )Y R C)

= £,Y’[c2~2p,C,C, + R, C2]
-1, 7 [c2~2p,0,C 1R, C]

= 1,7 [C2 ~2p,,C,C, + pECE — pE.C2 4R, C2]
~ £V [CE =29, C, 4 p3CE P2 CE 4 RE , CE

- Y lc -G, Y + (B2 - p2) C2) (1, - 1)

>0 since R} ,» > pi : (4.4)

Showing that the proposed generalized double sampling estimator is more efficient than the

estimator given by Naik and Gupta (1996).

(iii) Double Sampling Exponential Ratio Estimator by Bahl and Tuteja(1991)

V; =yexp Xox
} X +x

. S 2 1 =2( 1
WlthMSE(y3 ): 5Y (C}% +ZC)2( _pyxcycxj_fn' Y (Z Cx _pYXCYCXj (4.5)

from (4.5) and (2.10), we have

~ —2 1 —2(1
MSE()"3 )_M =fY [C)% +ZC)2( _pYXCYCXj_fn’ Y (ZC)Z( _pYXCYCXj

_fn YzCYz +(fn _fn')?szYvXP CY2

—| C?
=LY |:TX_pYXCYCX +p§XC§ _pixci +R;XP C}%:|
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— | C?
/Y |:TX =P CrCy + plchli _p)%XC)% +R§.)@ Cé}

2
—2 C
=Y l:(?x_pYXCY] +(R;)(P_IO;X)C§]( n n’)
>0 since R, > pry . (4.6)

Showing that the proposed generalized double sampling estimator is more efficient

than the estimator given by Bahl and Tuteja (1991).

S. Empirical Study
For comparing efficiency of the proposed generalized class of estimator, let us
consider the data given in [William G. Cochran (1977), Sampling Techniques, 3™

Edition, John Wiley and Sons, New York, at Page No. 34] we have

Y=Food Cost
X = Family Income

¢ = Family size of more than 3

Y =27.49 Cx=0.146
X =72.55 Cr=0.369
P=0.52 Cp=0.985
n’'=22 prx=0.2521
n=16 pre=0.388
N=33 pxp=—0.153 .
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Table 5.1: PRE of the Proposed Estimator over the Estimators Described Above

PRE of the Proposed Estimator over the Estimators PRE
- 5 - 5 112.63
PRE of the Proposed Estimator ), , over the Estimator y,
- 5 . 5 423.61
PRE of the Proposed Estimator y,, over the Estimator ),
~ > - 5 111.55
PRE of the Proposed Estimator ), over the Estimator ),
6. Conclusion

The comparative study of the proposed generalized double sampling estimator establishes its
superiority in the sense of having minimum mean square error over mean per unit estimator,

ratio estimator, ratio estimator by Naik and Gupta (1996) and exponential ratio estimator by

Bahl and Tuteja (1991).
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