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ABSTRACT We consider S-prime Join matrices as an abstract generalization of S-prime Least common multiple ma-
trices . We also found determinant and inverse of both S- prime and reciprocal S-prime join matrices are 

discussed and also discussed some of the most important properties of S-prime Join matrices are presented interms of 
S- prime Join matrices .

 

 

 

 

 

 

INTRODUCTION  
Let S =  nxxx ,...,, 21   be   

a  set  of  n  positive integers    
with  nxxx  ...21  and let   

Pf :  be   a complex  valued  
function  on  Z+  (i.e., arithmetic 
function).Let 
 (xi ,xj)  denotes  the greatest  
common  divisor (gcd)  of xi and  xj  
and defines  the   nn  matrix fS)(  
by    

ijfS  =  ),( ji xxf .We refer  to  

fS)(  as  the GCD Matrix on S with 
respect  to  f .The Set S is said to be 
gcd-closed  if ),( ji xx S  whenever   

ji xx , S .The set S is said to be 
factor-closed if it contains  every 
positive divisor of each  

Sxi  .Clearly, a factor-closed set is 
always  gcd– closed  but the converse  
does not hold.Let [xi,xj]  denotes the 
least common multiple (lcm) of xi and 
xj  and defines the  nn  matrix   fS  
by    

ijfS  =  ],[ ji xxf .We refer  to  

  fS as the LCM Matrix on S with 
respect to  f .The set  S is said  to be 
lcm-closed if ],[ ji xx S  whenever   

ji xx , S .The set S is said  to be 
multiple-closed  if it is  lcm-closed  
and .|| Sdxdx ni  Here  | stands  
for  the usual  divisibility  relation   of  
integers.  
 In 1876, the concept  of Classical 
Smith determinant  with entries  on  Z+  

was introduced  by  H.J.S. Smith  [12]  
is  

   
det )()..().().()]x, [(x 321nnji nxxxx  . 

H.J.S.Smith  also calculated  the 
determinant  of the LCM  Matrix   on  a  
factor – closed   set. 
 In 1876, H.J.S. Smith  results 
extended  L.E.Dickson  proved  that  if  

rjijiij ,...3,2,1,);,(    then 
det(   )()...2()1( rij    where     is  
the  Euler    function. 
 In 1991, S.Beslin [3,4,5] defined 
the LCM  Matrix, which  is an  

nn matrix whose  i,j – entry is the 
least common  multiple  of  xi, xj. In 
1992, K.Bourque and S.Ligh [6,7,8] 
proved that the LCM Matrix [S] is 
nonsingular  if S  is  Factor  Closed  set. 
They also conjectured that the LCM 
Matrix [S]  is non singular  if S  is GCD  
closed. 
 In 2003, A.A.  Oval  established  
various  results  concerning  GCD  
Matrices  and Least  Common  Multiple 
(LCM)  Matrices. In 1968, Wilf  has 
proved, let  RPf :  where P  a  Meet  
semi –lattice  and   let  M  be  the  
matrix   with  MX,Y  =  YXf    then  
det(M) = 

PZ
g(Z)   where  

 g(Z) = 
ZW

WfZW )(),( . 

 In 1960, L.Carlitz [9],  gave  a  
new  form  of gcd-matrices  and 
determinant  value, 
[f(i,j)]n  =  C  (diag(g(1),…,g(n))) CT     
where  C = (Cij)nxn ;   
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Cij = 




                 i| j if   0
   i|j   if   1

and    

D = (dij)   diagonal  matrix 

dij   = 




 j  i      if         0
j = i     if      g(i)
  

det [f(i,j)]nxn    =   g(1).g(2)…g(n) 
2.The origin of the  Join Matrices on     
   Posets 
    In  this  section, we define   
preliminary concepts   that  are needed  
to understand   the summaries  of the 
articles   in  this section. 
Definition :2.1 
                 Let (P, )  ,( Z | ) be   a 
partially ordered set. We   call  P   a  
Join-semi  lattice  if  for  any  x,y P   
there  exists  a  unique  z P   such  that 

(i) x ≤z   and   
y≤z    and 

(ii) If    x≤w    
and   y≤w   
for  some   
w P   then  
z≤w 

In such  a  case  z   is  called  
the  Join  of  x  and   y  and  
it  is denoted  by  x y. 
A Join semi-lattice, which  is  
also  a  Meet-Semi  lattice,  
is  called  a   lattice. 
Definition :2.2 
       Let (P, , )  be  a  Meet –Semi 
lattice   and  defined  the partial  order  
   on  P   by  x y y x. Then  for  
any  x,y P   there  exists   a  unique   
z =  x y = x y  that   satisfies  (i)  
and  (ii) above  for  . Thus  (P, , )   
is   a Join-semi  lattice   and  it is   said  
to be the dual  of   (P, , ). 
Definition: 2.3 
       Let  (P, , , )   be  a lattice  in 
which  every  principal  order  ideal  is 

finite. Let  S =  nxxx ,...,, 21  be   a  
subset  of  P such  that  xi xj i ≤  j   
and let   Pf :  
be   a function. Then  the n x n 
matrices  [S]f   are  defined   by 
   jif xxfS ][    is called   the  
Join  Matrix  on S  associated   with  f. 
Definition: 2.4 
       In this lattices   S  is  a finite  set 
of   positive integers, f : P→С  is   an  
arithmetical  function  and the  S – 
prime Join Matrix  is  called  LCM  
Matrices, which  is  defined  as  

 

Definition: 2.5 
        If (P, )  |),( Z  then   the  Join 
Matrices  respectively  LCM  Matrices  
on  S.The  set  S  is  said  to  be  upper-
closed  if  for  every  x,y P  with  

Sx  and  x y   we   have   
Sy .The set  S  is  said  to  be  Join – 

closed  if  for  every  x, Sy .We  have  
x y S . 
Definition:2.6   
        We  say  that  f is  a  semi-
multiplicative  function  on  P, 
if )()()()( yfxfyxfyxf  for   all   

Pyx , .  
Definition :2.7 
       Let  x  and  y  be  the  two  
elements   of  the  poset  P  and     is  
the  mobius  function  of  the  
poset  ,S   then   

 
 




















 yzz

otherwisezx
yxif
yxif

yx

:
,

1
0

,




Lemma:2.8 
      Let  g  be an incidence function  of      
P.Then 




yzx

yzgyxg ),)((),(   

for  all x,yP. 

   )).,(( jiijf xxlcmfS 
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Lemma:2.9 
        Let   rwwwwS ,...,,, 321    with  

jiww ji  and  let  A  denote  the  
nn    matrix   defined  by  

ji
ju

ij wxif
otherwise

wf
a 





 


0

)1,)((

 
Then   [S]f  =  AAT. 
Proof: 
For  1 i  n,  1  j  r   we     have 

   (AAT)ij  = jk

r

k
ik aa

1

 =  







1
1

)1,)((

kj
ki

wx
wx

ku wf  

                              =  



1

)1,)((
kji wxx

ku wf  

By  lemma (2.8), (AAT)ij  =  
 1,jiu xxf   

 ji xxf   
This  completes  the  proof. 
Lemma:2.10(Join  Matrix  in terms  of  
a    
                        certain Meet  Matrix) 
Let  D =  diag(f(x1),…,f(xn))  then 
    DSDS

f
f 1  

Proof: 

  







ijf
DSDSince 1   )()( 1 j

ijf
i xfSxf 






   

                      =   

  )(
)()(

ji
ji

ji xxf
xxf
xfxf




 

we have      DSDS
f

f 1  

3.The Structure  of  S – Prime  Join  
    Matrices on  Posets 

Definition :3.1 
Let   X = nxxx ,...,, 21   and  Y 
={y1,y2,…,yn}  be  two subsets  of  P     
and  the  nxn  

S-Prime  Join Matrix  on  X  and  Y  with 
respect  to  f  is  defined  as  M = [X,Y]f  

 = [fij] where  
1)(4

)14)(14(





ji

ji
ij yx

yx
f . 

Definition :3.2 
Let  (P, )  be  a lattice  in which  every 
principal  order  is finite  and let  f   be  
a  complex   valued  function  on P.Let   
X =  nxxx ,...,, 21 and  Y = {y1,y2,…,yn}    
be  two  subsets  of  P.Let  the elements  
of  X and  Y  be arranged  so that  

nxxx  ...21    and  

nyyy  ...21 . 
Let D = mddd ,...,, 21  be  any  

subsets  of  P  containing  the elements  
ji yx  ;  i,j = 1,2,….,n.Let the  elements  

of  D  be arranged  so that   
mddd  ...21 . 

Definition:3.3 
We define  

f
D

g 1,
on  D  inductively  as 

)(1, k
f

D
dg  =  )()( 1, v

d f
Dk d

d
gdf

kv




      

or    thendgdf v
dd f

Dk
kv

)()( 1,



  

)(1, k
f

D
dg     =     

 kv dd v

kvD

df
dd ),(

where  

D is  the  mobius  function  on the poset 
(D, ). 
Definition:3.4 
Let  E(X)  =  (eij(X))   and   E(Y)= 
(eij(Y))  denotes  the mn   matrices   
defined  by  

 


 


otherwise

xdif
Xe ij

ij 0

1
)( and

 


 


otherwise

ydif
Ye ij

ij 0

1
)(  

We also denote 


f

D 1,
diag 










)(),...,( 1,11, m

f
D

f
D

dgdg . 
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Theorem:3.5 
 If  D,  E(X), E(Y)  and   

f
D 1,

 as   defined  above  then   [X,Y]f 

=  E(X) 
f

D 1,
 E(Y)T. 

Proof : 
The  i,jth  entry  in   

ij








 T

f
1D,

E(Y)  E(X)   =   kj

n

k
kik ee




1

    

 =    
 

f
dxx

k

d
d

k YXdg

x
x

dg
kji

kj

ki

],[)(  





 

      Hence   [X,Y]f =  E(X) 

f
D 1,

 E(Y)T. 

Theorem:3.6 
(i) If n>m, then det[X,Y]f    = det[M]  = 
0 
and  (ii) If n≤m, then  

)()()det(
1




n

i
ii yfxfM





_m...1

kn)k2,..,(k1,kn)k2,...,(k1,
21

E(Y)det E(X)det 
nkkk

 
         × 

f
D

g 1,
(dk 1 )

f
D

g 1,
(dk 2 )…

f
D

g 1,
(dk n ) . 

Proof: 
  [X,Y]f =Dx,f (X,Y)1/f  Dy,f = Dx,fE(X) 

fD, E(Y)TDy,f 

Also    M   =  Dx,f M~ Dy,f  
  det M =   det( Dx,f) det( M~ ) det (Dy,f) 
            = det ( M~ ) 

   .)1(4)1(4
1




j

n

i
i yx

 
Theorem:3.7 

In  the  case  of semi-
multiplicative  function  M = [X,Y]f   

=   YX DMD
~

, where XD =diag(4x1+1, 
4x2+1, …, 4xn+1),    YD  =  diag 

(4y1+1, 4y2+1, …, 4yn+1)  and  
~

M   

has  the  entry  
1)(4

1~




ji
ij yx

f  . 

Proof: 
Since   [X,Y]f = M   =  [f[xi yj]]                   

 

YXj
ji

i DMDyf
yxf

xf ~)(
)(

1)( 















Theorem:3.8 
 If  D  is  Meet closed  and  f  
and  g  are  arithmetical  functions then  

(i) f(dk)  =  )(, k
dz

fD dg
k




 

implies  and  implied  by 
(ii) 



 



kt
dz
dz zw

PkfD

t
k

zwwfdg ),()()(, 

 
Proof: 
Assume   (i)   and  prove  (ii) 
Consider  )()()( zzfz

kk dzzdz
  



     

           
 
 


kk dzhedzz ze

egzegz )()()()(   

                   =    
 hzdzhe

zeg
k

)()(   

Since  the  sum  
hz

z)(  has  the  value  

0  if  h’>1  and  the  value  1   if  h’   = 1. 

Hence  )()( k
k dg

z
d

fz 





  

To  prove the  converse:  we  consider  


 











k kk dz dzdz z

zfzzg )()(   

                                                                              
= 




hzdhedhe

zefefz
kk

)()()()(   

As before, the  sum  of   



hz

z )(   has  

the  value  0  if  h’>1  and  the  value  1  
if  h’=1. 
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                Hence   ).()( k
dz

k dfdg
k




 

Theorem:3.9   
If  D  is  Join-closed  set  then 





kdz

k
f

D wf
zwdg
)(
),()(1,

 where     is  

the  mobius   function of  P. 
Proof: 
     It is similar  to the proof  of the  
theorem(3.8). 
Theorem:3.10 (X,Y)f   =  DX   [X,Y]1/f   
DY. 
Proof: 
Now  we  consider the example 
S = {1,2}   and   T ={2,3} 
DX  =diag(5,9)  and   DY  =  diag(9,13) 
(S)f  =    (X,Y)f  =  












1)32(41)22(4
1)31(41)21(4

 

                          = 







59
55

 

[X,Y]1/f   =  































)1)3(4)(1)2(4(
1)32(4

)1)2(4)(1)2(4(
1)22(4

)1)3(4)(1)1(4(
1)31(4

)1)2(4)(1)1(4(
1)21(4

 

              =   
















117
5

9
1

13
1

9
1

 

DX   [X,Y]1/f   DY  =        


































130
09

117
5

9
1

13
1

9
1

90
05

 











59
55

 
Hence Proved. 

Theorem:3.11 
Let S={x1, x2, x3,…,xn } be S-prime Join -

closed . Without loss of generality we may 

assume that i<j whenever xi <xj, then  
),()()(, zwwfxg

jt
xz
zwxz

jfs

t
j






 where is 

the mobius   function of P. 
Proof: 
By using the definition (3.3) 






 


 ji

t
jji xx

jt
xz
xz zwxx

ifsj zwwfxgxf ),()()()( , 

We write, 
),()()()()( xzzfxgorzgxf

xzxz






for all xP 
 It has to be prove that, 

 







 ji

t
ij xx

it
xz
xzxz

zgzg )()(  

Now consider the sum of R.H.S of   
 equation (1) 

 Let xi xjand z  xiz xj. 
Thus every z occurring on the right side 
of equation (1)  ccurs on the left side of 
equation (1). 

   Conversely, Consider the sum on the left 
side   
  of   equation (1). 

Suppose that z  xjwe have z xi by 
minimality  
of i, we    have  r = i or xr = xi ,thereforexr xj 

means  xr xj thus every  z occurring on the 
side 
of equation (1). 

This completes the proof . 
Theorem:3.12 
              If S is lower closed subset of  P  
then 




ji xx

jiijfs xxxfxg ),()()(,   

          Proof: 
         Already we know that the result, 




 



jt
xz
xz zw

jfs

t
j

zwwfxg ),()()(,   

 It reduces we get the proof of theorem. 
Then S is lower   closed. 
Example  :3.13 
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 Let S={x1,x2,……..xn} be a chain with 
x1<x2<……<xn. Then    gs,f(x1)=f(x1),  
gs,f(x2)=f(x2)-f(x1) 

In general 
)()()( 1,  jjjfs xfxfxg where,  

j=2, 3, 4,…, n. 
Example:3.14 
Let  S={x1 ,x2 ,…..xn } be an 
incomparable set and    let S={x0, x1 ,x2 
,…..xn }. Then, 

),()( 00, xfxg fs 

)()()( 011, xfxfxg fs   

and  )()()( 022, xfxfxg fs  . 

In general )()()( 0, xfxfxg jjfs  for   
j=1, 2, 3, …,n 

  Theorem :3.15 
  Let S= {x1, x2… xn   } and T= {y1, 

y2…ym } be any  two   subsets of P. 
Define the  incidence matrix whose   i, j-
entry is 1 if yj xi  and zero otherwise 
namely that   is,  E(S, T) 
= mnije )( where 

)( ije






 

otherwiseif
xyif ij

,0
,1

 
              Theorem: 3.16 

    If  S is a S-Prime  join-

closed.Then   )(det
1

, i

n

i
fsf xgS 



 . 

          Proof:     
  The  theorem  is  proved  and verified          

with a  suitable  example. 
Consider     the   set   S   =  {1,2,3} 

 

















)13()25()13(
)25)9()9(
)13()9()5(

fff
fff
fff

SThen f

 

 

  fSLet det   =  

)]9()13()25()9()[13()]25()13(
)13()9()[9(])25()13()9()[5( 2

fffffff
fffffff




          

)1)]...(9()13()25()13()9([
)]25()13()9([)]13()9([

)25()5()13()9()5(

2

2

2

fffff
fffff

fffff







 
By  using  example, 

);5()9()9( ffg 
 );9()13()13( ffg 

 );13()25()5 2( ffg 
 

)()()())(( 321
13,9,5

xgxgxgxg i

n

i




 

 
  

= )]13()25()][9()13()][5()9([ ffffff 
   

)2)]...(9()13(
)25()13()9([)]25()13()9([

)]13()9([)25()5()13()9()5(

2

22

ff
ffffff

fffffff






 

From  equation   (1)    and  ( 2), we get; 

  )(det
1

, i

n

i
fsf xgS 



 . 

  Hence the  theorem is proved. 
Corollary    : 3.17 
If S={x1, x2, x3,,…,xn} is a chain with     
x1<x2< x3…<xn . Then      

det[S]f ])()([)(
1

11 



n

i
ii xfxfxf  

  Proof: 
By using theorem, 
If  S is a S-prime Join  –closed then   

det[S] f  )(,1 ifs

n

i
xg


 and the result ,  

  =   f (5) f (9)f (13)+f (5)3--

f(5)2f(13)-               
       f(5)2f(9) 

We have , 
det [S] f =  f (5) [f (9)-f (5)][f(13)-f(5)] 

det [S] f  =    g(1) g(2) g(3) 
 Then,  det 

[S]f ])()([)(
1

11 



n

i
ii xfxfxf  
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Hence   Proved. 

Theorem:3.18 
Let T ={ y1, y2, y3,,…,ym } be a S-prime 
Join–closed subset of P containing  S={ 
x1, x2, x3,,…,xn }.  Then, 

    det [S]f  =  


 mkk
knfTkfTkfTn

n

ygygygkkkE
...1

,2,1,
2

21
1

])(,...,)(,)(),...,,(det[

    
Where, E=E(S,T) 

   Proof: 
[S]f = EET, also det(E) = 

det(ET),     by   using  known  theorem. 
  Now we consider the example , 
S = {2,3} and T ={1,2,3} .Then, 













)1)33(4()1)23(4(
)1)32(4()1)22(4(

)]1)(4([][
ff
ff

xxfS jif

 











)13()25(
)25()9(

][
ff
ff

S f   

  The incident matrix of  S&T is, 

E = E(S,T) = 







111
011

 

EET=












































10
11
11

)5()13(00
0)5()9(0
00)5(

111
011

ff
ff

f

 











)13()5(
)5()9(

ff
ff

 
 fS][ =EET 

      Also, det (E) 

0
111
011









 E  

det (ET) 0
10
11
11



















 
det (E) = det (ET) 

      det [S] f     = 


 mkk
knfTkfTkfTn

n

ygygygkkkE
...1

,2,1,
2

21
1

])(,...,)(,,)(),...,,(det[

 Hence proved. 
      Theorem:3.19  
      If  X  and  Y  are  Meet  Closed  and  Lower 

Closed  sets    
     then   

det(M)  =       dyx ii

n

i
i gff

1

   

where      
 




dd f

g
ij d

ddd
j

ij
i

,
. 

  Proof: 
  To get the proof, by using  the 
theorem     
   (3.6)    and  (3.7). 
  Theorem:3.20 
   Let Xi  =  X\{xi}   and  Yi  =  
Y\{yi}    for   
    i = 1,2,3,…,n.If  M  is  invertible  
then   
    the   inverse  of  M  is the   nn   
matrix    
     B = (bij)      where   bij  =   

)det(M
ji

,   

     where   ji   is   the  co-factor  of  
ji- 
     entry  of  M. 
    Proof: 
     It  is  a general  method    used  
to prove. 
   Theorem:3.21 
   Let Xi  =  X\{xi}   and  Yi  =  
Y\{yi}    for  
   i = 1,2,3,…,n.If  M  is  invertible  
then the     
   inverse  of  M  is the   nn   
matrix  B =      
    (bij),    where    

 )()(
)det()()(

)1(
1

v

n

v
v

ij

ji

ij yfxf
Myfxf

b 
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m....1

1)-knk2,...,(k1,i1)-knk2,...,(k1,j
21

)E(Ydet )E(Xdet 
nkkk

           
×

f
D

g 1,
(dk 1 )

f
D

g 1,
(dk 2 )…

f
D

g 1,
(dk 1n

)  
Proof: 

Since  bij = 
)det(M

ji
, where ji   is   

the  co-factor  of  ji-entry  of M. 
It is easy to see that  

   
fij

ji
ji YX ,det1  . 

By theorem   (3.6) we  see that 
det[Xj, Yi]f  =    


 _m1

1)-knk2,...,(k1,i1)-knk2,...,(k1,j
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combining  the  above  equations   we  
obtain        the theorem. 

Example: 
Construct  the 2 x 2  S-Prime  Join 
Matrix  on the LCM  closed   sets  X= 
{1,2}  and  
Y ={2,5}.Then  by using  the definition  
(2.7), 

M =[fij]   where  fij = 
1)4(x
1)+1)(4y+(4x
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By  using  the  definition  of  f  and 
),( yx  we  obtain;     f11 = 9,   f12  =21,  

f21 = 9, f22 = 189/5 
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here  D ={1,2} each  di ji yx    for i,j 
= 1,2. 
f(x1)  = f(1)  =   5,  f(x2)  = f(2) = 9,   
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similarly, b21 = 5/84, b22 = -5/84 
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4.Inverse  of the  Reciprocal   S-Prime 
Join    Matrices 
Definition :4.1 
Let   X = nxxx ,...,, 21   and    
Y = {y1,y2,…,yn}  be  two subsets  of  P    
and  the  nxn   Reciprocal   S - Prime  
Join Matrix  on  X  and  Y  with respect  
to  R   is  defined  as  R = [X,Y]r  = [rij]     

where  .
)14)(14(

1)(4





ji

ji
ij yx
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r

 
Definition:4.2 
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Let X  and  Y  be two Lower Closed  
subsets   of   P  then 
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Definition:4.3 
If  R  is invertible  then the inverse  of  R  is  

nXn matrix   H =(hij)   where hij  =
)det(R

rji    and  

rji  is  the  cofactor  of the ji – entry of 

R.Therefore,  hij = ji

ji

r
R)det(

)1(   

Example: 
Construct  the  2X2   reciprocal S-Prime 
join matrix  on the  LCM closed  sets  
X={1,2}  and    
Y = {2,5}. 
By using the definition of (2.8), 

rij    =  
)14)(14(

1)(4
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r11 =1/9 , r12 = 1/21 , r21  = 1/9 ,r22 = 5/189
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and    D = {1,2}  
r(x1) =  r(1)   =  1/5,  r(x2)  = r(2)  =  1/9, 
r(y1) = r(2) = 1/9,  r(y2)  =  r(5) =  1/21. 
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Find   R-1   by   using   the  
definition(4.3), we get; 

h11 =
 

11

11

)det(
1 r

R

 =    
21.9.9

4
189

5

4
54


 

h12 =
 

21

21

)det(
1 r

R

 =   
4
81

 
Similarly, h21 = -189/4,  h22  = 189/4
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