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Let G = (V.E) be a simple finite undirected graph. A subset S of V is called an equivalence set
if every component of the induced sub graph (S ) 1s complete. An equivalence number S (G) is
the maximum cardinality of an equivalence set of G [3]. A vertex u in V(G) 1s said to be Z_-
good ifu belongs to a S, set of G. G is said to be 2, -excellent if every vertex of G is £2_-good.
G 1s said to be rigid S, -excellent if every vertex of G is contained in a unique S, -set of G. An

equivalence graph is a vertex disjoint union of complete graphs. The concept of equivalence set.
sub chromatic number. generalized coloring and equivalence covering number were studied in
[1].[2].[4].[5].[6].[8].[10]. In this paper the concept of S, -excellence and rigid S, -excellence
are studied.

1. Introduction.

Gred.H. Fricke et al [7] called a vertex u of a graph G = (V,E) to be s -good if u is
contained in a £(G) -set of G(where g is a parameter). G is said to be x -excellent if every vertex
in Vis g -good. A number of results has been proved by taking x as the domination parameter.
Sridharan and Yamuna [12], [13] introduced several types of excellence, one of them being rigid
excellence. A graph G is said to be rigid s -excellent if every vertex of G belongs to a unique z -
set of G. Rigid u -excellence was studied in [14]. A similar study was made with respect to the

parameter £, in [11]. A sub set S of V(Q) is said to be an equivalence set if every component of
<S> is complete. A graph G is said to be an equivalence graph if V(QG) is an equivalence set. The
maximum cardinality of an equivalence set is denoted by £, (G) [3]. In this paper, excellence with

respect to £, (G) is introduced, rigid S, -excellence is defined and several results are derived.

2. Be -Excellence of a Graph .

Definition 2.1. A vertex u in V(GQG) is said to be S, -good if u is contained in a S, -set of G.

Definition 2.2. A graph G is said to be a S, -excellent graph if every vertex of G is contained in

a fe-set of G (i.e., every vertex of G is [, -good).

Example 2.3. K, ,K, Cnare some f,-excellent graph.

n>

Example 2.4. Consider the graph G in Figure 2.1.

G

A graph which is not B.-excellent
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§={1,2,5,6,3,8,4,9} 1s a maximum equivalence set. Therefore f,(G)=8.

{2,5,6,7.8,9,3} 1s a maximal equivalence set containing 7 and it is not a 3, -set. Therefore 71s not

B, -good..

Therefore G s not a /3, -excellent graph.

Example 2.5, K, n>2is not ff,-excellent.

B values for some standard graphs

BolP )= kit n=3k

1. =2k+1if n=3k+1
=2k+2ifn=3k+2

BelC ) =2kif n=3k k>2
=2k if n=3k+1,k>1

=2k+lifn=3k+2,k2>1
=3ifn=3

5 ﬁe(Kl,n): g

4 BolKyy )= max(m,n)
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:Be(Wn) = ﬂe(Cn—l)’ n=6
5. =3ifn=5
=4ifn=4

6. Disis S,-excellentiff r=s.
7. ﬂe(Dr,s):r‘” and Drsis not f3, -excellent

8. Lo (P) =Swhere P is the Petersen graph.

Petersen graph P is /3, -excellent.
Remark 2.6.

1. K, is not an equivalence graph. But there exists a unique S, -set.

2. K,y 18 not an equivalence graph. But there exists a unique f, -set.

B - Excellence for standard graphs

1. K, is pB,-excellent.

n

2. K, is f,-excellent.

3. C

d

is f, - excellent.

b

K, 1 B,-excellentiff m=n

m,n

5. P is B,-excellent iff n=0,l(mod3)

n

6. W, is not B, - excellent, since W, has a full degree vertex and ¥, is not complete.

3. Rigid Bo-Excellence of a Graph.

Definition 3.1. A graph G is rigid /3, -excellent if every vertex of G belongs to a unique /3, - set of G.

Clearly arigid S, -excellent graph is /3, -excellent.

Example 3.2.
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1. K, isrigid [, -excellent.
2. C,is fB, -excellent but not rigid 3, -excellent.

For: Let V(C,) = {u;,Uye.ntig ). S, = {uy,uy,u,,us} and S, = {u,,u;,us,u,} are B -sets and uz belong

to S; and S,.

Rigid £, -excellence of standard graphs:
1. K, isrigid f3, -excellent.
2. K, isnot f3, -excellent and hence not rigid /3, -excellent.

3. Pyisnot rigid /3, -excellent forall n>3.

Proof.

Case i: n=0(mod3)
Let V(P)=1{v,,V,,...,Vs, § Where n=3k.

Let S, ={V, V5, V5o Vs Vs 25 Vst b O3 = V15 V35 V45 Vs Vyseos Vag 35 V300 Vo - Both Sy and S, are
B, sets of cardinality 2k and v, is the common element for S; and S,. Therefore P is not rigid /3, -

excellent.

Case ii: n=1(mod 3)
Let n=3k+1. Let where n =3k+1. B (P,,,) =2k +1.

Let S, ={V,Vy,Vy Voo Vg 25 Vas s Vara A0 Sy = {0, V3,0, V6, Vo ey Vi, Vsp S A€ 3, -excellent

sets of P31 containing u; therefore Ps; is not rigid /3, -excellent.
Case iii: n=2(mod3) V(P,) = {V,,V, s V3 }
Po(Pyy) =2k +2.

Let S =1{V,,V,,V,Vspeus V3 i15Vapsn t - Then Syis a B, -set of Py of cardinality 2k+2.
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Consider v3 There are two equivalent sets of maximum cardinality 2k+1 containing v3 and they are

V15 V35 Vi Vs Vasees Vags Varar 5 V2 V35 Vs Visees Vai1s Var s Varsa § - Therefore vs is not contained inany f3,
-set of G. Therefore Py, is not 3, -excellent and hence not rigid S, -excellent. Therefore P, is not rigid

B, -excellent for any n2>3. (Pyis rigid S, -excellent).
4. Cy is not rigid 3, -excellent for all n >4 and C; is rigid 3, -excellent.

Proof. Let n=3k,k >2.

B(Cy) = 2k.

Let V(Cy) = {1, Vysees Vap b Sy = V15V Vs Vsseos Vag a5 Va g+ A0 Sy = {V3, V1, V5,V e Vi 35 Vag o

are f3,-sets of Cai( k 2 2) containing vi. Therefore Cyi is not S, -excellent when k2> 2.
Letn=3k+1. B,(C,,.,) = 2k(k 21).

Let S, =1{V,,V5,V4Vssees Vag1sVar f 595 = V25 VisVss Vs Ve V35 Vs, - Then Sp and Sy are f3, -

excellent sets of Csi+1 containing v4. Therefore Csy is not rigid /3, -excellent.
Case 111: Let n =3k+2.

ﬂe (C3k+2) =2k+1.

Let S ={V,V55 V45 V5o Vias Vas Vi 580 = IVaaas Vs V3s Vs Vs Vi Va3 Varas Ve f - Then S

and Sy are f, sets of Ciis2 containing v4. Therefore Caysz is not rigid /3, -excellent for k > 1.
5.K,, istigid f3, -excellent iff m =n.
6.D, is not rigid f3, -excellent.
Proof. D, isnoteven f3,-excellent.
7. Wy is not rigid /3, -excellent when 7> 5.

8. The Petersen graph P is not rigid /3, -excellent.
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Theorem 3.3. A graph G is rigid S, - excellent iff
). B,(G)divides n.

nG distinct  B,(G) sets.

ii). G has exactly

e

ii1). The maximum cardinality of a partition V(G) into equivalence sets is % G)’

Proof. Let G be rigid /3, -excellent. Let S;,Ss,...,Sk be the collection of disjoint /3, -sets of G. Since G is

rigid /3, - excellent, these sets are pair wise disjoint and their union is V(G). Therefore (i),(ii) and (iii) hold.
Conversely, let G be a graph satisfying conditions (i), (ii) and (ii).
Let n=mp, ;. By condition (ii), there exists B,-set V,,V,,..,V such that they are pair wise disjoint

and V, UV, U..UV, =V . Therefore n = Z|K| <mp,(G). Since m = ,(G), each V; is a maximum

i=1

equivalence set of G. Therefore V is a pair wise disjoint union of S, -sets. Therefore G is f3, -excellent.

Since G has exactly % (G)(: m) distinct S, -sets, V,,V,,...,V, are the only S, -sets of G. Therefore

Gisrigid S, -excellent.

Property 3.4 . If G # K| isrigid f3, - excellent then for any u in V(G) <V -N] [u]> does not contain two
B, -sets.
Proof.

Case 1: N[u] is non complete.

Since G is rigid f3, - excellent, given u in V(G), there exists a unique /3, -set of G containing u. Suppose
V-N[u] contains two maximum f3, - sets. Since G # K, 8,(G) 22 Let S be the unique S, -set of G
containing u. Then S-{u} is an equivalence set of G of cardinality /5, —1. Since N[u] is not complete, S-

{u} is a subset of V-N[u]. Therefore V-N[u] contains an equivalence set of cardinality f,(G)-1. If
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ﬂe<V—N[u]> =B.(G) then any [, set of <V —N[u]> together with u is an equivalence set of G of

cardinality f,(G)+1, a contradiction. Therefore S, <V = N[u]> =B.(G)-1.

Let Ty, To be two maximum equivalence sets of V-N[u]. Then 7, U {u} and T, U{u} are sets of G.

Therefore T, U {u} and T, U {u} are equivalence sets of cardinality ,(G) and these sets containing u,

a contradiction. Therefore <V - N[u]> does not two maximum equivalence sets.
Case ii: N[u] is complete.

Suppose V-N[u] contains two maximum equivalence sets say Ti, To. Then 7, U N[u] and w are
equivalence sets of G. Since G is rigid S, -excellent, there exists a unique /3, set S of G containing u. Since

N[u] is complete, N[u] is a component of S. Therefore S-N[u] is an equivalence set of V-N[u]. Suppose S-

N[u] is not a maximum equivalence set of V-N[u]. Therefore
S = N[u] < B.((V = N[ul)

1= B.((V - Ntul)

Therefore [T, U N[u] = £, (V' = N[ul)) +|N[u] > |S - Nu]| +|Nu] =3].

IT, U N[u] > B,(G), a contradiction,

Therefore S-N[u] is a maximum equivalence set of V-N[u]. Therefore |S — N[u]| =|T;| =|T;|. Therefore
5 =[1, 0 Nl =7, Nl = ..

Therefore 7, U N[u] and T, U N[u] are maximum equivalence sets of G containing u, a contradiction.

Therefore V-N[u] doses not contain two maximum equivalence sets.

Proposition 3.5. Let G be rigid 5, excellent. Then there exists a unique partition of V(G) into /3, sets of

G.

Proof.
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n

By Property (i) G has exactly

distinct /3, sets. Therefore there exists a partition V(G) into S, sets

e

of G. Suppose G has two partition of V(G) into f sets of G. Let them be[l, ={,V,,...,.V,},
[1, ={W,,W,,...W}. Then there exists a u in V(G) such that u belongs to Vi and W; for some i and j,
V. #W,. Therefore there exists two /3, sets containing u, a contradiction. Therefore there exists a unique

partition of V(G) into S, sets of G.
Property 3.6. Let G be arigid f, -excellent graph. Then ‘V(G)‘ =$,(6)- 7, (G).

Proof.

Since G is rigid S, -excellent, n = f3,(G)- d where d is the number of f, -sets.

n

p.(G)
7(6)=5.(0) 1,(6).

Also

<%,(G). That is d<y,(G). But z,(G)<d. Therefore d =y, (G) Therefore

Remark 3.7. There are graphs which are not rigid /3, -excellent in which ‘V(G)‘ =$,(6) 1,,(G).
For example,
B.(C)=2:1,(C,)=2 andhence [V (C,)|= B,(C,)- 1.,(C,)-

But Cy is not rigid S, -excellent.

Proposition 3.8. Let G be arigid S, -excellent. Then 0(G) > % -1

Proof. Let [1={V,V,,....V} be the unique f3, -partition of V(G).

LetuelV I<i<m.
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If uis not adjacent with any vertex of V;, j#1 then ¥, U {u} is an equivalence set, a contradiction, since

Vi is a maximum equivalence set of G. Therefore u is adjacent with every V; ,j#1. Therefore

n

d >m-1=
w=m= 6

Property 3.9. LG) = 1iff G is an equivalence graph.

e

Proposition 3.10. Let G be rigid S, -excellent. Suppose G has two or more disjoint /3, sets. Then G has

no isolates.

Proof. Suppose G has two or more disjoint /3, sets. Let S1,5,,...,S; be the disjoint 3, sets of G. Then ¢ > 2
. Let u be an isolate of G. Then u belongs to a f3,set say Si. Then S, U{u} is an equivalence set of

cardinality 8, (G)+1, a contradiction. Therefore G has no isolates.

Proposition 3.11. Let G be arigid f, -excellent graph. Let G be not an equivalence graph. Then 6(G) > 2

Proof. Suppose u € V(G). Since G is rigid S, -excellent, G has no isolates. Therefore deg(u)>1. Let v
be the support of u. Let S be the unique /3, set of G containing v. Suppose u € . Then uv is an component

of S. If w is an neighbour of v in G then <u,v, W> is a connected subset of V which is not complete.

Therefore v has no other neighbour in G. Therefore G has K as a component. Therefore G is an equivalence

graph, a contradiction.

Suppose u ¢ §. Since G # K,,|S

> 2. Therefore there exist we S,w # v. Then (S —{v}) U {u}is an
equivalence set of cardinality ,(G) . Therefore w is contained in S as well as (S —{v}) U {u} which are

B, sets, a contradiction, since G is rigid /3, -excellent.
Therefore deg(u) > 2

Therefore 0(G) > 2.
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Remark 3.12. The above result, need not hold in equivalence graphs For example, G =K, UK ,n>2

is an equivalence graph in which 6(G) =1.

Proposition 3.13. Let G be arigid S, -excellent graph. Suppose G contains K, as a component . Then any

component of G is complete(i.e., G is an equivalence graph).

Proof. Let G be arigid f3, -excellent graph. Suppose G contains K, as a component. Let G be a component
of G other than K». Since G is rigid 3, -excellent, G is f, -excellent. Let u and v be the vertices of the
component K. Since G is rigid 3, -excellent, there exists a unique /3, set S containing u. Clearly v € §

. Therefore S —{u,v}is a unique 3, set of Gi. But S —{u,v} =V(G;). Therefore G is an equivalence

graph. Therefore G is an equivalence graph.

Remark 3.14.
1. The above proposition is not true if Gis f3, -excellent but not rigid /3, -excellent.
For example,

Let G=K, UC,. Then G is p,-excellent, G contains K, as a component but G is not an equivalence

graph.
2.Let G=K, VK, ;n>2.
Then G is not 3, -excellent, G contains a unique /3, set and G is not an equivalence graph.

3. G is an equivalence graph iff G has a unique equivalence set of cardinality n.

4. Any tree G is not a rigid /3, -excellent graph for if G is a tree then G is connected and G is not an

equivalence graph. Also 0(G) =1. Therefore G is not rigid /3, -excellent.

Proposition 3.15. Let G be a disconnected graph. Let G = G, U G, U...U G, where each G; is connected.

Gisrigid f3, -excellent iff each G; (1< i < k) isrigid S, -excellent and each G; has a unique /3, set.

Proof. Suppose G =G, UG, U...uUG,, where each G; is connected. Let G be rigid S, -excellent. Let

ueG,(1<i<k). Then u € V(G) and hence there exists a unique S, set S of G containing u. Let
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S, =8nV(G,),(1<i<k). Let T be a component of S;. Then T is a component of S;. Then T is a

component of S. Since S is a ﬁe set, T is complete. Therefore S; is an equivalence set of Gi(1<i <k).
Suppose ‘Si‘ <p.(G).LetTibea f, setof Gi LetS, =(S-S,)UT;. Clearly S; is a equivalence set

of G and ‘Sl‘ - ‘S

, a contradiction, since S is a f3, set of G. Therefore S; is a f3, set of G; . Therefore
u €@, is an element of S; which is a /3, set of Gi. Suppose u belongs to /3, sets Ti, Ty of Gi. Then
(§=8)UT,, (S-8,)UT, are f3, sets of G containing u, a contradiction. Therefore S; is a unique /3,

set of G; containing u. Therefore G; is arigid S, -excellent.

Suppose Gi has two f3, sets Ts, Ts. Then I, NT,_ =¢.LetSbea f,setof G. Let S, =S NV(G,). Then
(S=8)UT, (S-S.)UT, are B, sets of G containing (S — S, ), a contradiction, since G is rigid /3, -

excellent. Therefore each G has a unique 3, set.

Conversely, Suppose each G; is rigid /3, -excellent and each G has a unique 3, set. Let T; be the unique

B, set of Gi. Then UT, isa f3, set of G containing every element of V(G). Therefore G is rigid S, -

excellent.

Proposition 3.16. Let G be a connected graph which is rigid 3, -excellent and which has a unique /3, set.

Then G is complete.

Proof. By hypothesis, V(G) is a S, set. Since V(G) is connected, <V(G)> is complete. Therefore G is

complete.

Remark 3.17. Let G =G, UG, U...UG, where each G; is connected. Then G is rigid 3, -excellent iff

each G; is complete. That is iff G is an equivalence graph.

Problem 3.18. Find a connected rigid /3, -excellent graph which is neither K, nor a complete multi partite

graph.

Proposition 3.19. Let G be a rigid /3, -excellent graph. Let u € V(G). Let S be the unique /3, set of G

containing u. Then < prfu, S ]> is complete and ‘ pn[u,S ]‘ <2.
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Proof. Let x,y e pn(u,S). Then x,yelV —S and x,y are adjacent with only u in S. Then
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(S—{u})u{x,y} is an equivalence set of cardinality S,(G)+1 , a contradiction. Therefore

‘pn(u,S)‘ <1. Therefore pn[u,S] is complete and ‘pn[u,S]‘ <2.

Problem 3.20. Find an example of a rigid £, excellent graph G such that for some vertex u in V(G),

pn(u,S) =1where S is the unique S, set of G containing u.

Proposition 3.21. Let G be a rigid £, -excellent and let G be not an equivalence graph except K,. Then

G is connected.

Proof. Let G be a rigid [, -excellent. Suppose G is disconnected. Then by the Proposition 3.16, every

component of G is complete. That is G is an equivalence graph. By hypothesis, G is not an equivalence

graph. Therefore G is connected.
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