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1. INTRODUCTION:
Efficiency measurement dates back to MJ. Farrell (1957), who 
suggested a method to empirically evaluate efficiencies of firms in 
production activity. Shephard (1970) introduced mathematical rigor 
based distance functions to evaluate input, output and graph 
efficiencies of production unit. Shephard's Lemma connects 
production with cost, that gave rise to evaluation of economic 
efficiency of decision making units. However, the most powerful 
methodology for assessment of efficiency was introduced by Charnes, 
Cooper and Rhodes (1978), who replaced the unknown production 
possibility set and its outer boundary by a known one that is based on 
the axioms of inclusion, free disposability, ray unboundedness and 
minimum extrapolation, that involves a sample of firms which 
combine similar inputs to produce similar outputs. The production 
possibility set of CCR is convex cone for which the interior activity can 
be compared to a linear combination of frontier activities. CCR 
production frontier assumes that returns to scale are constant. Often 
economic data are subjected to returns to scale, which may be constant, 
decreasing or increasing in different input ranges of input domain. The 
deficiency of CCR formulation was removed by Bankar, Charnes and 
Cooper (1984) who proposed a technology set that is based on the 
axioms of inclusion, free disposability, convexity and minimum 
extrapolation. An interior activity can now be compared to a convex 
combination of frontier activities. 

The activities so emerged define virtual DMU, which is mostly, an 
unobserved DMU. The CCR and BCC efficiency measures can be 
obtained solving linear programming problems resulting in radial 
input / output efficiency measures.

Fare (1975) formulated an asymmetric input technical efficiency 
measure to measure input technical efficiency.

Fare and Lovell (1978) sought dimension wise reduction of inputs, 
consequently obtained a non-radial measure of efficiency.

Briec et al., (2011) extended Fare and Lovell model, formulated an 
objective function involving component, similar to geometric mean.

The radial measures serve to measure efficiency in short run 
perspective. In short run, due to the rigidity of the technology for input / 
output substitution, input vector of the inefficient DMU and efficient 
DMU with which inefficient activity is compared, possess the same 
input mix. Along the ray from the origin at every input vector, input 
mix remains to be the same, consequently, the technique of production 
remains to be the same. Thus, technical efficiency refers to radial 
measures. “Radiality seems to be a reasonable proxy for similarity, 
because all the firms on the same ray share the same combination of 
inputs” (Gonzalez, Alvarez, 2001). Radial efficiency measures select a 
priori direction that ignores input substitution or output 
transformation, the information of which is embedded in input / output 
isoquants.

Fare (1975) formulated Hyperbolic Graph efficiency measure that 
expands outputs and contracts inputs simultaneously, where the metric 
of input reduction is inverse of the metric of output expansion. The 
path pursued by the inefficient firm to reach the frontier is hyperbola. 
The problem is proposed as a non-linear programming problem, that 
can be transformed into a linear programming problem by Taylor's 
series expansion.

Another, very widely used efficiency measure is Russell's / non-radial 
measure of efficiency that seeks dimension specific reduction of inputs 
and / or dimension specific expansion of outputs.

Chamber et al., (1998) formulated directional distance functions, 
which are an important class, but sensitive to the choice of direction of 
input contraction and / or output expansion. Farrell's (Shephard's) 
radial distance measures can be obtained as special cases of directional 
distance functions. Unlike it is seen in radial measures, a decision 
making unit attains full efficiency if the value of directional distance 
function is zero. The coordinates of the DMU operating in the interior 
of technology set can be projected onto the frontier in any feasible 
direction.

Fare et al., (2010) produced slack based directional distance functions 
and show Tone's slack based efficiency measure is a special case of 
directional distance measure.

2. FREE DISPOSABLE HULL
For a firm or farm identification of observed peer is more important 
than identification of a virtual peer that is mostly unobservable for both 
following and comparison. The follower and his efficient peer shall 
face the same returns to scale and employ the same technique in short 
run comparisons. Identification of a single efficient peer is not possible 
in convex technologies.

The most popular non-convex technology is Free Disposable Hull 
(FDH), popularized by Tulkens (1993). FDH is a technology set based 
on the axioms of inclusion and free disposability and minimum 
extrapolation. If       and       are production possibility sets of DEA and 
FDH, then, 
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