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Fractional order SIR epidemic model is considered for dynamical analysis. The basic reproductive number is established 
and an analysis is carried out to study the stability of the equilibrium points. The time plots and phase portraits are provided 
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Then the system leads to fractional equations 

given by  

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

D S t b S t I t dS t

D I t S t I t I t dI t

D R t I t dR t

a

a

a

b

b d

d

= - -

= - -

= -

       (2)  

where the arbitrary order a in the sense of Caputo 

and 0 1a< < . Also we have ( ) ( )D N t b dN ta = - . 

Variable Meaning 

S (t) Number of Susceptible Individuals at 

time t  
I (t) Number of Infectious Individuals at 

time t  
R(t) Number of Recovered Individuals at 

time t  
Paramet

ers 
Meaning 

b Birth rate or Recruitment rate  
d Death rate  
1

d
 

Infectious Period  

b  Contact rate  

Since ( ) ( ) ( ) ( )N t S t I t R t= + + , ( )R t can always be 

obtained by the equation ( ) ( ) ( ) ( )R t N t S t I t= - - .  

We now consider the system of equations  

D S b SI dS

D I SI I dI

D N b dN

a

a

a

b

b d

= - -

= - -

= -

            (3)          

 with the following initial conditions 

0 0 0(0) , (0) , (0)S S I I N N= = = , where 0 1a< < .   

EQUILIBRIUM POINTS  

Consider the System[9]  

* 1 1 1 2 3

* 2 2 1 2 3

* 3 3 1 2 3

( ) ( , , )

( ) ( , , )

( ) ( , , )

D x t g x x x

D x t g x x x

D x t g x x x

a

a

a

=

=

=

     (4)  

with initial  values 1 01 2 02 3 03(0) , (0) , (0)x x x x x x= = = . 

 To evaluate the equilibrium points, let * ( ) 0iD x ta = .  
* * *
1 2 3( , , ) 0ig x x x = , 1,2,3.i =  from which we can get 

the equilibrium points * * *
1 2 3, ,x x x . The stability result 

for the fractional order linear system is  given below.  

Lemma 1. [5] The fractional order autonomous 

system 0( ) ( ), (0)D x t Ax t x xa = =  where 0 1a< < , 
nx RÎ and n nA R ´Î is  

(a) Locally asymptotically stable if and only if 

arg( ( )) , ( 1,2, , )
2

i A i n
p

l a> = .Wherearg( ( ))i Al  

denotes the argument of the eigenvalue il  of A . 

(b) Stable if and only if 

arg( ( )) , ( 1,2, , )
2

i A i n
p

l a³ = . 

Proposition 2. The system of equations (3) has a 

disease free equilibrium point ,0,
b b

d d

æ ö
ç ÷
è ø

.  

Proof:  To obtain the equilibrium points we consider 

0, 0, 0D S D I D Na a a= = = . In disease free situation, 

that is, there is no infection 0I = . Therefore from the 

system of equations (3) we get   

0b dS- = Þ
b

s
d

= . 

Hence the Disease Free Equilibrium (DFE) Point is 

( , , ) ,0,
b b

S I N
d d

æ ö
= ç ÷
è ø

. Also the Endemic Equilibrium 

Point is 0( , , ) , ( 1),
d d b

S I N R
d

d

b b

æ ö+
= -ç ÷
è ø

. 

 BASIC REPRODUCTION NUMBER 

Basic Reproduction Number 0R  is defined as ‘‘The 

average number of secondary infectious caused by a 

single infectious individual during their entire 

infectious life time’’.  

0R can be determined by Next Generation Matrix 

(NGM) approach[8]. The Next Generation Matrix is 

given by 1K FV-=  where,   

0
,

0 0

S d I
F V

S I d

b d b

b b

+ -é ù é ù
= =ê ú ê ú+ë û ë û

 

0 0

1
0 0 0

( )( )
0

( )( ) ( )( )

0 0

S I d

d I d S IK FV

b b

d b b b-

+é ù
ê ú+ + += = ê ú
ê úë û

 (5)                                            
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At Disease Free Equilibrium (DFE), 0

b
S

d
= and 

0 0I = . Substituting in the Next Generation Matrix, 

we get 1
0

( )

0 0

b

d dK FV

b

d-

é ù
ê ú+= =
ê ú
ê úë û

. Since 0R is the 

most dominant eigenvalue of Next Generation 

Matrix, we get 0
( )

b
R

d d

b

d
=

+
. 

Proposition 3. The Disease Free Equilibrium is 

locally asymptotically stable if 00 1R< <  and 

unstable if 0 1R > . 

Proof: Based on the system of equations (3), the 

Jacobian Matrix is 

                             

 

0

( , , ) 0

0 0

I d S

J S I N I S d

d

b b

b b d

- - -é ù
ê ú= - -ê ú
ê ú-ë û

 (6) 

Suppose that 0 1R < , the Jacobian matrix of the 

system of equations (3) at DFE ( , , ) ,0,
b b

S I N
d d

æ ö
= ç ÷
è ø

 

is given by 0

0

( ) 0 0

0 0

b
d

d

b
J E d

d

d

b

b d

é ù
- -ê ú
ê ú
ê ú= - -
ê ú
ê ú

-ê ú
ê úë û

  

The eigenvalues are 1 2 dl l= = -  and 

3

b
d

d
l b d= - - . Hence the Disease Free 

Equilibrium point of the system is locally 

asymptotically stable if 00 1R< < and 

1,2,3arg( )
2

p
l a> . 

 Proposition 4. The system of equations (3) has an 

endemic equilibrium point and asymptotically stable 

if 0 1R > . 

Proof: From the system of equations (3), we have 

0, ( 1),
d d b

S I R N
d

d

b b

+
= = - = . The Jacobian 

matrix for the Endemic equilibrium point is 

0

1 0

0

( ) ( 1) 0 0

0 0

dR d

J E d R

d

d- - -é ù
ê ú= -ê ú
ê ú-ë û

.       

The eigen values are 1 dl = -  and 

20
2,3 0 0

1
( ) 4 ( )( 1)

2 2

dR
dR d d Rl d

-
= ± - + - . Hence 

the Endemic Equilibrium point of the system is 

locally asymptotically stable if 0 1R >  and 

1,2,3arg( )
2

p
l a> . 

NUMERICAL EXAMPLES  

Numerical solution of the fractional order system is 

1

1

1

( ) ( ) ( ( ) ( ) ( ))
( 1)

( ) ( ) ( ( ) ( ) ( ) ( ))
( 1)

( ) ( ) ( ( ))
( 1)

j j j j j

j j j j j j

j j j

h
S t S t b S t I t dS t

h
I t I t S t I t I t dI t

h
N t N t b dN t

a

a

a

b
a

b d
a

a

+

+

+

= + - -
G +

= + - -
G +

= + -
G +

 

for 0,1,2, , 1j k= - . Numerical techniques are used 

to analyze the qualitative properties of fractional 

order differential equations since the equations do not 

have analytic solutions in general. 

Example 1. 

0.02, 0.02, 0.01, 0.02b d b d= = = = and 0.1h =  

with the initial conditions (0) (0.95), (0) (0.05)S I= =  

and (0) (1.00)N = , 

0.9a = . For these 

eigen values are 1,2 0.02,l = - 3 0.03l = -  for 0E . 

Also 1,2,3arg( ) 3.1416 1.4137
2

p
l a= > =  and 

0 0.25 1R = <  

locally asymptotically stable. See Figure 1. 

 

Let us consider the parameter values 

the fractional derivative order 

parameter the corresponding 

then the disease free equilibrium is 
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Figure 1. Time Series of disease free equilibrium 

0E and Different Fractional Derivatives ( ' )sa
 

( 0 1R < )
 

Example 2.

 

Let us consider the parameter values 

0.02, 0.03, 0.01, 0.02b d b d= = = = ,

 

and 0.1h = , 

with

 

initial conditions( (0) (0.95), (0) (0.05)S I= =

 

and (0) (1.00)N = , the fractional derivative order 

0.9a = . For these parameter the eigenvalues are 

1,2 30.03, 0.0433l l= - = -  for 0E . Also 

1,2,3arg( ) 3.1416 1.4137
2

p
l a= > =  and 

0 0.1333 1R = < , 

locally asymptotically stable. See Figure 
 
2.

 

 

 

 

then the disease free equilibrium is 
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Figure 2. Time Series of disease free equilibrium 

0E and Different Fractional Derivatives ( ' )sa  with  

0 1R < . 

Example 3. Let us consider the parameter values 

0.025, 0.03, 0.6, 0.33b d b d= = = = , and 

0.1h = with initial conditions 

( (0) (0.95), (0) (0.05)S I= =  and     (0) (1.00)N = , 

the fractional derivative order 0.9a = . For these 

parameters the corresponding eigen values are 

1 0.03l = - , and 2,3 0.0208 0.0614il = - ±  for 1E .. 

Also 1,2,3arg( ) 3.1416 1.4137
2

p
l a= > = and

0 1.3889 1R = > . Then the endemic equilibrium is 

locally asymptotically stable. See Figure 3. 

 

 

 

 

 

 
Figure 3. Time series and Phase diagram of endemic 

equilibrium 1E

 
and Different Fractional Derivatives 

( ' )sa with 0 1R > .
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BIFURCATION  

Bifurcation diagrams provide information about 

abrupt changes in the qualitative behavior in the 

dynamics of the system. The parameter values at 

which these changes occur are called bifurcation 

points. If the qualitative change occurs in a 

neighborhood of an equilibrium point or periodic 

solution, it is local bifurcation. In this section, we 

give the bifurcation diagrams of the systems (3). See 

Figure 4-7. 

 

 

Figure 4. The bifurcation of Susceptible population, 

Infected population with initial values 

0 0( , ) (0.95,0.05), 0.8, 0.2, 0.1, 1.0, [0.0,1.0]S I b d hd b= = = = = Î  

and 0.5a = . 

 

 
Figure 5. The bifurcation of Susceptible population, 

Infected population with initial values 

0 0( , ) (0.95,0.05), 4.0, 0.2, 0.12, 0.11, [2.0,3.5]S I b d hb d= = = = = Î  

and 0.5a = . 

 

 

Figure 6. The bifurcation of Susceptible population, 

Infected population with initial values 

0 0( , ) (0.95,0.05), 1.2, 0.4, 0.45, 0.24, 7.0S I b d hb d= = = = = =  

and [0.1,0.6]aÎ . 
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Figure 7. The bifurcation of Susceptible population, 

Infected population with initial values 

0 0( , ) (0.95,0.05), 1.2, 0.4, 0.45, 0.24, [6.0,9.0]S I b d hb d= = = = = Î

 and 0.5a = . 
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