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Introduction
Levine [9] introduced the concept of generalized closed sets as a generalization of closed sets in topological spaces. This concept was found
to be useful to develop many results in general topology. In 2004, Ekici and Caldas [7] introduced the notion of slightly ) — continuity

(slightly b-continuity) which is a weaker form of b-continuity. The notion of nano topology was introduced by Lellis Thivagar [11] which
was defined in terms of approximations and boundary region of a subset of an universe using an equivalence relation on it. He also
established the weak forms of nano open sets namely nano (X -open sets, nano semi open sets and nano pre open sets [11]. Extensive
research on generalizing closedness in nano topological spaces was done in recent years by many mathematicians [5, 6, 16].

The purpose of the present paper is to introduce and investigate some of the fundamental properties of slightly nano gb-continuous
functions. Also we obtain the relationship of slightly nano gb-continuity with other forms of nano continuities.

Preliminaries

Definition 2.1[15]: Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as the
indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements belonging to the same equivalence class are said to
be indiscernible with one another. The pair (U, R) is said to be the approximation space. Let X C U

1. The lower approximation of X with respect to R is the set of all objects, which can be for certainly classified as X with respect to R and it

is denoted by Lr(X). That is Lp(X) = U {R(X) : R( X) c X}, where R(x) denotes the equivalence class determined by xEU.

xeU
2. The upper approximation of X with respect to R is the set of all objects, which can be possibly  classified as X with respect to R and it
is denoted by Ugr(X). That is

w0 = [JIROO:RO) N X = ¢}

xeU
3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as not-X with respect to R
and it is denoted by Br(X). That is Br(X) = Ur(X) — Lr(X).

Definition 2.2[11]: Let U be non-empty, finite universe of objects and R be an equivalence relation on U. Let X C U. Let T (X ) =
{U, ¢ » Lr(X), Ur(X), Br(X)}. Then Tp (X) is a topology on U, called as the nano topology with respect to X. Elements of the nano

topology are known as the nano-open sets in U and (U > TR (X )) is called the nano topological space. [T R (X )]C is called as the

dual nano topology of T (X ) . Elements of [Z’ R (X )]C are called as nano closed sets.

Definition 2.3[12]: If (U > TR (X )) is a nano topological space with respect to X where X C U and if A C U, then the nano interior

of A is defined as the union of all nano-open subsets of A and it is denoted by Nint(A). That is, Nint(A) is the largest nano open subset of
A. The nano closure of A is defined as the intersection of all nano closed sets containing A and is denoted by Ncl(A). That is, Ncl(A) is the
smallest nano closed set containing A.

Definition 2.4: A subset A of a nano topological space (U > TR (X )) is called nano generalized b-closed (briefly, nano gb-closed), if
Nbcl(A) C G whenever A C G and G is nano open in U.

The complement of a nano generalized b-closed set is called nano generalized b-open (simply nano gb-open).
Definition 2.5[12]: Let (U > TR (X )) and ( V > TRe (Y)) be mnano topological spaces. Then a mapping

f:(U,7.(X)) = (V, 7. (Y)) is said to be

0) nano continuous if f'(B) is nano open in U for every nano-open set B in V.

(ii) nano a- continuous if f'(B) is nano a-open in U for every nano-open set B in V.

(iii) nano semi-continuous if f(B) is nano semi-open in U for every nano-open set B in V.
(iv) nano pre-continuous if f'(B) is nano pre-open in U for every nano-open set B in V.
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3. Nano gb-continuous function
In this section we define nano gb-continuous function and study some of their characterizations.

Definition 3.1: Let ( U »Tx (.X’)) and ( V, Ta (/Y)) be mnano topological spaces. Then a mapping
f : ( U, Ts ( ‘X')) RN ( v, T (Y)) is said to be nano generalized b-continuous (nano gb-continuous) if the inverse image of every

nano closed set in V 1s nano gb-closed in U.

Theorem 3.2: A function f : ( U, Tx (AX')) —> ( V, Ty (Y)) is nano gb-continuous if and only if f_l (G) is nano gb-open in
U for every nano open set G in ( V, fR- (Y))

Proof: Let f . ( U, T (/Y)) —> ( V, Tx (Y)) be nano gb-continuous and G be nano open set in( V, TR.(Y)),
then f_l (GC) 1s nano gb-closed m(U, TR(‘X,)). Also f_l (GC) =(f_1(G))C and so f_l (G) is nano gb-open
in( U, TR (AX’)) Conversely, let G be nano closed set in V then GC 1s nano open in( V, Z-R' (Y)) By assumption, f-l (GC) 1s

nano gb-open in(U, TR(‘X))' Again f_l(GC)=(f-l (G))C Thus, f-l(G) is nano gb-closed in (U’ TR(/Y))'

Therefore f 1s nano gb-continuous.

Theorem 3.3: Let f : ( U >Tr (A,)) —> ( V, Ty (Y)) Then, every nano continuous function is nano gb-continuous.

Proof: Let G be any nano closed set in( V, Tp (Y)) Then f_l (G) is nano closed i.n( U, I-R(X)) - Since every nano closed set

1s nano gb-closed, { is nano gb-continuous.

Theorem 3.4: Letf i ( U, TR (X )) —> ( V, TR' (Y )) Then, every nano b-continuous, nano ¢ -continuous, nano g-continuous,
nano pre-contiuous, nano semi-continuous, nano sg-continuous, nano gs-continuous, nano O g-comtinuous, nano g & -continuous
functions are nano gh-continuous.

Proof 1s similar to the Theorem 3.3.

Remark 3.5: The converse of the Theorems 3.3 and 3.4 need not be true which can be seen from the following examples.

Example 3.6: Let U= {a, b, c, d} with U/R = {{a. ¢}. {b}. {d}} and X = {a, d}. Then the nano topology is defined as 7 5 (X )= (U,
@@ {a.c.dh fa |- Let V="{x.y.z w} with ¥ /R'={{x}. {y.z}. {w}} and Y = {x. z}. Then T .(¥) ={V. ¢ . {x}. {x. v. ).
{v.z}}. Define f . ( U, Tz (X)) — ( V, Ta (Y)) to be f{a) =x, flb)=y, flc) = w. f{d) =z. Then {is nano gb-continucus but not

nano continuous and nano g-continuous because (f') - ({JC}) = {Q} is not nano closed and nano g-closed i.n( U, rR (X)) .

Example 3.7: Let U= {a b, c. d} with U/R = {{a}. {b. d}. {c}} and X = {b, d}. Then the nano topology is defined as T (X) ={U,
@. (b, )} Let V=1ix.v. 2z} with V/R'= {{x}. {y. 2} and Y = {x, z}. Then To(¥ )= {V.@, {x}. {r. 2}}. Define
f : (U, Tr (X)) —> ( V, Ta (Y)) to be fla) = x, fib)=y. f(c) =y, f{d) = z. Then f is nano gb-continuous but not nano b-

continuious  since (f')_l({y, Z}): {b, C, d} is not nano b-closed in U. And f is not nano pre continuous because

() ({,2}) = {b. ¢, d} is not nano pre-closed in (U, 7,(X)).

Example 3.8: Let U = {x, v, z. w} with {J / R = {x}. {z}. {v.w}} and X = {x, y}. Then the nano topology is defined as T 5 (X') = {U,
@.1x} {x v, wh {y. w}) . Let V={a b c d} with V' /R" = {{a}. {b.d}. {c}} and Y = {b. &} Then Tp.(¥) = (V. 4. {b.d}}.
Define f 11U —>V tobefix)=c, fiy) =c. f{z) =b, f{w)=d. Then fis nano gb-continuous but not nano ¢ -continuous, nano Cf g-
continuous and g & -continuous since ( ) ({@, €}) = {} is not nano @ -closed nano @ g-closed and nano g & ~closed in[U.
Example 3.9: Let U = {x, v. z. w} with {J / R ={x}. {z}. {w}. {z}} and X = {y. w}. Then the nano topology is defined as T 5 (X) =
(U @ {v.w}} LetV={ab c d} with V'/R"'={{a}. {b.d}. {c}} and Y = {a. b} Then T.(¥) ={V. @ . {a}. {a. b. d}. {b. d}}.
Define f U —>V tobe fix) = d, fiy)=b, f{z) =a, fw) = c. Then f is nano gh-continuous but not nano semi-continuous because
() ({a,c}) = {z,W}is not namo semi closed in U. And f is not namo sg and nano gs-continuous since

(f')_l ({b}) = {y} is not nano sg-closed and nano gs-closed in U.
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1.nano continuous 2. nano pre-continuous 3. nano OL-continuous 4. nano semi-continuous 5. nano b-continuous 6. nano g-continuous 7.nano
g-continuous 8. nano sg-continuous 9. nano gs-continuous 10. nano g-continuous 11. nano gb-continuous

Remark 3.10: The composition of two nano gb-continuous functions need not be nano gb-continuous as seen from the following
example.

Example 3.11: Let U =W = {a, b, c, d} with U/R = W/R” ={{a}. {c}. {b, d}} and X = Z = {a, b}. Then the nano topology is
defined as To(X)={(U. @. {a}. {a. b, d}. {b.d}} = Ty (Z) Leav={xy.z w}with V/R'={{x}. {v.w}. {z}} and Y = {y.

w}. Then T p, (Y ) = {V, ¢ . {v. w}}. Define f and g as f(a) = w, fib)=z. f{c) =y. f(d) = wand g(x) = a, g(y) = a, g(z) =c, g(w) =c..

Then f and g are nano gb-continuous but GO f is not nano gb-continuous, since for the closed set {c} i W,

(g o f)_l({C}) = {a, b, d} which is not nano gb-closed in (U, ‘[R(‘X')).

Theorem 3.12: If f . (U, Ty ()()) —> ( V, TR,(Y)) is nano gb-continuous and g : (V, TR ()L,))—) (W, TR (Z)) 1s
nano continuous then their composition g © f : ( U >Tr ()()) —> ( W, TR (Z )) is nano gb-continuous.

-1
Proof: Let G be any nano closed set in ( W’, T'R (Z)) Then & (G) is nano closed in ( V, Ta (Y)) since g is nano continuous.

Since f is nano gb-continuous (g° f)_l(G) = f_lg_l(G) is nano gb-closed in (U, Z'R()()). Thus g © f is nano gb-
continuous.

Theorem 3.13: Let( U, TR(X)) (V, TR.(Y)) and (W, fR- (a) be any three nano topological spaces.
Iff : (U, Tp (X)) — (V, Ta (Y)) is nano b-irresolute and g ! (V, Z'R- (X))—) (W, Z'R-- (Z)) is nano b-continuous
then their composition & © f . (U, Tx (X)) — (W, TR-- (D) is nano gb-continuous.

Proof: Let G be any nano closed set in(W, TR-- (a) Since g . (V, I-R' (X))—) (W, TR-- (a) is nano b-continuous
g_l (G) is mnano b-closed 1in (V:‘ TR.(Y))- Since f : (U, Tn (X)) —> (V, TR.(Y)) is nano b-irresolute
(gof)_l (G)= f_lg_l(G) s nano b-closed, which is nano gb-closed in (U: IR(X)) and so g0 fis nano gh-

continuous.

4. Slightly nano gh-continuous maps

In this section the weaker form of nano gb-continuous function namely slightly nano gb-continuous function is defined. Also the
relationship of slightly nano gb-continuous functions with other existing functions and its properties are discussed.

Definition 4.1: A function f : ( U, TR (X )) —> ( V, TR' (Y ))is called slightly nano gb-continuous if the inverse image of every
nano clopen set in ( V, Th (X)) is nano gh-open i.n( U, TR(X))

Example d.2: Let U=V = {a. b. c, d} with U/R = {{a}. {b}. {c. d}} = V/R' and X=Y={a b.c}. Then T (X )=7,(¥)=
{V. 4;:;{? . {a. b}, {c, d}}. Define f U >V as f(a) = a, fib)=a, fic) = b and f{d) = b. Then the function f is slightly nano gb-contimuous.
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Theorem 4.3: Let f : (U?, (5 (X)) — ( V3 Tp (Y)) be a function then the following are equivalent.

(i) fis slightly nano gh-continuous.
(ii) the inverse image of every clopen set G of ( VJ Ty (X)) iz nano gb-closed in ( va Tr (X))
(iii) the inverse image of every clopen set G of ( V_, Th (X)) is nano gh-clopen in (Urj Tr (X))

. .. . . . . -1 . . .
Proof: (i) = (ii) Let G be nano clopen in Y. Then G° s nano clopen in V. By (1) f (GC)IS nano gb-open in U. Since

f_l(GC) = (f_l (G))C f_l(G) 1s nano gh-closed.

(i) = (iii) By () and Gi) f (@) is nano gb-clopen in (U} Ty (X))_

(i) => (i) Let G be a nano clopen subset of (V} Ty (,Y)) By (111), fﬁ1 (G) 1s nano gb-clopen in (L‘T, Ty (‘Y))v Hence f 1s
slightly nano gb-continuous.

Definition 4.4: A function f : (L’T, Tx (‘Y)) —> (V§ TR.(Y))is called slightly nano continuous if f_l (G) 1s nano closed 1n
( L’T} (5 (,Y))for every nano clopen set G in ( V} Tp (,Y))

Theorem 4.5: Every slightly nano continuous function is slightly nano gb-continuous.

Proof: Let G be a nano clopen set in ( V, Th (,Y)) then f_l (G) 18 Nano open in (L"T, Ty (,Y)) Since every nano open set is

-1 . L .
nano gh-open, f (G) 15 nano gb-open. Hence f is slightly nano gh-continuous.

Remark 4.6: The converse of the above theorem need not be true which can be seen from the following example.
Example 4.7: Let U=V = {a, b, ¢, d} with LT/R = {{a}, {b}. {c. d}} = V/R' and X =Y = {a, b, ¢}. Then T, (j() = TR.(Y) =
{v, ¢ . 1a, b}, {c, d}}. Define f U >V as fla) = a, f(b)= a, f{c) = b and f{d) = ¢. Then the function f is slightly nano gb-continuous

but not slightly nano continuous because 'fi1 ( {(I, b}) = {a, b, ¢} is not nano closed in (Uv, Tr (X))

Theorem 4.8: Every nano gb-continuous function is slightly nano gb-continuous.

. -1 . . T S
Proof: Let G be nano clopen set m( V, Tp (X)) . Then f (G) is nano gh-open in (U -Tx (X)) Hence 1 is slightly nano gb-
continuous.

Remark 4.9: The converse of the above theorem need not be true which can be seen from the following example.

Example 4.10: Let U= {x, y, z, w} with U'/R ={{x}, Iy} {z}, {w}} and X = {x, w} then T ()()= {U, g!s Jix,w}}l. Let V= {a,b,
c.d} with ¥ /R' ={{a}. {b}, {c. d}} and Y = {a, b, c}. Then To(Y)={V.@. {a b}, {c. d}}. Define as f(x) = a, f{y)= d, f(z) = d and

AP . . -1 .
f{w) = b. Then the function { is slightly nano gh-continuous but not nano gb-continuous because f ({a . b}) = {x, w} is not nano gb-

closed in ( U‘—, Tr (X))

Theorem 4.11: Let f (U, 7,(X)) > (V. 7,.(¥))md g: (v, T, X)) (w, Ty (¥)) be fonctions.

(1) If fis nano gb-irresolute and g is slightly nano gb-continuous then g0 f : (Lf .T 2 (X )) —> (W, T 2 (Y )v)is slightly
nano gb-continuous.

(11) If fis nano gb-irresolute and g 1s nano gb-continuous then €0 f . ( U .T 2 (X ) ) —> (W, TR (Y )_)is slightly nano gb-
continuous.

(u1) If f is nano gb-irresolute and g is slightly nano continuous then g0 f : (L’ .T 2 (X ))—) (W, Z'R (Y ) )is slightly

nano gb-continuous.

Proof: (1) Let G be nano clopen set in ( W, I'R (Y)) Then g’l (G) is nano gb-open in ( V, Z'R(X)) Since fis
nano gb-irresolute f_l (g_l (G)) is nano gb—openm( L’, Tp (X)) Since f_l (g_l (G)) = (g 0 f)_l (G)

go f 1s slightly nano gb-continuous.
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(11) Let G be nano clopen setin(W, Z'Rv (Y)) Then g'l (G) is nano gb—openin(V, Z'R.(X)). Since f is nano
gb-irresolute f_l (g'l(G)) is nano gb-openin(U, T, (X)) Since f_1 (g'l (G)=(go f)_l (G). gofis

slightly nano gb-continuous.

(1if) Let G be nano clopen set in ( W, TR" (Y)) Then g'l (G) is nano open in(V, TR.(X)) and any nano open set
is nane gb-open. Since fis nano gb-irresolute f - (g - (G)) is nano gb-open in ( U :Tp (X ))
Since f_l (g_l (G)) = (g o f)_l (G) - go fis slightly nano gb-continuous.

Theorem 4.12: Let f : (U, Tr (X)) —> ( V, TR.(Y))and g: (V, TRV (X)) — (W, TRF (Y))be functions. If f is surjective and strongly nano
gb-openand g° f : (U, TRV (X)) —> (W, TRF (Y))IS slightly nano gb-continuous then g 1s slightly nano gb-continuous.
Proof: Let G be nano clopen set in (W, Tva (Y)) Then f_l (g_l(G)) is nano gb-open in ( U, TR (X)) Since f is strongly nano gb-open and

surjective we have f(f_l (g_l (G))) = g_l (G) is nano gb-open in ( V, 'Z'R- (X)) . Hence g 1s slightly nano gb-continuous.

Theorem 4.14: Let f : (U, Tr (X)) —> ( V, TR.(Y))and g: (V, TRV (X)) —> (W, TR' (Y))be functions. If f is surjective and strongly nano

gb-open and and nano gb-irresolute, then g ° f : (U 5 TR (X )) —> (W, TR' (Y )) is slightly nano gb-continuous if and only if g is slightly nano gb-

continuous.

Proof: Let G be nano clopen set in(W, TR (Y)) Then f_l (g_l(G)) is nano gb-open in ( U, TR (X)) Since f is strongly nano gb-open and
surjective we have f(f_l (g_1 (G))) = g_l(G) 1s nano gb-open in( V, TR' (X)) Hence g 1s slightly nano gb-continuous. Conversely. let g be

slightly nano gb-continuous and G be a nano clopen set in (W, TR' (Y))then g_l (G) is nano gb-open in( V, TR' (X)) Since f is nano gb-irresolute,

f_l (g_1 (G)) is nano gb-open in( U, Ta (X)) Hence g°© f is nano gb-continuous.
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