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Introduction
Imbibition involves the displacement of one immiscible fluid by another. In the porous media, imbibition phenomenon is considered by increasing 
saturating phase. This phenomenon can be divided into two different cases: Free (spontaneous or force Free) and Forced. We shall restrict our study 
to the free imbibition phenomenon.

If the saturating phase is drawn into a porous medium by resources of duct pressures then this imbibition phenomenon is known as Spontaneous 
imbibition. It is a method of curved edges between the saturating and non-saturating phase lacking of any exterior force. Spontaneous imbibition 
divided into two different types due to the flow of phases: (1) Co-current imbibition (2) counter-current imbibition.

If saturating and non- saturating phases move in the same direction, then this type of Spontaneous imbibition known as Co-current imbibition while 
both moves in the opposite direction is known as counter-current imbibition.

This phenomenon studied by many researchers. The similarities and differences of co-current and counter-current imbibition have been studied by 
Pooladi-Darvish and Firoozabadi [2]. The similarity solution of the counter-current imbibition phenomenon in banded porous matrix is discussed 
by Yadav and Mehta [6]. Mehta [8] has discussed this phenomenon using a singular perturbation method. However, the experimental study of co-
current and counter-current flows in natural porous media has been discussed by Brownscombe and Dyes [13], Blair [17], Tavassoli, Bourblaux and 
Kalaydjin [18]. An analytical solution of the counter-current imbibition phenomenon arising in the fluid flow through homogeneous porous media 
described by Joshi, Desai and Mehta [23]. Also the mathematical model and analysis of counter-current imbibition in vertical downward 
homogeneous porous media is discussed by Verma [24], Mehta and Verma [08, 22], Parikh, Mehta and Pradhan [26].

Statement of the problem
Consider a semi-infinite isotropic, homogeneous porous medium pouring with non- saturating fluid oil (native) in horizontal direction thoroughly 
bounded by solid surface excepting at one end which is referred as an imbibition surface. The imbibition confronts is presented to a neighboring 
arrangement of the dislodging fluid water (injected), which specially wets the medium offering ascend to counter-current imbibition that is 
unconstrained rectilinear pour of saturating fluid into the medium and a counter pour of the non- saturating fluid from the medium. In counter-
current flow, oil and water flow in reverse direction and oil escapes by flowing back along a similar direction along which water has assimilated. The 
displacement of oil takes place through the same boundary from which the saturating fluids enters the porous matrix because the other boundaries 
are being close.

Basic assumptions
Assume that two immiscible fluids occupy the entire pore space, that is, the sum of their saturations equal one. One fluid is saturating (water) and the 
other one is non-saturating (oil). We neglect gravity as well as the compressibility of the fluids and of the porous medium. 

The imbibition phenomenon is considered in a homogeneous, isotropic and incompressible porous medium with finite in extent in a horizontal 
direction. The counter current flow of water and oil is considered to be linear and laminar in order to express the seepage velocity of fluids by Darcy's 
law. The standard relationships are followed by duct pressure and comparative porousness as a function of saturation of water. It is further assumed 
that there is no internal force or sink of either oil or water.                   

Mathematical Modelling of the Imbibition Phenomenon:
In the mathematical modelling of the  counter current imbibition phenomenon,we have assumed that the flow is one dimensioanl and also we 
assumed that governed by Darcy's law. The seepage velocities of fluids are given as, [4]
                                                                                 
                                                                                  (1)

                                                                                  (2)

In this present paper, we have studied an imbibition phenomenon in the double phase (oil-water) flow through 
homogeneous porous media in horizontal direction. This phenomenon occurs for the duration of the secondary oil 

recovery process. In this paper we used Polynomial based differential quadrature method for solving nonlinear partial differential equation using 
uniform grid space points with the help of specific initial conditions. Numerical values and graphical presentation are given by using MATLAB.
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The relationship between capillary pressure, native pressure and injected pressure is given as [5] 

c n iP P P= -           (3) 

Now we partially differentiate equation (3) with respect to x , so equation (3) can be written as 
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The analytic condition of governing counter current imbibition phenomenon [6] is, 

i nV V= -           (5) 

From equation (1), (2) and (5) 

i i n n

i n

n

ni c

i n

i n

k P k P
K K

x x

k
K

P P

x xk k

m m

m

m m

¶ ¶
- =

¶ ¶

ì üæ ö
ï ïç ÷

¶ ¶ï ïè ø= - í ý
¶ ¶æ öï ï+ç ÷ï ïè øî þ

        (6) 

Replacing the value of 
iP

x

¶

¶
 from equation (6) in equation (1) we get, 

   

n i

n i c
i

i n

i n

k k
K

P
V

xk k

m m

m m

ì üæ öæ ö
ï ïç ÷ç ÷

¶ï ïè øè ø= í ý
¶æ öï ï+ç ÷ï ïè øî þ

      (7) 

Neglecting the phase density variation, the equation of continuity can be written as, 
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Replacing the value of iV from equation (7) the continuity equation (8) can be written as, 
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The capillary pressure gradient in equation (10) is now given by, 
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Using the above relation, so equation (10) may be written as, 
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Scheidegger [7] suggested the approximation as; 



                                                                                                                                           (13)

Thus considering equation (12) for gravity free capillary imbibition of a saturating fluid in the presence of non- saturating fluid and using equation 
(13), it may be written as,

                                                                                                                                          (14)

Mehta [8] assumed the following specific relationship,

                                                                                                                                           (15)

Where                                   is the capillary pressure parameter, is the interfacial tension between native and injected fluid. Using equation (15) in s

equation (14), we have,

                                                                                                                                           (16) 

We introduce the dimensionless numbers                                                                Here the dimensionless time is similar to the dimensionless time 

defined by Mattax and Kyte (1962).
Using above dimensionless parameters and replacing in equation (16) reduces to, 1iSS=-

                                                                                                                                            (17)

Above equation (17) is the governing equation.
Introduction to Differential Quadrature Method
The Differential Quadrature method is very powerful and efficient method to obtain the solution of linear and non-linear partial differential 
equations as compared to other conventional methods. This method requires less computer storage as well as time [10]. Bellman et al in 1972 
introduced this method.
  
In this method there is a basic procedure to determine the weighting coefficients. Richard Bellman used two different approaches to obtain the 
weighting coefficients for the first and second order partial derivative. For the first method, a simple function used as test functions but as he used 
large no of sampling points, the coefficient matrix becomes ill. So due to this reason he produced second method. This second method has similarity 
with the first method except coordinates of grid points which should be chosen as the roots of the  order Legendre polynomial. After the efforts of thN
Bellman, Chang Shu had given a remarkable influence to generalize the idea of the Polynomial based differential quadrature method.
  
The present problem is solved by using Polynomial based DQM [10, 16]. In this method first we have to obtain first order and second order 
weighting coefficients. Here in this procedure we choose Lagrange polynomial.

Let us consider is total number of grid points in the given interval with coordinates as                             For the accuracy, selection of sample N
points plays a dynamic role. Solving this present problem we selected uniform grid point system. That means the grid point has same step size [10].

i.e.                                                                                                                                     (18)

According to Bellman let us consider  is suitably smooth over the given interval [0, 1], then the first order derivative  approximated at any (1)S(x) S (x )i
grid point as

                                                                                                                                           (19)

By using Bellman's first and second approaches, Shu generalized the weighting coefficients as follows.
The off-diagonal terms of the weighting coefficient matrix of the first derivative are given by [17].

                                                                                                                                           (20)

Where 

                                                                                                                                            (21)

                                                                                                                                            (22)

And diagonal terms are given by 

                                                                                                                                           (23)

Equations (20) and (23) are two formulations to compute the weighting coefficients for the first order derivative. For the second order derivative, we 
can introduce similar approximation form [10].
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Where  is the second order derivative of  at ,  is the weighting coefficient of the second order derivative expressed as [10].  2S (x )  S(x) x bx i i ij

                                                                                                                 (25)

And

                                                                                                                (26)

 is calculated from equation (25) and  from equation (26).b bij ii

Application of DIFFERENTIAL QUADRATURE METHOD in Imbibition
To solve the governing equation (17) of the Imbibition phenomenon, we are using differential quadrature method.
The governing equation (17) can be rewritten as

                                                                                                                (27)

Now discretizing the governing equation (27) using the following expression (28) to (30)

                                                                                                                (28)

Where  S  = S (x )i i

i.e. the saturation of injected fluid at ix

                                                                                                                (29)

                                                                                                                (30)

Where  S  = S(x )j j

i.e. the saturation of injected fluid at xj

Replacing the first and second order partial derivative in equation (27) by (28) to (30), we get the systems of the first order ODE in the form.

                                                                                                                (31)

Consider the initial condition as         (32)
Here solving this problem, we are using uniform grid points. The weighting coefficients  and  of first and second order derivatives can be a bij ij

obtained by using the formula given in equation (20) and (25) respectively.

The weighting coefficients and  for grid points N=5 are:

Similarly,

Now, using appropriate initial condition,                                   we will obtain
Similarly,  S =0.9375,  S =0.75,  S =0.4375,  S =0.2 3 4 5

Using above values and Weighting coefficients in equation (31) we will get following the system of first order differential equations

                                                                                                                (33)

                                                                                                                (34)

                                                                                                                (35)

                                                                                                                (36)

                                                                                                                (37)
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Figure: 1 Saturation Vs Time

Figure: 2 Saturation Vs Time

Conclusion :
In the  present study, we have applied Polynomial based Differential 
quadrature method on double phase (Oil-Water) flow problem during 
secondary oil recovery process and solved the governing nonlinear 
partial differential equation(27) of Imbibition Phenomenon.
 
In this method, we have considered Bellman second approach to obtain 
weighting coefficient which leads to the system of first order 

thdifferential equations (32) to (36). Then using Runge-Kutta 4  order 
method, we have obtained the numerical solution for the Saturation of 
water, which is given in table (1a), and (2a). The solution is also 
presented graphically in the figure (1) and (2) from the numerical and 
graphical solution by using MATLAB. We can observe that the 
saturation of water is decreasing with respect to time and increasing 
with respect to the distance which is consistent with the physical nature 
of the phenomenon.
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