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( ABSTRACT ) The H-functions, introduced by Fox in 1961, are special functions of a very general nature, which allow one to treat several

concepts including generalization of H-functions in two and multi-variables. In the present paper, the author has
introduced some identities involving generalization of H-functions. The main objective of the present paper is to establish some particular and
special cases of identities involving generalization of H-functions of two variables.
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INTRODUCTION:

The H functions, introduced by Fox [1] in 1961 as symmetrical Fourier
kernels, can be regarded as the extreme generalization of the
generalized hyper-geometric functions pFg , beyond the Meijer G
functions. Like the Meijer G functions, the Fox / functions turn out to
be related to the Mellin—Barnes integrals and to the Mellin transforms,
but in a more general way. After Fox, the H functions were carefully
investigated by Braaksma [2], who provided their convergent and
asymptotic expansions in the complex plane, based on their
Mellin—Barnes integral representation.

The Mellin — Barnes Integral
The Mellin Barnes integral is an inverse Mellin integral involving
Gamma functions in the integrand. Most generally it is of the form

r(By+B;S)....
r(B1+D;s)....

J-cﬂ':c r(a;+4A;s)...
c=ix  (y;+Cy8)....

vl (Yn+CnS)

Where the poles of I'(«; + 4;s)can be separated from the poles of 7'(6; - B;s)
and the integration contour is taken to the right of the I'(a; + 4;s)and to
the left of the (8 — B;s) poles in the common strip of analycity. Integrals
of this type lead to a variety of special functions. Often times the
conditions of separation of the poles can be relaxed to a more general
case in which the poles on the left overlap the poles on the right. In this
case the integration contour is taken along the imaginary axis, and
appropriately indented to separate the left and right hand poles. Often
times these integrals can be evaluated by straightforward applications
of Parseval's formula and the theory of residues to pick up the poles in
one half of the plane. One function which can be useful in evaluating
certain Mellin Barnes integral is the Beta function given by the integral

B(x,y) = [, "1 (1 —x)¥ ldt (122)

The Beta function also has a very useful representation in terms of the
T functions,

B(x, y) — r)ry)

o (1.2.3)

Using Beta functions, we can write the following two useful Mellin
Transform.

Consider the function x2(1 — x)?~®~11(1 — x),u(x) is the Heaviside
function,

M{x(1—x)P"u(1-x)}= fol XS] = x)Pa1dx

_ I'(a+s)r(b-a)

ot 12.4)
And similarly consider the function x%(1 +x)™?~% | then
M{ x“(l + x)—b—a} = f:x””"(l + x)—(a+s—1)—(b+1—s)dx
r(at+s—1)r(b+1-s) (125)

r(b+a)

H-Functions (Special Function)
The differential equations have solutions which can be expressed in
terms of known functions, but the differential equation.

Ty 1Dy e -y =0 (13.1)

dx? x dx

Can't be solved in terms of known elementary functions. Hence in this
case we define new functions in terms of the solutions (1.3.1). we call
equation (1.3.1) as the Bessel's equation and the solution of this
equation is known Bessel's function.

The problems of the mathematical physics lead us to determine the
solutions of differential equations which satisfy certain prescribed
conditions. Frequently, these solutions turn out to be new function
possessing interesting properties and there are many differential
equations of this type. Thus the theory of differential equations has
originated a large number of new functions. We call them as “special
functions”.

An equation of the form
P(x)y"+P,(x)y" +... +P(x)=0 (1.3.2)

Where Py(x),P,(x) , ..., P,(x) are polynomial expressing having
integral coefficient, e,g, function of x or constant and do not contain y,
is called algebraic equation. Let the root of the above equation is as
follows:
y=1(x) (1.3.3)
are called algebraic function, the functions which are not root of the
algebraic equation are called transcendental functions. Transcendental
function such as Beta function , Gamma function , Jacobi polynomial
function , Lagurerre polynomial generating function and H-function of
one or more variables which are of complicated nature are known as
higher transcendental function. Since a great many of the special
function that occurs rather frequently in problem of applied
mathematical analysis in terms of H-function.

More recently, the H function , being related to the Mellin transform,
have been recognized to play a fundamental role in the probability
theory and in fractional calculus as well as in their application
including non-Gaussian stochastic processes and phenomena of non-
standard.

Fox, C(1961) introduced a more general function which is well known
in literature as Fox's H function or the H functions. This function is
defined and represented by means of the Mellin Barnes type of contour
integral

mn |, (aj.a)1p| _ m}n[ (ay ;)
Hp,q [Zl (bj.B)) 1,q] Hp.q d (b1.B1)

= ﬁf o(s)z%ds (1.3.4)

Where =1-1, (z#0) is acomplex variable.

The important of the study of fox's H-function lies in the fact that all the
special functions developed for the H functions Goyal, S.P, Gupta, K.C
and Srivastavaa, H.M [1982][3] become a master or key formula from
which a considerably large number of relations for other special
function can be detected merely by suitably specializing the
parameters of the H function involved.
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The first systematic study of the H functions was made by Fox in the
paper referred to earlier for the case where some special relations
between a,, B, a, b, are satisfied. Fox also derived theorems about the H
function as symmetrical Fourier kernels and a theorem about the
asymptotic behavior of this function for x—c0 and x>0, Braaksma
(1963)[2] has given a detailed account of the asymptotic expansions
and analytic continuation for the general H function in a systematic
manure % - Bj -4 biknown memoir Braaksma (1963). Gupta, K.C
(1965)[4] has established certain operational properties for this
function. Gupta, K.C and Jain, U.C[5] have evaluated an integral
involving the product of two H-functions. Gupta, K.C and Jain, U.C
(1966)[5] on account of the useful, general character and popularity of
the H-functions, a number of research workers are engaged at present
in the study and further development of this function.

According to a standard notation, the Fox H function is defined as
Hm"(z)— 1/2mi |, ]HIm"(s) z5ds (13.5)

Where £ is a suitable path in the complex plane w to be disposed later,

z* = exp{s(log|z|+iargz)} and

H 0= o0

Where, A(s)= ]'[;-';1 r'(b; — p;s)
B(s)=I1j=1 I'(1 — a; + ajs)
C(s)= H, =ms1 T (L= bj + B;s)
D(s)= ].=n+1 I"(a]- — atjs)

With 0<n<p, 1<m<q, {aj, bj}€ C, { a;, f;}€ R*

An empty product, when it occurs, is taken to be one so

n=0 &B(s) =1
m=q &C(s) =1
n=p ©D(s)=1

the above integral representation of the H functions by involving
products and ratios of Gamma functions, is known to be Mellin Barnes
integral type.

A compact notation is usually adopted for (1.3.5)

mn — mn (ay,ay)
H p.q @ Hp.q [ (b1,B1) |

Thus, the singular points of the kernel H are the poles of the Gamma
functions entering the expressions of A(s) and B(s), that we assume do
not coincide. Denoting by p (A) and p (B). the sets of these poles, we
write p(A) N p(B) = @. The conditions for the existence of the H
functions can be made by inspecting the convergence of integral
(1.3.5) which can depend on the selection of the contour £ and on a
certain relations between the parameters {a,,o.,} and {b,p, }.

IDENTITIES INVOLVING GENERALIZATION OF H-
FUNCTIONS OFTWO VARIABLES
IDENTITY-I

ot HMAm N MyNy My [xl 1(aj; @jAp) p o a8+ ifi) m 1(CjF51)P1$1(5erj)Pz]
r=077 Hoim gim:prow Pros |y L@ ) mo 1 (by BB @ 1(dji D)) ga i 1(f5 Fy) gz

T .
e L Memin N My Mo x| 1@ @A P, @10yl y) 2B s h) m 1655 C)) pasa ey ) pa ]
=077 Hpimer ormet:Puoy Pz [v | sty ortr=1: 000 2itms iohty moa(by: B185) @1 160 05 1(7) 1) gz

tr+1

X0

HMHm N ¢ MG Mo [x)
P+m, Q+m:Py,Qy;P2,Q; |y

1@ @A) p 1 (Bebr 415 Auhe) m 1(eji €5) paiales Ep) p2
T H ) 2Rt L W) mo 2 (by BBy) @t 1(dji D)) @131 (f F)) @z

] (14.1)
Where m>0.

Proof : From the Mellin Barnes contour integral, change the order of
the integration and summation and use the property of the Gamma
function to obtain:

1 | e e T )
@i le sz ¥(s1,52)0(s1) B(s2) x* y*2 T, F(i—Tis1—17:52)

e
[Z;";o 3l M}dsld& (142)

7! n?;,(al—ﬁlsrrl'isz) T

By the definition of hyper-geometric function the expression (1.4.2)
becomes

1 S1 8. =, I (vi=ftis1—I';S2)
(2mi)? J-Ll J-Lz lp(sl ’ SZ)G(SI) w(SZ) x“ry>2 H::1r(5i'hi51'"-152)

wFm 1(Vi—fis1=iS2) mi t] (143)

1(8i=1i51-11452) ms

Now for p=q=m on (1.4.3) expressing the resulting hyper-geometric
functions as series , changing the order of integration and summation
and then interpreting the two double integrals we arrive at the required
result.

SPECIAL CASE
When m=2, the identity (1.4.1) reduces to the following form:
2, HM+z Nt MyNy My, [x X 100 @A) p (847 m1m2), (@ +r1d2): 1(cjiC)) paialej VE,)pzl

PAZ, Q42:P, Q1P Y 47 pab2) (pHrivaya). (b BBy) @i 1(dji D) ouia(f) Fp) op

Zw tr H"” Nt MyNpMo N, |x) 10 @pde . (-3 pya) (847504138 1.80): (¢ Cp) paza(ey ) py
P+3, GH P1QuiP2Q |V (v; Hyk) (vrr=1: i) (p13v1.72), 1 (b ByB) gt 1(d: D)) gy 54(f Fp) o

Ly it 2N MK, [x (@ ad)p (B41+13m12) (041 +1:81.82) ¢ 1(cji €)) paia(eg By p ] (1.44)
P42, Q+2:PuQuiPaQe [V i pypi)(p+r+tviya), 1(byi ByB)) g 1(dji D) ouia(fj Fy) @

TaklngMNPQ() M=P, ; E, = F =1 ; f=0;n''=

=0 withy — 0, and renaming the parameters (1.4.1) gives rise to:

w t" HmHe n[ | 10a,a;) p, 1 (847, 7]t)k]
r= 0 P+k4+k 1T, 1) ka1 (0B))
:Ew i m+k+1, n | 1(a;,a;) p,(1=1, 1), 18+, M)k
=001 p+k+1,q+k+1 W1, 11), Widr=1, wy), 2Wi+r, w) k., 1(0jB)) q

m+k, n [X| 10a;,a;) p, 1 (Si+7+1, ) ke
p+k.q+k Watr, pfa),2Wir+1, w) k,1(byB)) q

. t7 +1
+ Yoo - ] k>0 49

Whenk=1, (1.4.5) becomes:

© i HML x| 1@aja;) p,(5+r, n)
=00 p+1a+l [ @i, 1), 1058 4

— Vo tr m+2 n I @) p,(v=1, @, (6+r, n) +
r=07 Hpizgez Xl o, ) Goara 1,18 q
yo e Hrtt [y @) p(@erat, m (14.6)
r=0 " Hpgen X rr, 1),1(B)) q -
IDENTITY-II
TomH

M+m, N+m : MyNy Ma.N, [xl 1(8=7: ehi) m1(ags @A) o2 (it rsAidD) mo (i ) paia(ef »Ej)n]
P+2m, Q+m:Py,Qyi P20 1@itrs i) m o (by3 BBj) @b 1(dji D)) @ui 1 (£ F)) 2
t
=y
=2rko i

Mim, N4m+1 M,N,:MIN;[XI“1‘hv"h)-(ﬂ"*l:')wﬂ):z(&*fﬁmh.)mq(ﬂ,‘ﬂld,)p (s Hriid) me nkt,‘E,Jn::(t,‘E,)n]
PA2mAL QEm+1:PLQyi P2Qs |y 1073 it o0y B By) @ (51415 7100y): 1(d5: D)) gu:1(f) F)) @2

t1+1

+Zr-0

M+m, N MyNg My, [xl(s,—r-,v'u,ﬁ,),z(srr—x;h,w‘n]m,,m,uja,\,,,(<,+r+mz’nm. 1(c5: € pria(ey By p2

:m>0
P42m, Q+m:PyQui Py |y AT ) mo 1 by BpB)) @i 1(dji Dg) @1 (f5 Fp) 2 ]

(1.4.7)

Proof'is obtained in similar lines to (1.4.1), on using (1.4.6) for p=2m
and g=m.

SPECIALCASE
Taking M=N=P=Q=0 ; M,=1 :N,=P, ; E,=F, =1 ; £=0 ; n/"=p,”"
=\""=0withy — 0, andrenammgtheparameters(l 4. 7) givesrise to:

o i m+k, n+k [Xl 18i=15m0) k1 (ag; @) p o2 (GetrAD) k:]
r=00y T2k, gtk 1t 1) k1 (bj3 B g

_ye 0 mtk, nkd [x | (813my)8r=r+15my). 2(8i=73m) ko1 (@ “]r‘)Pll((i"'rrll‘)k]

pr2kHL qrkl 1) k0 1(byi By) q Brt15my)

o T
Jr27:0 !

m+kn+k |(51—1‘:"1].1(5(—7'—1:Ut)k.:(a/:H/._)P.1(€z+r+1. A k| . where k>0
P2k, q+k 1T+ ) e, (055 By g ’
(148

When k=2 ,(1.4.8) becomes
E 0_ Hm+2 n+2 [ |(5—1':11).(t7—1', O1aj @) poaltrA) (47, l)]
puil

P+4, q+2 @+r, W, (+r, v), 1(bjiB1) q
. H”"z n+3 l(s, m. @=r+1;m), (o-r, Ol a)p, (g+r, 1), (t4r, {
= ° P+5, a+3 wtr, @, orr, . a(byiBy) g G+ M,

+ mzn+2| ) @-rom (§-rim). (@-r-1, D.alagpaj)p. (C4r+l A), (vhr+l, (]

i 0 Hp+4q+2 I +r+1, w), (p+r+1, v), 1(bjiBj)q. 3 (149)
IDENTITY-III

o

o

21-:0;141

M+m, N+m : MyNy; MyN, [xl

18 s e moa(ag @pdp) poa(si € paia(ef Ej) pz
P+m, Q+2m:Py,Qy; P,.Q;

Y it i) mo 1 (b5 BiBj) @ 15— X&) mt 1(dji D) @u s 1(f5 F)) @z
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_yoo "

=Xt H

M4m, N+m+1 : MyNy MaNs [xl (8 ) (Br=r+1: Ay Ay ). 2807 s ) mo2(ags @p A= 1(cji €)) paia(e) ) pa ]
y

PAm+1, Q+2m+1: PLQuiPaQa |V (e i) m by BBy) r (8141500 )1(S473Ak) m 1(dji D) ou:1(f5 Fy) gz

W
*Zr:o_,.! H

M+m, N+m : MyNy; My N, [xl (82 h10ha) 2(8-r =13 uh) mo1 (@i @y 1(ej: €) pasa(e) Ep) P
Pam, Q+2m PO P20 |V ottt ot mo 2 (b5 BiB)) @ alsitriAik) me 1(d5 D)) @13 (f F)) o

] 1 m>0

(1.4.10)

Proceeding similar lines to (1.4.1), the proof of (1.4.10) is obtained on
using (1.4.6) forp=2mand q=m.

SPECIAL CASE
Taking M=N=P=Q=0 ; M,=1 ;N,=P, ; E,=F, =1 ; =0 ; n,/”"=p,”"

=\,""=0with y — 0, and renaming the parameters (1.4.7) gives rise to:

¢
°) Hm+k. n+k [ |

t 1Ei=15m) kalagap) p,
T=00 P4k, q+2k

2T ) k1 (by 5 By) g aGimrs A ke

-y t B M nke [ |(51, Yll)v(51-r+1:7(1)4(51—":m)m(ﬂ/;a/,.);’]
==
i Ptk ar2ktl 1) ko (b3 By) 0 (But1imy) 1 (6 i

(T Gamr 31,2 G =1 .
o m+kn+k =731, 28i=r=1;1) k1 (aj; @) p .
+Xreo—7 H [ | :

pHkq+2k 2T+ ) k1 (b By) g o a(si=r=1, A)
where k>0 (1.4.11)
n taking k=2, (1.4.11) reduces to the following identity:
Ontakingk=2, (1.4.11) red to the foll dentit
e " [, e [X| G-rimo-r, §.1(a5a)p ]
T=00r P2 avd [T wir, ), (or, 1), ()3 8) g emr AT, O
—y £ pgmez, nes | 6. m, G-r+1;m), @1, D,1(aza)p
=00 Fers av3 [Nt ), 4r, 1), a(by3B8,) 0 (641, W), (6o A), (T, O)
(1 @-rim), (e-r-1, 1(aja))p,
o U om+2n+2 n wajiaj) p .
+ X% ! Hioaqrs [xl(v+r+1, W, (p+r+1, v), 1(bjiBp)q. . (-1 A) (z-r-1, O] (14.12)
Whenk=1, (1.4.11) gives rise to the identity:
o 7 prm+1, n+l @-r;m, 1(ajia;)p
Yoy Hply gz [X] ’
r! 4 w+r, W, 1(bj;Bj) q (s.-1.2)
_vo 7 L n2 &, m, 6-r+1;m),1(az; @) p
==y Hplo gus X N e
P2, q w+r, @, 1(bjiBy) q. (641, M), (-7, A),
e m+1n+1[ (6-1;m),1(a5;a;) p,
+Yreo— HIT X ; ; 1.4.13
PREN r! p+1,q+2 |(v+r+1, w, 1(bjiBy)q, » (6-1=1, 1) ( )
IDENTITY-IV
¥ O MmN My M ”‘I 1@ @pA)) poa(Sitrinihi) m: 1(C17C/)m=x(9/r51)m]
=00 T Ptm, QtmiPLQu P |V (vt o) mo (b BiB)) ot 1(dji D)) gaia(f) Ff) gz
o
LizoH
MAMAL N ¢ MyNyMaNz [xl 15 QAN p . ©1Vinl Wyt 'y =Hyn) 1 (8475 ) ms 2(c5:C) pasa(e) B)) p2 ]
PambL Qbmt: PuQui Paa |y | oy br a1 i) L 2@ ) m (s~ b3 byt 2(0 B15)) g 1(dj: D)) u 14(7 F)) g

00 tr
Lo H

T e A Y IR RN CERS PR ) BN XY ) YN O ) P
@41 by ) WP+ e 0,00,V 2 b =i oty =) 1 (B3 B BY) 2 1 (i D) g+ 1 (£ ) 2

Mm+l N o MW,
Pem+l Qtm+1: PQy

(1.4.14)
Where m>2

The proof'is obtained in similar lines to (1.4.1) p=q=m.

SPECIALCASE
When m=2, the identity (1.4.14) takes the following form:
Z?:oz HMA2 N MuNG My N [x 1@ apAp) p (847 :mm2). (@4r€1d2): a(f/:Cl)mu(el»E,)rz]

P42, Q+2:PLQui P20 [y wrsmpma)(p4rivava). 1(bji B1B)) o 1(dji D) ou:a(ff.F)) 0n

.
=y s N Ny X| 1@paADe. (pHh b iy (B4 MG 1€ € il 5 by
T=000 T PH3 Q43P0 R0 [V (varet: ) (p4riyyr )= b vakav2). 1(0):B)B)) gt 14D g, 1151 o,

B ot_r HMAB N - MuNy Mol [X) 105 @A) p (o1 iy =Yty Y2) (E+T i MmO +Ti8182) + 1(cji C)) paia(e) Ey) P2
= : 5
L I A R L O B e oy Y O e o B R .) PIRCRL AP ) P

(1.4.15)

Taking M=N=P=Q=0; M=1; N, ; P,; E,=F =1;£=0;n"=p,=0
with y— 0, and renaming the parameters (1.4.14) gives rise to:

N
) t e [Xl 1(2;,@;) p, 1 (8i+7, 7li)k]
=00 Uprka+k [T @i, w1058 4

=Zoo t H Mkl n x| 1(aj.a)) p(Vr—vi+1, py—pi), 18+, Nk
T=00) Uptk+lgrk+l (v,

41, ), (it w)k, (1—vie, ma—uk) 1(bjB)) q

_Z°_°_ 3 g Mkl n x| 1(apa)) pa—vi+l, =), (i, Nk
T=001 VptkaLatk+ L | M (o, ) eea (vt 41, ) oy —vie, ma-m). 1(byBy) g

, k=2 (1.4.16)
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