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‘ ABSTRACT ’ We develop a lubrication approximation model, using the Herschel-Bulkley constitutive equation, with dimensionless

flow parameters including the Bingham number, the power-law index, the buoyancy number, the viscosity ratio, the
diameter ratio, the eccentricity and the aspect ratio. Based on a reasonable prediction to the yielding onset, the model allows us to classify the flow
regimes versus an elegant combination of the dimensionless numbers. We study the injection flow of a heavy viscoplastic fluid into a light
Newtonian fluid, via modelling and experiments. The injection is carried out downward, via an eccentric inner pipe inside a vertical closed-end
outer pipe. This configuration results in a core viscoplastic fluid surrounded by an annular Newtonian fluid. The flow is structured and mixing is
negligible. As the injection rate increases in a typical experiment, we observe three distinct flow regimes, associated with the core fluid behavior,

namely the breakup, coiling and buckling (bulging) regimes.
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1. Introduction:

The injection of a viscoplastic fluid into another fluid occurs in many
industrial applications, such as the plug and abandonment (P&A) of oil
and gas wells (Nelson & Guillot Reference Nelson and Guillot2006;
Khalifeh &Saasen Reference Khalifeh and Saasen2020; Akbari
&Taghavi Reference Akbari and Taghavi2021), three-dimensional
printing (Karyappa, Ohno & Hashimoto Reference Karyappa, Ohno
and Hashimoto2019; Lawson et al. Reference Lawson, Li, Thakkar,
Rownaghi and Rezaei2021), etc. From a fluid mechanics perspective,
analysingviscoplastic fluid injection processes comes down to
quantifying the interface evolution between the fluids, in particular in
terms of the yielding behaviour of the viscoplastic fluid (Bonn et al.
Reference Bonn, Denn, Berthier, Divoux and Manneville2017;
Frigaard Reference Frigaard2019). However, the flow analysis may be
complex, due to the presence of a large number of flow parameters, e.g.
the density and viscosity ratios, the flow geometry characteristics and
the yield stress, resulting in a variety of flow patterns, e.g. breakup,
coiling, dripping and buckling of viscoplastic fluids (Balmforth,
Frigaard&Ovarlez Reference Balmforth, Frigaard and Ovarlez2014).

2. Litterature survey:

Previous works have mainly considered the dynamics of a viscoplastic
fluid injected/extruded under gravity into a dynamically passive
exterior fluid, i.e. typically air. In this context, a dynamically passive
fluid represents an exterior fluid that is assumed to remain stagnant or
whose flow is assumed not to affect the injected fluid flow; in fact, only
the exterior fluid's physical properties (e.g. the surface tension with the
injected fluid) may affect the injected fluid flow dynamics. On the other
hand, a dynamically active fluid, which is in direct contact with the
injected fluid at the interface, describes a medium whose flow
accompanied by its physical properties exerts significant forces on the
injected fluid and, consequently, alters the flow dynamics. For
example, Coussot&Gaulard (Reference Coussot and Gaulard2005)
have experimentally and theoretically investigated the breakup of an
extruded viscoplastic fluid into air, finding that an unyielded layer is
developed until its weight becomes larger than the yield stress force;
this leads to the yielding and breakup of the layer, forming a droplet,
the volume of which increases with increasing flow rate. Similar
results have been obtained by Al Khatib & Wilson (Reference Al
Khatib and Wilson2005).

3.Mathematical Formulation:

We consider an incompressible viscoplastic core fluid, which follows
the HB constitutive model, and an annular fluid, which is Newtonian.
Since our problem involves non-coaxial cylinders (eccentric annuli),
we use the bipolar coordinates (&,[],z)Let us consider the peristaltic
transport of an incompressible Newtonian Fluid flow in an inclined
asymmetric channel of half-width a. The angle of inclination is . A

sinusoidal wave propagating with constant speed ¢ on the channel
walls induces the flow. The geometry of the wall surface is defined as

Y=H=a+bsn Z—E(I’—ci]
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Under the assumption that the channel length is an integral multiple of
the wavelength A and the pressure difference across the ends of the
channel is a constant, the flow becomes steady in the wave frame
moving with velocity ¢ away from the fixed frame. The transformation
between these two frames is defined by
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Where (u, v) and (U, V) are the velocity components, p and P are
pressures in the wave and fixed frames of reference, respectively.
The equations governing the flow are given by

(LN

o PN - a2 FIR X
’,-,1 P PR ﬂ_‘_ﬁ L |—%L}N\I—(R—C}J+f.‘gh‘iﬂf)f

o ; ) R
. oE iy | ox .o [

(14)
[ oBw B @ I.’3’|=_ 6"'1']_ i e

,:.t\u atr r__|| A PRRP Imalsi + 2}+ v ,.Jg('osr:rrJ .

Where p is the density, is the electrical conductivity, B, is the

magnetic field strength and is the Hall parameter.

The dimensional boundary conditions are

u=-c at y=H (3.6)
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From the equations (3.3) to (3.5), we get
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Where #-7 isthe Froude number, is the Hartmann numberand is
the Reynolds number. Using long wavelength i.e. is less than 1,
approximation, the equations (3.10) and (3.11) become
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From equation (3.13), it is clear that p is independent of y .Therefore
equation (3.12) can be rewritten as
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The corresponding non-dimensional boundary conditions are given as
u=-1 at vy=H (3.15)
% _gat 0 (3.16)
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Knowing the velocity, the volume flow rate q in a wave frame of
reference is given by
o [ty
v 317
The nzravtaesous flow QU)o the laboratory frame i
P .
fele s L F R P
.

] (% IE)

The lirnt vl vl v vl v e periad T2 0 e peristallic wavs
&

0-1odi-g 1
T ! - eers

3.3. Solution of the Problem:

Solving equation (3.14) together with the boundary conditions (3.15)

and (3.16), we get
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4. Graphical Representation:
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5.Results & Discussion:

1. It is found that, the time-averaged flow rate  increases in the
pumping region is positive with increasing , while it decreases in both
the free-pumping is equal to 0 and co-pumping is negative regions
with increasing .

2. It is observed that as increase in decreases the time averaged flow
rate inall the pumping, free -pumping and co-pumping regions.

3. It is found that, on increasing increases the time averaged flow rate
in all the pumping, free-pumping and co-pumping regions.

4. It is observed that, the time-averaged flow rate  decreases in the
pumping region with an increase in , while it increases in both the free
-pumping and co-pumping regions with increasing .

5. It is observed that, the time-averaged flow rate increases with
increasing amplitude ratio in both the pumping and free pumping
regions.

6. It is also observed that decreases with increasing amplitude ratio in
the co-pumping region for chosen.

7. It is noticed that, the time averaged flow rate  increases with
increasing in all the pumping, free-pumping and co-pumping regions.
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