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‘ ABSTRACT ' Regularizing nonlinear inverse problems uses multiple Theorems to analyze the least squares solution is sometimes

called the x2 test. If J ("x) is much larger than the mean of X2 n-m or is outside of some confidence interval, for example
say a 95% confidence interval, then this would suggest that the errors in the data are larger than expected. This indicates that either the covariance
of the data errors is too small or the forward problem does not accurately model the physical system. Therefore, Theorem supplies some very
useful information about the solution to the inverse problem. This result only applies to linear problems, however, it is shown in that it
approximately holds for nonlinear problems in a region around “x. For nonlinear issues, the least squares estimate is not as straightforward. Since
the minimum cannot be calculated analytically, an iterative approach must be adopted. Finding the solution falls within the umbrella of the
mathematical discipline of optimization. This nonlinear unconstrained optimization problem can be solved using a wide range of techniques,
such as genetic algorithms, stochastic algorithms, particle swarm optimization algorithms, quantum optimization algorithms (which require a
quantum computer), pattern search algorithms, direct search techniques, steepest descent algorithms, and conjugate gradient algorithms.
However, Newton's method-style algorithms are among the fastest and most effective, and they can even provide quadratic convergence if the
function behaves properly (that is, if it is continuous and twice differential in the domain)
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INTRODUCTION

Inverse problems often need to be regularized because they are poorly
presented or poorly conditioned. The prevalent approach of Tikhonov
regularization necessitates the estimation of an additional parameter
known as the regularization parameter. Mead first proposed the x2
technique in, which estimates the regularization parameter for linear
inverse problems using the x2 distribution of the Tikhonov functional.
The distribution of the Tikhonov functional is unknown for nonlinear
inverse situations. In this thesis, we use both Gauss Newton iterations
and Levenberg Marquardt iterations to extend the x2 approach to
nonlinear problems. For the quadratic functional that appears in Gauss
Newton and Levenberg Marquardt iterations, we derive approximate
x2 distributions. Two ill-posed nonlinear inverse problems—a
nonlinear cross-well tomography problem and a subsurface electrical
conductivity estimation challenge—are used to illustrate the
methodology. By proving that the theoretical x2 distributions and real
distributions closely match each other, we quantitatively verify the
viability of the assumptions made in this technique. Two algorithms
based on the Gauss Newton and Levenberg Marquardt techniques,
which dynamically estimate the regularization parameter via x2 tests,
implement the nonlinear x2 approach. On the cross-well tomography
problem and the subsurface electrical conductivity estimation
challenge, we compare parameter estimates from the nonlinear x2
approach with estimates obtained using Occams inversion and the
discrepancy principle. It is demonstrated that the computationally less
expensive x2 method provides parameter estimates that are
comparable to those discovered using the discrepancy principle.
Furthermore, compared to Occams Inversion, the x2 technique offered
significantly superior parameter estimates.

Regularization methods for linear problems do not straightforwardly
extend to nonlinear least squares problems. Since the nonlinear
problems are solved iteratively, the methods for determining the
regularization parameter generally breakdown into two approaches. In
the first approach, o remains fixed throughout the nonlinear inversion
process. In these methods, the inversion is done multiple times for
different values of o until the solution meets some criterion. Some
criteria used for evaluating the solution are the discrepancy principle
[1] and Generalized Cross Validation (GCV) [3]. In the second
approach, a is estimated dynamically at each iteration. In this
approach, the nonlinear inverse problem is solved only once, but the
optimization procedure has to be integrated with the method for
estimating o. Some examples of this type of method include Occam's
inversion and an implementation of GCV as proposed in [3]. The
nonlinear x” method used this second approach and is an alternative to
these methods and is developed in this article. The first criterion rarely
causes problems, while the second and third criteria frequently do.
Additionally, these requirements must be met regardless of how
effectively an issue is mathematically described, taking into account
the accuracy of a computer's computations. For instance, even if (1.3)

has a continuous solution, there may be a number of comparable
solutions with finite accuracy. Similarly, although though (1.3)
depends on the data continuously, it also needs to be computationally
stable with respect to modest data perturbations in order to produce a
viable solution. A problem is said to be ill-conditioned [12] if it is
unstable with respect to tiny perturbations, and the level of instability is
measured using a large condition number. A issue is said to be well-
conditioned if it is stable in the presence of modest perturbations and
has a low condition number. So, one reason an inverse problem may
not be well-posed is that it is poorly conditioned.

Methods For Regularizing Non-linear Inverse Problem
Linear X’ Method; For the linear x’ method, one has to consider the

followingIf o o N(0,021) and f ~ N(D,a31),

then xM 1is identical to the estimate found by minimizing the
Tikhonov functional with L as the identity, z as the initial estimate,
and with. = 7=/#r. Of course, many times in inverse problems, the
prior covariance for fis not available. However, all is not lost. Mead in
[8] suggested capitalizing on Theorem 2 to estimate a.

Theorem 2; If ;™ . a* isalinear function and the following holds;
d— F{x) 4+ =,
*r = x5 + f,

then JM(x) from (3.7) at its minimum value, i.e. J,,(x,,), follows a x*
distribution with n degrees of freedom.

Proof; Since, # - & . & at its minimum value, i.e. J,(x,,), follow a x*

distribution with n degree of freedom. Also, = € B™, d = B™, (. has
dimensionn x nand C,has dimension m x m. Hence,

[ i {
'(”,"l 'Ir—rf- |
\.F.'"r- : I
|
|
ry = arg min Ju(z)

This can be written as an ordinary least squares problem

- n'.":\ r {r‘."..f.l
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For the sake of simplicity, let

Then

J(z) =||d* — Az||3

2

T =argmin J(z),
I

where A" has dimension (n+m) x m, d” has dimension (n + m) x 1, and
"£~N(0; In+m). By Theorem 1, in the previous chapter, J(r) ~ y?

The method proposed in [8] is called the x* method and it says choose o.
such that the minimum of the functional (3.7) has a value that is
consistent with its x” distribution. This is implemented in [8] as finding
the o that makes the minimum of the functional equal to the mean of the
x’ distribution. Also, Mead showed in [8] that Theorem 2 holds
asymptotically when " and if are not normally distributed, which
allows this method to be applied in a more general sense.

X'Tests for Gauss-Newton Method

Theorem 2 has only been shown for linear problems. For nonlinear
problems, the

Distribution of (x4} isnotusually known. However, if the nonlinear
inverse problem is solved with a sequence of linearizations, then it is
possible to find appropriate X tests at each iteration.

The Gauss-Newton method to find = = arzmin, Ju(s) from is as follows.
First find the first and second Frechet derivative of 7.

Vu(z) = JTC' (d - F(z)) - C; ' (z — ),

where J is the Jacobian of F at x. Now
27 T rv—1 i < v—1
Viu(z) = J7C'J + Q(zx) + C;,

Where, Q (T,) is the second-order information of Jx, Gauss-Newton
method ignores this Q, so we get the following iteration:

Tast =Ty + ATy

Az =—(JICT R+ G (JTC (d - Flaw) - G (2 — 7))
The Gauss-Newton method can be converted to a sequence of linear

OLS problems with the following manipulations
+ v 1 s v
Tkl Ik + l‘}li.'(,-l‘.’*-‘(!—l) [J:(;:f't—(!”I—IPJ}.
where rk =d - F(xk). Now multiplying both sides with{ .} €4 + ;")
gives
(K I+ CY) 2

(T h+ f'_,'!ln. T e C7' (xe — 2p)).

', 'rs subtracts outand gives

(e C ' h)zn + (JEC v+ CF ')

(-"1-].( '-_ l--’&- 1 f'} J] Tk+1 !

Further via simplification

d‘k Jk.r&.1 T Ek,

=Zp+ f

Where, =& = = + Vi with Cov (E,) = Crepresents error introduced
by the linearization i.e. » = Fir)— Firy — Ju(r — #,}). The following
theorem gives x° distribution for the Gauss-Newton functional Jk(x)
under several assumptions.

Lyl

Theorem 3; Ifnonlinear error is zero, and the following are true:
Filz) = ||di — S| o + [lr — r,,|]'l-',!., #pyy = argming Ji(z),
dy = JyTpy + 5 £y ™~ .\'[ll.f',\.1

Tepr =Tp+ J [~ N(0,Cp)|

Then
T 2
Je(ZExs+1) ~ Xu-

Proof; This follows trivially from Theorem 2.

If the nonlinear error is zero, then the problem is likely linear.
However, this theorem can still be used to develop the x° test for
nonlinear problems by making the assumption that -, == .. This
approximation will get better as the iterations gets closer to the solution
and the nonlinear error is reduced. Under this assumption, the
x’method can be applied at each iterations to achieve increasingly
better estimates for« -, *. In the next chapter, we show that this
assumption works well for two inverse problems given. Now we
consider a more general case where L is used as in (3.1). It is not
difficult to see that in a similar way we can minimize

Tu(z) =l d—F(z) |2 + || Lo—= 2
with the sequence of linear OLS problems:
tﬂ-l:]';l — ”dh — 4I;_.Tilf:,.;.1 + ”LI — :”E_‘I']'

Often when L is chosen to represent a derivative operator, it is not a
square matrix. In this case, the x* distribution of .7 ¢=» has different
degrees of freedom given in Theorem 4.

Theorem 4; If
".‘&[J-y = ||l}k—Jﬁ'J-“:" s+ | Lz —2|2..:, where L : R™ — RY
- !

L
is a linear operator and #»++ — sr=min. Ji(x). the invertibility condition
holds: henece, A4 A (L) — 0 whene A7 A) s the null space of A, the
nonlinear error is zero, and the following are true:

(f_s: - ..’k]" + Ex, Ekp ™~ ."\"{(]. ('}k )

Lr =2+ f f ~ .'\-'([)‘('f_}
n T (5 2

Then, Ju(2) ~ X —msq-

Proof;

£ . = — = isalinear operatorands = ¥ : ¢ # 4 = & ¢, has dimension

nx n, and Cfhas dimension q x q. Rewrite as an ordinary least squares

problem:
| v—1/2 v—1/2 7 .
111 Ca “’1 [ Ca .f!;

J(x) i [ r "

The least squares problem can be written as:
Ti(x) =|ld° — Ax|12.

# — arg min 7 ().
x

Where A* has dimension (n+q)xm, d* has dimension
By Theorem

Lr“!] g \i--rn—q'

Nonlinear X’ Method

Theorems 3 and 4, we derived approximate x* distributions for the
regularized Gauss-Newton functional #x at &4, ie. Fil#ea). We
found an approximate x° distribution for 7. =%+ , 5. In keeping with
the approach proposed by Mead in [8] for the linear x° method, we
suggest using these x* distributions to estimate the regularization
parameter. However, when solving real problems, only one sample of
Jek is available because there is only one realization of the error “in the
data. Therefore, the best we can do is to use a single characteristic of
the distribution to find the regularization parameter. However, for an x°
distribution the median is approximately equal to the mean. This
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implies that if a perfectly weighted <7« ¢ ==+ ) is sampled multiple
times, about half of these samples will be greater than the mean. If we
estimate the regularization parameter such that . 7. (==, 4 + is always
equal to the mean, then about half of the time the regularization
parameter will have to be made smaller to compensate for the
realization of data error that makes a perfectly weighted .7+« 1) larger
than the mean. This approach is implemented in Algorithm 1, which
uses the Gauss-Newton method to solve the nonlinear inverse problem
and dynamically estimates the regularization parameter at each Gauss-
Newton iteration.

Inversion Results

In some ways, this inverse problem is more difficult than the cross-well
tomography problem. The Gauss-Newton step doesn't always lead to a
reduction in the nonlinear cost function and it is not always possible to
and a regularizing parameter for which the solution satisfies the
discrepancy principle. In the authors used an implementation of the
Levenberg-Marquardt algorithm to minimize the un-regularized least
squares problem to demonstrate the ill posedness of this problem. This
solution, plotted, is wildly oscillating, has extreme values and is not
even close to being a physically possible solution. However, this isn't
evident from just looking at the data misfit as this solution actually fits
the data quite well. The inverse problem was also solved in using
Occam's Inversion method. Occam's Inversion is given as the
following algorithm. Occam's inversion was able to and good solutions
for some realization of ", such as the solution plotted, the results
indicate that sometimes it found poor estimates. Conversely, the large
value of 6 for Occam's inversion indicates that these solutions were not
consistent with each other. Since both methods estimate the
regularization parameter dynamically, the computational cost should
be about the same and both methods took about the same speed in terms
of wall-clock time.

CONCLUSION

We presented a method regularizing nonlinear inverse problems that
we call the nonlinear x° method. This approach uses statistical
information about the data to determine the proper level of
regularization and is an extension of the linear x’method proposed by
Mead in [8]. The X’ tests used in the linear x’method were extended to
nonlinear problems in Section 3.2. The x’ method was extended to
nonlinear problems using the Gauss-Newton method and the
Levenberg-Marquardt method in Algorithms 1 and 2, respectively. We
gave numerical results in Sections 4.1.1 and 4.2.1 illustrating the
statistical theory developed in Chapter 3 and demonstrated that it was
valid for two complex nonlinear problems. Two new algorithms were
implemented on two nonlinear problems from [1] and compared
against several existing methods for nonlinear regularization. It was
shown that Algorithm 1 provided parameter estimates that were of
similar accuracy as the discrepancy principle in a nonlinear cross-well
tomography problem from [1]. In a subsurface electrical conductivity
problem from [1], Algorithm 2 proved to be more robust than Occam's
inversion, providing parameter estimates without the use of a
smoothing operator.

Algorithm 2 also provided much better estimates than Occam's
inversion on average when the smoothing operator was used. The high
computational cost of the first forward problems should be considered
and this is where the x* method prevails. The discrepancy principle
solves the nonlinear inverse problem several times for different
regularization parameters and thus it requires more forward model
evaluations, making it computationally expensive. The nonlinear x’
method is cheaper because it only solves the inverse problem once and
dynamically updates the regularization parameter. We conclude that
the nonlinear x’ method is an attractive alternative to the discrepancy
principle and Occam's inversion. However, it does share a
disadvantage with these methods in that they all require the covariance
of the data to be known. If an estimate of the data covariance is not
known, then the nonlinear x’method will not be appropriate for solving
such a problem. Future work includes estimating more complex
covariance matrices for the parameter estimates. In [9], Mead shows
that it is possible to use multiple X’ tests to estimate such a covariance
and it seems likely that this could also be extended to solving nonlinear
problems.
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