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ABSTRACT A mathematical model for salt transport in a cylindrical root in the field soil is derived and solved analyti-
cally by asymptotic matching of the inner and outer solutions. Asymptotic analysis of the model shows that the 

solute uptake by a single cylindrical root in the absence of competition does not influence the water or solute concentration in the soil 
significantly in both saturated and unsaturated soil conditions.

Asymptotic Analysis of A Model for Salt 
Transport by The Root of A Plant

1.	 Introduction:
Salt with water is taken up by the plant roots and transported to 
the stems and leaves along the xylem tubes of the root [1]. Xy-
lem tubes are located in the central part of root inside the Cas-
pian strip. It consists of several different types of cells, the most 
important ones are tracheary elements and fibers which are the 
primary source of mechanical strength. Tracheary elements are 
non-living cells [1] and are mainly involved in solute transport.

Figure 1: Radial solute movement pathways

For salt to be transported from soil to the plant leaves, it first has 
to move from the soil to the xylem, i.e., it has to pass through the 
cortex and endodermis of the root (Figures 1). The pathways 
along which it does so are still a matter of debate, but accord-
ing to Oertli [2] and Steudle and Peterson [3] there are at least 
3 main pathways: Line 1 describes the two possible apoplastic 
pathways, Line 2 describes two possible transcellular, i.e., vacu-
ole pathways and Line 3 describes the two possible cytoplasmic 
pathways.

Solute flows in the pore system of the cell walls, i.e., in the apo-
plast and near the Caspian strip this pathway is blocked and 
hence it passes through the vacuole due to the resistivity of the 
Caspian strip There are two phenomenon in the process: 

1.	 Solute flows inside the cells in the symplast and transfer 
from cell to cell occurs either through apoplast or plas-
modesmata (Line 2).

2.	 Salt transport inside the cell occurs across the cytoplasm 
and then through vacuole (Line 3)

Whichever pathway dominates is strongly dependent on the en-
vironmental conditions the plant is growing in. For simplicity 
we will consider the root endodermis to be a porous material 
where all possible pathways are absorbed into one radial endo-
dermal solute conductivity parameter.

In this paper we aim to develop a model for salt transport and 
uptake by plant roots and then incorporate this into the pollut-
ant uptake model. 

2. Salt transport in a single cylindrical root with finite 
length 
Model derivation

The equation for the conservation for incompressible solute in 
the soil, is given by 	

	 (1)

where lφ  is the volume of solute per unit volume of soil, u is the 
volume flux of solute and Fw is the volume uptake by plant roots 
per unit volume of soil and in the absence of solute sink	
	                                                                                                                (2)

The flux of solute u in the soil is generally given by Darcy’s Law 
([4], [5]) which states that the specific discharge (Darcy flux)

	 (3)

where k is the soil permeability, µ is the viscosity of solute, and 
p is the solute pressure in the soil, and gkρ   represents the grav-
itational effects [10]. k  is the unit vector pointing downwards 
from the soil surface and given by the van Genuchten formula 
[7] in terms of salt concentration S

 	 (4)

and 		  (5)

where ,l rφ  is the residual (minimum) solute concentration of the 
soil, and ,l sφ  is the saturated solute concentration of the soil, i.e., 
the soil porosity, sk  is the hydraulic conductivity in fully satu-
rated soil, α is a fitting parameter [6] that can be estimated di-
rectly from experimental suction characteristic data.

Writing the model in terms of S using the full van Genuchten 
formulas, modified by Clausnitzer and Hopmans etal. ([8],[9]), 
we get the following nonlinear diffusion-convection equation

	 (6)

where D(S) is called the solute diffusivity in soil [7]and it is de-
fined as 
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and 
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Silt Loam 0.396 0.131 107423 4.96 0.00423 2.06 4.461 3.58x10-8

Clay Loam (drying) 0.446 0.0 0.82 0.00152 1.17 1.688 9.43x10-8

Table 1: Values for van Genuchten coefficients [7]

3. Approximate Solution
The flow of water in the soil using the Darcy- Genuchten model 
and taking into account the flow inside the root with a correc-
tion term for flow outside the root, can be obtained by writing 
equations (6) in terms of the cylindrical polar coordinate r, 
where 2 2r x y= +

	 (9)

Where	

	 (10)

and 

	 (11)

Root Radial Boundary Conditions
Far away from the root the concentration is not undisturbed by 
the root uptake, so

							     

However, the boundary condition at the root surface needs to be 
modified to include the longitudinal variations in the root inter-
nal and external pressure. This can be determined by the, con-
centration of the solute in the root i.e solution of the equation 
(12) at r = a, 

	 (12)

with boundary conditions

						      (13)

The solution of equation (12) for pr(z) is given in terms of inte-
grals of p(r, z) at r = a. Hence we will have a mixed differential-
integral boundary condition at the root surface, i.e.

	 (14)

where L is the length of the root. 

Non-dimensionalation: 

Non-dimensionalising the z directional length with the maxi-
mum length of the root L, the r directional length with the root 
radius a, and choosing the time-scale [t] such that the time-de-
rivative term balances the radial diffusion term, i.e., by choosing

	 (15)

the dimensionless equation becomes (after dropping s)

	 (16)

where  	 (17)
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and 			   (19)

The dimensionless boundary condition will be

					   

where dimensionless parameters wλ  and rp  are given by

 	 (21)

The far-field boundary condition is still 			 
 	 (22)

The internal root pressure in terms of external root pressure is 
given as a solution to the dimensionless analogue of the equation 
(12) with boundary conditions (13), i.e by non dimensionalising 

 

We get 

where  		         for the root xylem and radial conductiv-

ity and 

Hence, the solution in the Green’s function form becomes

We begin the analysis of this dimensionless model by consider-
ing the system at the leading order only, i.e., neglecting all O(ε0) 
terms, and assuming that as r→∞ the salt concentration is a 
constant that is independent of z and t, i.e., we take S S∞→  as 
r →∞ . In general the uptake coefficient 7~ (10 )w Oλ − and also ~w rpλ−

5(10 )O −  are very small for common crops like wheat, maize and 
soybean. So there will be small salt concentration gradients in 
the soil due to uptake. So the problem to be solved becomes
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where p1 is the solute pressure at the surface of the root.

Outer Solution: We now rescale the outer region far away from 
the root, i.e., /r R σ=  and 2/t τ σ=  with << 1. Taking into ac-
count that far away from the root the disturbance to the uniform 
concentration profile is small, i.e., s<< 1, we approximate the 
soil water diffusivity by expanding it in Taylor series and using 
the highest order term only. Hence we have  

 	 (30)

Therefore the highest order outer problem is

 	 (31)

with 	  	  		  (32)

The outer similarity type solution is given by (using the similar-
ity variable η= r2/(4t))

	  (33)

where B is the matching constant, which will be determined by 
matching this inner solution with the outer solution. 

Inner Solution: Rescaling back in space to the inner region near 
the root the inner problem becomes
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with the leading order boundary condition corresponding to 
constant flux, i.e.,
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The leading order inner solution is therefore given by

 	 (39)

Matching: To match the leading order inner solution to the lead-
ing order outer solution we expand the exponential integral for 
small argument we find that the outer solution becomes
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Matching O(ln r) terms in the inner and outer expansion gives 
that
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and matching O(1) terms gives
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F  is the solute flux into the root. However, we know that [7]

 	 (43)

So the equation (29) will be

 	 (44)

using these three relations (equation (43),(44)), we write the 
equation (42) in terms of pr will be  

 	 (45)

where . 

The above equations are solved for pr subject to boundary con-
ditions  
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The result for various different far-field values S∞  are presented 
in Figure 2. So the salt uptake F(z) along the root is given by

 	 (48)

and the total uptake of salt by this root systems given at the 
leading order by

 	 (49)

As we can see the overall salt uptake by root is determined by 
the internal pressure gradient at the base of the root. Negative 

Fig 2: Vertical distribution of dimensionless pressure inside the 
root for various different far-field salt conc. given by equation 
(47). Other parameters T = -42.3, n = 2, m = 1- 1/n = 0.5

flux on Figure 3 implies that the root is bleeding out which hap-
pens at very low relative salt concentration. 

4. Conclusion
In this paper we started by modelling the salt uptake by a cylin-
drical root in an infinite extent of soil. We have shown that the 
salt uptake by a single cylindrical root in the absence of compe-
tition does not influence very much the overall salt concentra-
tion in the soil even when the solute content in the soil is less 
than full saturation. Hence, we can now say that the Nye-Tinker-
Barber model holds even for non-saturated soils provided that 
the dimensionless uptake parameter │λwpr│ is small and for all 
available experimental data on root tissue conductivities and 
agricultural soils │λwpr│<< 1. Hence we can see salt uptake by 
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a plant root in infinite extent of soil does not influence the salt 
concentration profiles in saturated and unsaturated conditions.

Fig 3. Total dimensionless salt uptake by the root as a function 
of far-field salt conc., given by equation (49). Other parameters 
T = -42.3, n =2, m =( 1-1/n) = 0.5.
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