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ABSTRACT I

n this paper we investigate inventory models where the demand is discrete and holding cost incurred only

for the period during which the inventory items are in the stock. First we consider model with deterministic
uniform demand then we also consider a model with Poisson demand. We obtain optimal order quantities for both the models. We
give the comparison of these two models with each other and also with classical EOQ model. We also indicate a scenario in which the

models proposed in this paper provide better results.

1. Introduction:

The traditional EOQ model assumes that demand is uniform,
continuous and occurring at deterministic rate. Because of the
simplicity of this model, it is often used as an approximation in
practice even when demand is stochastic or also when demand
is discrete. In this paper we consider models which are specifi-
cally designed for discrete demand. We investigate models for
deterministic demand as well as for stochastic demand.

Several such models have been developed in the literature of
inventory theory.

Archibald(1981),Archibald & Silver(1978), Hill & Johans-
en(2004) consider batch sized demand, and treat this problem
in a very general manner without making explicit assumptions
about the probability distribution of the demand.

Katy et al.(2012) assume two types of demand viz demand ar-
riving according to a compound Poisson process and the case
of mixture of deterministic demand and compound Poisson
demand. Presman & Sehi(2006), Sobel & Zhang(2001) also
assume mixture demand models. Johan & Inneke(2005) con-
sider models where purchase quantities are Poisson distributed
while investigating the decision problem for a retailer.

We consider a continuous review inventory system and assume
zero lead time. The work presented in this paper differs from
the previous literature in the sense that holding cost incur only
for the period during which the inventory items are in the stock.
In section II, we discuss the model with deterministic uniform
demand. In section III, we assume that the demand is generated
according to a Poisson process with every customer having a
unit demand. Due to our assumptions, the actual holding cost
is random and depends on the time points at which actual de-
mands occur. Also the replenishment is assumed to be instan-
taneous and hence the new order is placed only when (and as
soon as) inventory level reaches zero. This also results into the
random cycle length. In section 4 we compare these two models
and also compare them with classical EOQ model.

2. Model with deterministic discrete uniform demand.

In this section, we investigate inventory model where the de-
mand is discrete and holding cost incurs only for the period
during which the inventory items are in the stock. In classical
EOQ model the demand is assumed to be continuous and oc-
curring at uniform rate over the period. This results is a linearly
decreasing inventory level (as shown in figure 2(a)), until the
reorder is placed. When the demand is assumed to be a dis-
crete, the inventory level decreases as shown in figure 2(b)2
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The following are the basic assumptions of the proposed model.

1. Demand is discrete occurring at constant rate.

2. Supply is instantaneous. / Lead time is zero.

3. Reorder is placed as soon as inventory level reaches zero.

4. Holding cost is incurred only for the period during which the
inventory item is in the stock.

5. The replenishment rate is constant.

Following notations are used in this section.
t: Cycle length

C, : Ordering cost per order.

C, : Holding cost per unit per unit time.

C: Cost of inventory per unit

n : Lot size. (Also the Initial inventory level)

D : Demand rate per unit time.

Next we compute the total cost of inventory per unit time which
will be minimized with respect to lot size in order to obtain the

optimum lot size. .

Total cost of inventory for one cycle is computed as

Orgening ool = L 1)
Cost of inventory = ni 2.3
Talal holding cost = [, + 206, +—+ [t - 200G, + (8 — 1) DG, + £ 0G)

= g, 0 {23}

Thus the [otal cost per unil e is

TC{n) ?-].II'I v, 24)

The optimal lot size is obtained by solving the following inequalities.

[TC(r) = TC(r ~ 1] as well as

TCirY = TC(e 4+ 11

Equation (2.4) implies. that

'ey

me—1) = p_r.. = tr+1)
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Therefore, for obtaining optimal value t*, we solve

2C
tt—1) = D—C';

And take t* as the largest integer smaller than or equal to the
solution.

1+ (10 Mo
There for ¢ = | —_"% . (2.5)
Hence n = Dt”
14 'li iz,
=p| M . (26)
Is the optimal order quantity.

3. The model with Poisson demand

In most real world inventory systems, the demand is not found
to be uniform, and the inventory level decrease as shown in
figure 3(b)® instead of as shown in figure 3(a). This essentially
requires that demand be modeled as a random process. In this
section, we assume that customer arrival process is a Poisson
process with each customer having demand of one unit. This
leads to a random cycle length. This is contrary to the stochastic
inventory models such as those described in [Hilliser & Liber-
man], where the cycle length is assumed to be fixed and total
demand for a given cycle is taken as a random variable.
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The following are the basic assumptions of the model proposed
in this section.

1. Customer arrival process is Poisson with each customer

having demand of one unit.

Supply is instantaneous.

3. Reorder is placed as soon as inventory level reaches zero.

4. Holding cost is incurred only for the period during which
the inventory item is in the stock.

N

Following notations are used in this section.
T: Cycle length

C,, Ordering cost per order.

Ch: Holding cost per unit per unit time.

C: Cost of inventory per unit

n: Lot size.

% : Customer arrival rate.

Initially &t time e = 0, the invertony level B rased to n unEs. Suppose 1%cusiomer
amhves at time r,, and demand for 1 unit. S0 a1 tme G, veniony level recuces o
{7 — 1). Simitarty, 279CUsiomer armves at Ime [, + t; and demand for 1 uni, al tme
fy* 5, inventory kel reduces 1o [ — Z) wnits, and 50 on
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AL Time £y & g o by koo b0, = T, inventony bevel becomes Zero, Al this time recrder
i made and the second cycle stans. Clearly, the cycle length T is a randam variabie

As [he cuslomer amival process is a Poisson process, 1he inber-arival limes
fy. g Py .. b, afe identically and indapendently distributed (id) exponential random
varabes

Sinca, ihe anival rate of the amival process s :

L-Expi0 ), =1, 2, ..n

Than the expacted valus of Cycle length T = XL is green by
EiT)= E{t; +ts+Eg 4 —+ £,) = nil

Im order lo cblain the oplimal order quanlily, we minimize the expecled total
rvantony cost per und time. The total imventory cost Tor one cycle B gihven by

Total cost = Cndenng cost + Inveniory costl + Holding cost

Ordering cost = &; .. (3.1}
Casl ol imventory = il .. (3.%)
Total holding cost = Cyine; + (m= 108 #{n =2ty & —. & L) .. (3.3}

Equations 3.1 — 3.3 imply that the total cost per unil time, when initial inventory level

isn, B

TEin) = fl:ll?.'.'l.'+ m’._l-_ ¥ {n I]u’.‘_.tr_ IIEr .‘:lf_._r. — "-'.';""

Hence expected fotal cost per unit time is

E(TCm)) = (Ge + nCIE(E) + niy BC2) 4 (n— 10, F2) 44 6 80)

T
Mobe thatr, ~ Fxpl( @), and T = X5 f ~ Gamimsa(n, §)

Mow, E(--) 5 computed as
F(%) = e (TiT=r)

I can be ahown that the conditional dstnbation of ¢|T = ¢ & given by p.d.l

_— -3

feen e nl¥d [' :| LS A
Thus, we hase
E(rir =)= 2

This. further, imples thal

arT

o Yy Py ore b o 1,

e =ei)ram=a=eih = =} (3
Ak, for the Gamma randosm vanabss T. wa have

E[f) =l S = - (25)
Erom (3.4) and (3.5),
E(TC{n)) = (Ca+ aC} BiZ) + Lo E(F ) inin—1)in—2) =1}
{Ca & NCY b Lpany
BT = =+ 0, = (3.6

An optimal wahse of n s the one that minmizes E[TGR|) This ks the smalest valuo

ol i that satsdes

B{TCin)) = ETCin - 1)) as wel as

E{TCi{n} & E[TC{n — 1)}

Equabion {3 6] mmplies that the ootimal value of » 15 oblaned by saiving the inegqually

{o~ -2 = 229 < app-1)

Thewefone, for obtaming oplmal value:, we Soive
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and take =" as the smallest integer greater than or egual to the solution

There for a* e aa [T

4 An Example

Suppose a company stocks an item that is consumed at the rate
of 8 = 0.05 per unit time. The holding cost per unit per unit time
is Rs.10, ordering cost is Rs.100 per order. Suppose shortages
are not allowed and the purchasing cost per unit is Rs.1500. De-
termine expected total cost and optimal quantity.

This example solved with the help of a computer.

C = 100

£, =10

€=1,500

A= —=1/005=20

Lsing the classcal ECQ formala wa gal " = 20 resulting in E(TC) = 21785 4483
Using the model in sec I, we get n” = 3236 = 32 resulting in E(TC) = 311872591
Using the model in sec Ill, we get n* = B0.501 = 81 resulting in  E{TC) = 30810

From the result obtain for above example it is clear that the use
of approximate EOQ model results in the lot size for which the
expected total cost is higher than that for both the models pro-
posed in this paper. Also the model proposed in sec I1I gives best
result.

5. Conclusion:

The example discussed in this paper, clearly indicates that the
demand process is Poisson the use of EOQ model as well as the
model in sec II gives unsatisfactory result. Hence we suggest
that instead of using approximate models the exact model pro-
posed in sec III should be used to obtain optimal results.
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