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ABSTRACT The functions one encounters in elementary analysis are usually differentiable or
 At least ,piecewise differentiable. Such functions   are, for many purposes, sufficiently well behaved to give 

rise to smoothly flowing theories. One does not always need the full force of differentiability to obtain the results 
that one wants, however. Often, the existence of some sort of generalized derivative suffices for the development of at least part of 
the theory. For, example, the theorem which asserts that a  function  F, defined on an interval  I, and having a positive derivative at 
each point of  I, must be increasing, can be  generalized in a number of ways through the use of generalized derivatives. The class of 
approximate derivatives is much larger than the class of derivatives. In this paper ,I can  share my ideas about the  behavior  of ap-
proximate derivative and the study of structure of approximate derivative , which is the natural one to consider when dealing with 
the  surface area.
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Introduction
Of the many generalized derivatives which have been investi-
gated, the one whose study fits most easily into the context of 
our first few chapters is the approximate derivative. Accord-
ingly , we shall study this derivative in some detail in sections 
1,2,3,below,Then ,in sections 4,we discuss a number of Miscella-
ny briefly. Each of these approximate derivatives is obtained by a 
modification of the requirement that it be the limit of a difference 
quotient, and is therefore a “pointwise” derivative. There are 
also generalized derivatives which exist only in a “global “sense.  
 
The Approximate Derivative – Basic properties.

We outline a development of the elementary properties of ap-
proximate derivatives.

Definition: Let F be measurable in a neighborhood of a point 
x0. The upper approximate limit of F at x0 is the greatest lower 
bound of the set { y: { x: F(x) > y } has x0 as a point of dispersion 
}. When the two are equal , their common value is called the ap-
proximate limit of F at x0. 

We denote these limit by
Lim sup ap F(x) Lim inf ap F(x) 
 x→ x0 	  x→ x0 
and Lim ap F(x) respectively. 
 x→ x0 

It follows immediately from this definition that each approxi-
mate limit of F at x0 exists if and only if there exists a measur-
able set E such that

d(E, x0)=1 & lim F(x) = lim ap F(x)
x→ x0 x→ x0 
for all x ε E
 
It is also clear that if two functions coincide on a measurable set, 
their approximate extreme limits agree at each point of density 
of that set.

Intuitively speaking , in dealing with approximate limits , we “ig-
nore sets of density zero .”

The unilateral approximate extreme limits are defined in the 
obvious manner.

Now let F be any finite measurable function defined in a neigh-
borhood of x0 and let

G(x, x0) = ,(x)

We define the approximate upper right derivate, 

The approximate lower right derivative 
The approximate upper left derivative 
The approximate lower left derivative 
The approximate bilateral upper derivate and
The approximate bilateral lower derivate as the corresponding 
approximate extreme limits of G(x, x0) as x→ x0 .

When all of these derivatives are equal , we call their common 
value the approximate derivative of F at x0 and denote it by ). 

When the approximate derivative of F at x0 is finite, we say F is 
approximately differentiable at x0 or F is approximately deriv-
able at x0.

We state ,without proof, two theorems which indicate relation-
ships between approximate differentiability and generalized 
bounded variations.

Theorem1: If F is measurable and generalized bounded varia-
tion on a set E, then F is approximately derivable a. e. on E.

Theorem 2: If at every point x of a measurable set E, a measur-
able function F satisfies at least one of the inequlities

Then F is generalized bound variation.

Thus, if a measurable function F satisfies at least one of the in-
equalities of Theorem 2. On a measurable set E, we see from 
Theorem 1, that F is approximately differentiable at almost 
every point of E.

Although we shall have no need for it in the sequel i.e. we do 
not assume F measurable the definitions of the approximate ex-
treme derivates are the same as in the measurable case except 
that Lebesgue measure in the definition of concepts involving 
density.

Theorem 3: Let F be defined on an interval I, With the pos-
sible exception of a null set, I can be decomposed into four 
sets:
Set P, on which
F has a finite approximate derivative:
Set Q, on which
Set R, on which
 =, , and
Set S, on which
 =, =

If F is measurable , then the sets Q and R must also be null sets.

2.Behavior of approximate derivatives.
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It is convenient to begin this section with an example. Let {In} be 
a sequence of disjoint closed intervals none of which contains 
the origin but whose union has the origin as point of density. 
Let F(0)=0, Fon In . Then, no matter how F is defined elsewhere, 
F will be approximately differentiable at x=0, and .It is easy to 
define F in such a manner as to be differentiable on all of

R {0}, but not differentiable at x = 0. 

We can even construct F to be of bounded variation on R . Now 
let P be a nonempty nowhere dense perfect set contained in [0 
1], To each interval Jn contiguous to P corresponds a subinterval 
[an b n] whose midpoint is the midpoint of Jn and whose length 
satisfies b n-an=J n)/n.

For each n, let Fn be a function defined on

[an b n] such that 

F(an)=F(b n)=n)=n )=0,such that max{F(x): an<x<bn}=1 and 
such that F is differentiable on (an ,b n], and approximately dif-
ferentiable (but not differentiable at an.

Finally ,define F to equal Fn on [an b n] and to vanish elsewhere. 
It is easy to verify that F is approximately differentiable, that on 
P {an}, and that F is differentiable every where except on that 
set. If we choose P to have positive measure, then we see that

an approximately differentiable function can fail to be differen-
tiable function can fail to be differentiable on a set of positive 
measure

P {an}. note , however , that this set is nowhere dense. Note also 
that ,and that F is approximately continuous. It is not continu-
ous, but we could easily modify F so as to be continuous and still 
exhibit the other properties we mentioned.

3.study of the structure of approximate derivatives.
We turn now to a study of the structure of approximate deriva-
tives and of approximately differentiable functions. We shall 
see that although the class of approximate derivatives contains 
the class of derivatives properly, each approximate derivative 
possesses many of the desirable properties shared by all de-
rivatives. We shall see that an approximate derivative P {an is 
always in BAIRE’s first category.

Is always an actual derivative on a dense open set, and will be 
an actual derivative if it is bounded, or even if it is dominated by 
a derivative. We shall emphasize finite approximate derivatives, 
and then discuss briefly the complications that arise when we 
allow approximate derivatives to assume infinite values.

We shall make use of some of these simpler proof’s in our devel-
opment. In particular, we shall make use of some of the ideas we 
developed . we begin with a lemma.

Lemma 1: Let f be defined on some interval I. If f is the limit of a 
convergent interval function 

Proof: Suppose f. We can find positive integers n and k, a non-
empty perfect subset Q of I and a set Qk such that following are 
equivalent.

1. for all x Q
2. Qk is dense in Q
3.| Qk.

Theorem: Let F be approximately differentiable on I. Then 
the function f=.
Proof: By above lemma, it suffices to show that f is the limit of a 
convergent interval function .In order to define ,let us first de-
fine for each interval I and 

each ά ε R a set A(I, ά) in by
A(I, ά)={(x,y): x,y I and > ά }
 

Since F is approximately differentiable, F is also approximately 
continuous and therefore measurable. Thus A(I, ά) is measur-
able subset of .Letting denote two dimensional Lebesgue meas-
ure, we now define 

>1/2}

We show converges to f. Let x0 I0 and let {In} be a sequence of 
intervals in I0 such that

x0 In and λ(In)0. We must show lim(In) = f(x0).

Write ζ =f(x0) and let 1/8 >>0. There exists a positive integer N 
such that for n>N

< on a set E

for which .

Now fix nN, for x En=EIn, let

E(x)={y:yεEn and |x-x0|<8|x-y|}.

The set E(x) consists of those points in En which, for our pur-
poses, are “not too close to x.” using elementary facts about in-
equalities, we can readily verify that if x En and y E(x), then

<17,and if x En then λ(E(x))>λ(In)(1-) .

It now follows from Fubini’s theorem that the set of points (x,y) 
In X In for which

<17 has measure at least

(In X In)(1-)2 

Thus|In)-ζ|<17ε. It follows that lim (In) =f(x0) and the proof of 
the theorem is complete.

We shall now show that a monotonic function F is differentiable 
at each point of approximate differentiability and that if and 
that if F is monotonically increasing. It will then follow that each 
approximately differentiable function on some dense open set.

Lemma: Let F be an increasing function defined on an interval 
I0 For each x0 I0 ,

=. The corresponding equalities for the other extreme derivates 
and extreme approximate derivates are also valid.

Theorem: Let F be increasing on an interval I0.If F is approxi-
mately differentiable at x0 and F1(x0)= 

Proof: If F is approximately differentiable at x0 , then the four 
approximate extreme unilateral derivates are equal at that 
point.

The theorem now follows immediately from lemma, that there 
are examples of continuous functions of bounded variations for 
which the analogue of theorem fails. so the functions we defined 
at the beginning of this section furnishes an example if it is suit-
able defined on the set where it does not vanish.

We state the following theorems ,with out proof, which are 
indicates the behavior of approximate derivatives in measure 
theory.

Theorem:
If F is approximately differentiable on an interval I0 and I0 ,then 
F is increasing on I0

Theorem: Let F be approximately differentiable on I0 and let G 
be differentiable on I0. If G1(x) for all xε I0,then F is differenti-
able on I0 and 

F1(x) = for all x ε I0.
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Theorem: Let F be approximately differentiable on I0, Then 
there exists a dense open subset of I0 on which F is differenti-
able.

Theoem: Let F be approximately differentiable on I0 and let f = ,
then fε D
Corollary:(Mean value theorem). If F is approximately differen-
tiable on I0 , then to each pair of numbers a,b ε I0 corresponds a 
number c between a and b such that (c)

Approximate Derivatives share another property with deriva-
tives, the so-called Denjoy Property.

Theorem: Let F be approximately differentiable on I0. 

If the set E={x : ά < <β} is not empty,then λ(E) >0.

4.Miscellany.
We discuss briefly certain additional topics related to approxi-
mate differentiably.

a.	 Infinite approximate derivative. 
Without the hypothesis that is finite, the analysis becomes con-
siderably more complicated.

If exists(finite or infinite),on I0,then it does not follow that FD, 
Even for FD, it is possible that F∉. The function F might fail to be 
approximately continuous on a set of cardinality c, though this 
set must be of the first category(and, of course, of measure 0)

b.	 Theories of Integration . 
The usual definitions of the integrals of Lebesgue, Denjoy and 
Khintchine are all constructive in nature.The Lebesgue integral 
is defined by a limiting process involving certain sums, and the 
Denjoy and Khinchine integrals involve ceratin operations and 
some(transfinite) inductive processes.

Each of these integrals can also be defined in a so called “De-
scriptive” way that is, as an operation which is inverse to some 
already defined differentiation process.Thus ,we could give the 
following definitions(each of which would be a theorem if the 
constructive process were followed).

Definations: The function F is the Lebesgue integral of f on I0 
provided

(1)	 F is Approximately Continuous on I0, and 
(2)	 F1 = f a.e. on I0
The function F is the Denjoy integral of f on I0 provided

(1)	F is Approximately continuously differentiable on I0 and
(2)	F1= f a.e. on I0
The function F is the khintchine integral of f on I0 provided

(1)	F is approximately continuously differentiable on I0 
(2)	=f a.e. on I0

c.	  Functions of several variables. We have been concerned 
almost entirely with functions of one real variable. Because 
approximate differentiation plays an important role in certain 
parts of the theory of functions of several real variables we take 
a moment to discuss ways in which approximate differentiation 
is “superior” to ordinary differentiation in this setting.

We have already observed ,that the Dini derivates of a func-
tion F of one variable inherit the measurability properties of F. 
For functions of several variables this is not so, however. If F 
is a function of two or more variables and is Lebesgue( Borel) 
measurable, then the extreme partial derivatives of F might 
fail to be Lebesgue measurable.(It is true, however, that if F is 
continuous(borel measurable),then these derivates will be 
Borel(resp.Lebesgue) measurable). The approximate extreme 
partial derivates do inherit the measurability properties of F, 
however.

Let F be continuous in some region D in R2. If the partial deriva-
tives exist a.e. in D, must F be differentiable; But, if F has approx-
imate partial derivatives a.e. in D, then F will be approximately 
differentiable a.e. in D. In this case, F will also have directional 
derivatives in almost every direction at almost every point. 
 
Conclusion:
To establish the desired applications of approximate differ-
entiability to explain the inner concept of monotonic increas-
ing functions are approximately differentiable on some dense 
open set. In addition to the approximate derivative , a number 
of other generalized derivatives may be defined and studies by 
Mathematicians and Scientists. I am not state explicitly the obvi-
ous modifications necessary to define the unilateral or extreme 
derivates. It supports the Riemann, Taylor and Peano deriva-
tives ,which are having important applications in approxima-
tion theory.

REFERENCE
[1].”Approximation Theory,Bonn 1976,Proceedings. In Springer – Verlag Berlin Heidelberg New York. | [2].a text book of Ordinary and Partial 
Differential equations by S.G.DEO. | [3].Applications of Partial Differential Equations | [4].topology by simmons | [5]. L. Ambrosio, N. Fusco, D. 

Pallara, "Functions of bounded variations and free discontinuity problems". Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press, New York, 2000. 
|   | [6] L.C. Evans, R.F. Gariepy, "Measure theory and fine properties of functions" Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1992. | [7] H. Federer, "Geometric 
measure theory". Volume 153 of Die Grundlehren der mathematischen Wissenschaften. Springer-Verlag New York Inc., New York, | [8] M.E. Munroe, "Introduction to measure and 
integration" , Addison-Wesley (1953) | [9] H.L. Royden, "Real analysis" , Macmillan (1968) | [10] W. Rudin, "Principles of mathematical analysis", Third edition, McGraw-Hill (1976) 
| [11] S. Saks, "Theory of the integral" , Hafner (1952) | [12] B.S. Thomson, "Real functions" , pringer (1985) | 


