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ABSTRACT In 1985, Lo [3] introduced the notion of edge graceful graphs. Acharya [1] introduced (k,d) arithmetic

labeling of graphs. In this paper we extended the concept of edge graceful labeling to (k,d) arithmetic edge
graceful labeling of path, cycle, complete graph K, and fan graph F,, Also obtained the relation between sum of the edge labels and

the Estrada Index of these graphs.

1. Introduction
For all terminology and notation in graph theory we follow [6].

Given an integer k > 0, a graph G = (V,E) with p vertices and q
edges is called k - edge graceful, if there exists a bijection f
tE-

{k, k+1,...k+(q-1)} sych that the induced vertex sum R
{0,1,...(p-1)}, where f (u) = [Zf (uv) : uvE] (mod p) is also a bi-
jection. E](mod p) is also a bijection. Such a labeling is called k
edge graceful labeling [3,4,5].

Given non-zero positive integers k, and d a graph G = (VE) is
defined to be (k,d) arithmetic edge graceful, if there exists a
bijection f: Ep {kk+d,...,k+(q- 1)d}s¥ch that the induced
vertex sum f :V — {0,1,..(p-1)}, where f (u) =[[Zf (uv):uvE]
(mod p) is also a bijection. Such a labeling is called (k,d) arith-
metic edge graceful labeling. The set of all k and d are called the
(k,d) arithmetic edge graceful spectrum of G. A good account
on graceful labeling problems can be found in the dynamic
survey of Gillian[2] .

The eigenvalues of the adjacency matrix A(G) of G are called
the eigen- values of G, denoted by A1,12,...,A . The Estrada
index of a graph G is defined as

n

EI(G) = Z eM
i=1
This concept was proposed in [7,8].
2. Main Result
Here we obtained the (k,d) arithmetic edge graceful labeling
of path P, cycle C (where n is odd), complete graph K ,and

the fan graph with four vertices.

Theorem 2.1 The path P is (k,d) arithmetic edge graceful
labeling.

Proof.
Le V»V,/V, andV, be the four verticeand e, €, and ©; be the t
hree edges ofa path P,.
Case (i): k =1,3(mod 4) and d =2(mod 4).
We define f(e ) =k, f(e ) = k+2d and
1 2
f(eg) = k+ d.
Case (ii): k=0,2 (mod 4) and d =1,3(mod 4).
We define f(e ) =k, f(e ) =k +d and
1 2

f(e ) = k + 2d. Hence the path P, is (k,d) arithmetic edge
graceful labeling,

Theorem 2.2. The path P (where n 23 is a prime number)
is (k,d) arithmetic edge grdceful labeling.

Proof.
Let the path P ,where n =3 is a prime number, be the graph
with vertex set! {Vl,VZ ,...,Vn} and the edge set {e ,e ,...,
e . 12

n—1

Ifk,d=r (mod n),1 < r <n and

k(mod n) = d(mod n) then we define

f(ej) = k+(i-1)d, 1 <i <(n -1). Clearly P ,where n 23 isa
prime number, is (k,d) arithmetic edge gracéful graph.

Theorem 2.3. The path P (where n is an odd number other
than prime) is (k,d) arithmétic edge graceful labeling.

Proof.
Consider the path P (where n is an odd number other than
prime), with vertex Set

{v,v,...,v }and the edge set {e ,e ,...,e }.

1 2 n 1 2 n-1

If k,d =2 (mod n) then we define

f(e)=k+ (i-1)d, 1 <i< (n-1). We get arithmetic edge
graceful labeling.

Theorem 2.4. The cycle C (where n is an odd number), is
(k,d) arithmetic edge graceful labeling.

Proof.
The cycle C , where n is an odd number, with vertex set {v
,V ,...,v }'and the edge set {e ,e ,...,e }. The edge e, 2

(VZV )y 1<is(n-1)and e t (v ,v y"Here we consider
two Cdses for n. not

Case (i):If k,d =r (mod n),0 <r <nand n is a prime number
then f(e)=k+id, 1< i<(n-1) and f(e,) =k

Case (ii): If k =0,1,...(n -1) (mod n),

d=12...n -1) (mod n),n isodd number other than

prime and d is not divisible by n. then f(ej) = k +id, 1 i
<(n-1) and

fley)) =k

Theorem 2.5 The fan F3 is (k,d) arithmetic edge graceful
graph.

Proof.

Let {v,v ,v ,v } be the vertices of F with v as the center
vertex ahd? °
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{e ,e ,e ,e ,e }be the set of edges of F defined bye =(
vy e 3-(\f“ v )
1’
=(vv)e =(v de =(vv).
e3 (vvs) e4 (sz) an e5 (vvl)
We label the edges as follows:
Case (i) :f(e )=k +(i-1)d, ifk =1 (mod 4) and d =1,2 (mod
4). (Fig1) '

Case (11)

=1 (mod 4) and d = 3(mod 4) then f(eq )
=k+df =k

f(eS) =k +2d, f(e4) =k +3d and
f(es) =k +4d.

Then the vertex labels as {0, 1,2, 3}. ( Fig 2).

Vl k Vz k+d V3

k+3d

k+4d k+2d

Fig1

v, k+#dd VvV, kid vy

k+4d k+2d

Fig 2
Theorem 2.6. The complete graph K is (k,d) arithmetic
edge graceful for allk,d 1,k #d, d is an odd integer.

Proof.
Let the complete graph K be the graph with vertex set {v ,
VvV }and the edge set

{e ,e ,...,e }.Let v be the center vertex. Suppose that the

edgese = (¥ v) '
e=(V,V),e=(V’V),e =(vy),e (Vy)ande =(v ,V ).

We label the edges as follows f(ej)=k+(i -1)d, 1<1 <6.Then
the vertexlabels as{0,1,2,3}. (Fig 3).

2
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vy
k+5d k+d
Vy k+4d ﬁva
Fig 3
Result 2.7.

The eigenvalues of the path Pn consists of the numbers 2cos
Ti .
(m),]—l,z,...,l'l.

The Estrada index of the path is

ZCOS( ﬂlj
n

EI(P ) =

() Ze n+l

i=l

If Pj, 1 <i <4 then the Sum of the edge labels of the path is
less than the Estrada index. If P;, 5 <i <n ,then the Sum of
the edge labels of the path is greater than the Estrada index.

Result 2.8.
The eigen values of the Cycle Cn consists of the numbers 2cos

,(n-1)

The Estrada index of the path is
27i
2 cos( j
e n

The Sum of the edge labels of the cycles C3 and Cgare less
than the Estrada index. If Cj, 6 <i <n ,then the Sum of the
edge labels of the cycle is greater than the Estrada index.

2mi .
(m),l—l,z,...

EI(P) ="

i=1

Result 2.9.

The eigenvalues of the complete graph K, and the fan graph
F3 are the numbers -1,-1,-1 and 3. T{le Esﬁrada index of
the above mentioned graphs is 3 xe = 21.19 The
Sum of the edge labels of both the graphs K4 and F, is 15,
which is less than the Estrada index.

[1]. B.D.Acharya and S.M.Hedge,Arithmetic graphs,].Graph Theory,14(3) 1990 275-299. [2]].A.Gallian,A dynamic survey of graph

labeling,The Electronic Journal of Combinatorics (2012). [3].S.PLo, On edge graceful labeling of graphs, Congress Numerantium 50
(1985)231-241. [4]. Sin-Min Lee,Peining Ma,Linda Valdes,Siu-Ming tong, On the edge graceful grids, Congress Numerantium 154 (2002) 61-77. [5]. TM.Wang,Cheng-chih
Hasiao,Sin-Min Lee, A note on edge graceful spectra of the square of paths, Discrete Mathematics 308 (2008) 5878-5885. [6]. D.B.West Introduction to Graph Theory, sec-
ond edition, Prentice Hall of India,(2005). [7]. B.Zhou, On Estrad Index, MATHCH Commun.Math,Comput,Chem.60 (2008) 485-492. [8]. Du,B.Zhou, On the Estradalndex of

graphs with given number of cut edges,Electron.].Linear Algebra, 22 (2011) 586-59.

346 IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




