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INTRODUCTION:

Department of Mathematics, Krishnasamy College of Engineering & Technology,

In this paper, we study some rate sequence spaces and prove that they

are complete metric spaces. A complex sequence, whose k™ terms X, is denoted by {x; } or

simply x. Let ® be the set of all finite sequence.

Definition.1

A metric d of X is said to be
bounded if there exists a constant K > 0
such that d(x,y) = Supelx, —yu| <K
where x = (x,), y= (y,) € Xanditis
denoted by [, .

Definition.2

A sequence x = {x,}ina
metric space ( X, d) is a Cauchy sequence
if for every € > 0, there exists a positive
integer ny such that
dx,y)=|x, —x,l <€ Vmmn=n,

Let 1 = {m;} be a sequence of
positive numbers. If X is a sequence

space, then X, denotes the rate space of X.

In fact X, is the vector space of all those

Xk

sequences{xy, } such that {n—} €X.
k

Now
12 = {x = (ﬁ) x €l |lx|| =
Sup |;—’;|}
(co)n = {x = (2) s x € co.lxll =

Sup ) |;—';|}

X
Cp = {x= (#):xEc. lIx|| =
4
TTk}

(co), and ¢, have the same metric as in

1.

Sllp(k)

(lP)n = {x (;—i) ix €L, |lx|l =

1
(St [2) " Hemce ae,y) = l1x = 1}

Xk
Tk
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Iy = {x: (;—i):xEr. d(x,y) =

1
X /k}

Tk T

Sup(k)

Ay = {x= (;—i):xe Ao d(x,y) =

1/k}

Therem.1 [ is a complete metric space.

Vi
Tk

X
Sup(k) |a -

Proof:

n)” 1 n) =

Let {x }n=1 with x

{x_l(n) O } be a Cauchy sequence
T Ty

in 7. Then given € > 0 there exists a

positive integer ng such that

Xm Xn

<e€forallmmn=n,
Tm Ty

x_k(m) _ x_k(n)

Tk Tk

Hence

forallm,n >ny and V k. (1)

Thus, for each k, the sequence {xk (”)}:=1

is a Cauchy sequence in ¢;; . But c;; is
complete.

Hence there is a sequence x = (x—")
Tk
n
such that 5, X forallkasn — o.
Ty Tk

We show that x € [.

we know that Cauchy sequences
are bounded. Hence, there existsa K > 0
such that

£(n)” <KVn
Vs

Therefore |;—k(n)| <K vnk
k

Consequently

xk(n)

Xk
Tk

<K Vk.

lim,,

Or equivalently, x € 7. Letting m — o
in (1), we obtain

x_k_:;_k(n)| <evVn=ngandVk,
k

Tk

Hence
2 x| e e
Ty T - SUp(k) T Tk

<e Vnz=n,.

Thus, the arbitrary Cauchy sequence
(f(n)) in [;7 converges to an element

[

X e
—€ 7.
Therefore [ is a complete metric space.

Theorem.2 c; is a closed subset in 1.

Proof:
Let = () € ¢, , the closure of ¢, .
4y

Then there exists a sequence
™ i m) — (210 M
{x }n: . with x {

T ! )
such that
X )

X
~ —>;forallkasn—>oo

Hence given € > 0, there exists a positive
integer ny such that

ﬁ(n) X f(") X

s /A

<evi

T il
and Vn = n,

. (no)
In particular, e ¢, and
/A

€ .
<§ Vi

ﬁ(n(’) X

i i
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) (no) G S
Smce% ’ €Ec, = {ﬁ 0} 1sa
i=1

i

Cauchy sequence.

x;(mo)  x, (no) € ,
= -k <- VI, k= ny,
T 19" 3
for some n, .
X X X x; (o)
Hence [t — =% < [ - |
L3 T T L3
xi(nO) xk(nO) Xk (no) Xk
T Ty T Ty
€ € €
<-4+-4+-
3 3 3

foralli,k = ng

. X Xi
This show that -= (H—L) € c,.

Thus ¢; =c, inl7.

Corollary.1 c, isa complete metric
space.

Theorem.3 (cy), is closed in c;.
Proof:
X —
Let = (n—) € (¢y) , the closure of
(CO)TT.' in Cr

= there exists a sequence {i(n)} in (cy),

converging to X.

x(M)
=> —_—
s

X
A

< % for all n = n; and for

all e > 0 where n; is a positive integer.

4™ e << foralln = ngand
T T 2
for all k
Now,
| o |2 e x_k(")|
mpl T o my, my 19"
< S+ =7
2 T

Since {g(n)} € (cg)y , we have

z—"(n)| < %for all k > K for some positive
k

integer K.

Thus |z—"| < €.Hence x € (¢p) »
k
accordingly (¢p)r = (co)r -

Corollary.2 (cy), is a complete metric
space.

Theorem.4 Let 1 < p < oo, then (lp)7r is

a complete metric space.

Proof: Let {x(n)}:=1 with x) =
{ﬂ(n) ' xp (M) . } be a Cauchy sequence
T T2

in(lp)n. Then for every € > 0 there exists

a positive integer ny such that

{(n) _ f(m)
s

A

” <€ forallmmn=n,

x_k(n) _x_k(m) P

Tk Tk

< gP

o0
and so D=1
for all m,n=> ng

Therefore, for each fixed k,

p
M x (M) < €P for all m,n=> n,

Tk Tk
Which gives
) _

(m)
Z—" |<e forallm,n = n,
k

Tk

o]

xi (M) . .
=> 1=k is a Cauchy sequence in c,.
Tk n=1

But ¢, is a complete.

x (M) x
Thus =% - 2 gs n - .
Ty Ty

Letx = (z—k) . We now show that
k

X € (lp)n' For any positive integer ng ,
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we have
xm) — x() P Zj x M) x () p
T T T 4k=1 T
xk(m) x )P
+ Y= [ T

< €P for all m,n=> n,

M) x ()P

Sothat Yi_ |2 -k < e?
T T
Letting n — oo, we get
i x (M)
oo [ 2 | <e? ()

Since this holds for all j, we conclude that

m)P
Yi=1 -

<e? (3

By Minkowski’s Inequality, we obtain

. 1 .
j , /p j
x
EREED)
T
=1k =1

Xy Xk(m) p

T T
+( o1 xk(m)| )1/p )
<e€P+ ”%(m) ” using (2)

But the Cauchy sequence G(m)) is

bounded and so there is a constant H > 0.

such that ”?Tn)” <H Vm.

using this in (4), we have

Xk

j X
k=17,

since j is arbitrary, it follows that

14 1/p
) <eP +H.

xkp

1/p
(T 4) 7 <er

This shows that x = (;—k) belongs to
k

(&),

Relation (3) yields

X x(m)

s

” > 0asm - x

Thus, the arbitrary Cauchy sequence
(g(n)) in (lp)n is converges.

Hence (lp)n is complete.

Theorem.5 r, is a complete metric space.

Proof:
Let {x(")}:=1 with x™ =
{x_l(n) ’ x2 (M) . } be a Cauchy sequence
T T2

in r; . Then for every € > 0 there exists a
positive integer ny such that

xk(n) x (M)

Sup@) |- |<— vVm,n = ny,

and so

(

x M) x ()
T Tk

l/k .
) <5 vm,n=ny Vk.

0 . .
=>{x; (m)}mzl is a Cauchy sequence in ¢,

because ¢, is a complete.

(

Fix m, there exists ny such that

xp (M) Xk
T T

1/k .
) << forallk _ (5)

1
k
x—"(m)D < % for alln = n,.

(F:

Now

() " < (- =)
T — \lmy
()
<§+§= € foralln = n,.
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_ (x "_k(m)} (n) ()
=>x = (nk) € r; . From (5) {ﬂk Now % < % :i_k Xk
k T
converges to x.
. . <et+k<w
Hence r,; is a complete metric space.
Theorem.6 A, is a complete metric = Xx = % € A, . Thus A, is a complete
Space. metric space.

Proof:

Let {x(”)}:zl with x™ =
x1 (M) x, ()
{n—i ,é , } be a Cauchy sequence
in A, . Then for every € > 0 there exists a

positive integer n, such that

g(m) —f(n) <e Vmnz=ng
Y
k
=>{Sup 2elm) 20 } <eVm,
T T
= Sup xm) _x () | <ef<e
T T
20 2 () <€V mmnz=ny—6)
Tk Tk
x (M) ® . .
Let {— } is a Cauchy sequence in
Tk m=1
¢, . because c; is a complete, so
{xk (m)}oo
— converges.
Tk m=1

Let lim,, {;—z(m)} =Z

s
Taking n = o in (6)

xk(n) _ i

<e€

we obtain |—
Ty A

forall k = nyg (7)
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