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ABSTRACT In this paper, we study some of the properties of interval valued fuzzy subring of a ring under homomor-

phism and anti-homomorphism and prove some results on these.2000 AMS SUBJECT CLASSIFICATION: 03F55,

08A72, 20N25.

INTRODUCTION: Interval-valued
fuzzy sets were introduced
independently by Zadeh [12], Grattan-
Guiness [5], Jahn [7], in the seventies, in
the same year. An interval valued fuzzy
set (IVF) 1s defined by an interval-
valued membership function. Jun.Y.B
and Kin.K.H[8] defined an interval
valued fuzzy R-subgroups of nearrings.
Solairaju.A  and Nagarajan.R[10]
defined the charactarization of interval
valued Anti fuzzy Left h-ideals over
Hemirings. Azriel Rosenfeld[3] defined
a fuzzy groups. Asok Kumer Ray[2]
defined a product of fuzzy subgroups.
We introduce the concept of interval
valued fuzzy subring of a ring under
homomorphism and anti-homomorphism
and established some results.
1.PRELIMINARIES:

1.1 Definition: Let X be any nonempty
set. A mapping [M] : X — DJ0, 1] is
called an interval valued fuzzy subset
(briefly, IVFS ) of X, where D[0,1]
denotes the family of all closed
subintervals of [0,1] and [M](x) =
[M™(x), M'(x)], for all x in X, where M~
and M are fuzzy subsets of X such that
M (x)< M'(x), for all x in X. Thus
M (x) is an interval (a closed subset of
[0,1] ) and not a number from the
interval [0,1] as in the case of fuzzy

subset. Note that [0] = [0, 0] and [1] =
[1,1].

1.2 Remark: Let D* be the set of all
interval valued fuzzy subset of X, where
D means D[0, 1].

1.3 Definition: Let [M] = {( x, [M"(x),
M'(®)] ) / xeX }, IN] = {( x, [N (x),
N'(x)] ) / xeX} be any two interval
valued fuzzy subsets of X. We define the
following relations and operations:

(i) [M]c [N]ifand only if M (x) <
N7(x) and M"(x) < N'(x), for all x in X.
(i) [M]=[N]ifand only if M"(x) =
N7(x) and M"(x) = N"(x), for all x in X.
(iii) [M] N [N] = { {x, [ min { M'(x),
N (x)}, min { M'(x), N'(x)} ])/xeX }.
(iv) [M] U [N] = { (x, [ max { M (x),
N7(x)}, max { M'(x), N'(x)} ])/xeX },
(v) M1 =[11-[M] = {(x,[1I-
M'(x), - M (x)] )/ xeX }.

1.4 Definition: Let ( R, +,- ) be a ring.
An interval valued fuzzy subset [M] of R
is said to be an interval valued fuzzy
subring(IVFSR) of R if the following
conditions are satisfied:

(1) [M](x-y) 2 min { [M](x), [M](y) },
(if) [M](xy) 2 min { [M](x), [M](y) },
forall xand y in R.

1.5 Definition: Let ( R, +,- ) be a ring.
An interval valued fuzzy subset [M] of R
is said to be an interval valued anti-
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fuzzy subring of R if the following
conditions are satisfied:

(1) [ ](X—Y) < max { [ 1x), M](y) },
(i) [M](xy) < max { [M](x), [M](y) },
for all x and y in R.

1.6 Definition: Let (R, +,- ) and (R, +
-) beanytwo rings Let f: R — R' be
any function and [M] be an interval
valued fuzzy subring in R, [V] be an
interval valued fuzzy subring in f(R) =

R!, defined by [VI(y) = sup M](x),
xef™ ()
for all x in R and y in R'. Then [M] is
called a pre-image of [V] under f and is
denoted by f'([V]).
1.7 Definition: Let [M] be an interval
valued fuzzy subring of a ring R. Then
[M]° is defined as [M]’(x) = [M](x) /
[M](0), for all x in R, where 0 is the
identity element of R.
1.8 Definition: Let [M] be an interval
valued fuzzy subring of a ring (R, +, - )
and a in R. Then the pseudo interval
valued fuzzy coset (a[M])” is defined by
(([M])" )(x) = p(a)[M](x), for every x in
R and for some p in P.
1.9 Definition: Let [M] be an interval
valued fuzzy subring of a ring (R, +,-).
For any a in R, a+[M] defined by
(a+[M])(x) = [M](x—a), for every X in R,
is called an interval valued fuzzy coset
of R.
2. SOME PROPERTIES:
2.1 Theorem: Let (R, +, - ) and ( R/, +
- ) be any two rings. The homomorphic
image of an interval valued fuzzy
subring of R is an interval valued fuzzy
subring of R'.

Proof: Let (R, +, - ) and (R, +, - ) be
any two rings and £&5R R ' be a
homomorphism. That is f(xt+ty) =

f(x)+H(y), f(xy) = f(x)f(y), for all x and y
in R. Let [M] be an interval valued fuzzy
subring of R. Let [V] be the
homomorphic image of [M] under f. We
have to prove that [V] is an interval
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valued fuzzy subring of f(R) = R'. Now,
for f(x) and f(y) in R', we have [V]( f(x)

—f(y) ) = [VI( f(x=y) ) = [M](x~y) = min
{ IM](x), [M](y) }, which implies that
[VIfx)-fly)) > min {[V](f(x)),
[VIf(y)}. And, [V]Ef(y) =
[VI(f(xy)) > [M](xy) = min { [M](x),
[M](y) }, which implies that [V](
f(x)f(y) ) > min { [V](f(x)), [VI(£(y)) }.
Hence [V] is an interval valued fuzzy
subring of aring R'.

2.2 Theorem: Let (R, +, - ) and (R', +

) be any two rings. The homomorphic
pre-image of an interval valued fuzzy
subring of R' is an interval valued fuzzy
subring of R.

Proof: Let (R, +, - ) and (R, +, - ) be
any two rings and &R R ' be a
homomorphism. That is f(xt+y) =

f(x)+(y), f(xy) = f{(x)f(y), for all x and y
in R. Let [V] be an interval valued fuzzy
subring of f(R) = R'. Let [M] be the pre-
image of [V] under f. We have to prove
that [M] is an interval valued fuzzy
subring of R. Let x and y in R. Then,
M](x=y) = [V ](f(X—y)) = [VI(f(x) —f(y)
) 2 min { [V](f(x)), [V](f(y)) } = min {
[M](x), [M](y) }, which implies that
[M](x-y) > min { [M](x), [M](y) }, for x
and y in R. And, [M](xy) = [V](f(xy)) =
[VI(f(x)f(y)) 2 min { [V](f(X))= [VI(£(y))
} = min {[M](x), (y) }, which
implies that [M](xy) > min { [M](x),
M](y) }, for x and y in R. Hence [M] is
an interval valued fuzzy subring of the

ring R.
2.3 Theorem: Let (R, +, - ) and (R', +
) be any two rings. The anti-

homomorphic image of an interval
valued fuzzy subring of R is an interval
valued fuzzy subring of R'.

Proof: Let (R, +, - ) and (R, +, - ) be
any two rings and f : R R ' be a anti-
homomorphism. That is f(xty) =
f(y)+(x), f(xy) = f(y)f(x), for all x and y
in R. Let [M] be an interval valued fuzzy
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subring of R. Let [V] be the
homomorphic image of [M] under f. We
have to prove that [V] is an interval
valued fuzzy subring of f(R) = R'. Now,
let f(x) and f(y) in R', we have [V](
f(x)—A(y) ) = ( f(y—X) ) 2 [M](y—x) =
min {[M ](x) M](y)}, which implies
that [V]( f(X)—f(y))z min { [V](f(x)),
V](f(y)) }. And, [ ](f(X)f(Y)) V( f(yx)
) 2 [M]( yx) 2 min { [M](x), [M](y) },
which implies that [VI(
f(x)f(y) ) = min { [V](f(x)), [VI(f(y)) }.
Hence [V] is an interval valued fuzzy
subring of R'.

2.4 Theorem: Let (R, +, - ) and (R', +

) be any two rings. The anti-
homomorphic pre-image of an
interval valued fuzzy subring of R' is an
interval valued fuzzy subring of
R.

Proof: Let (R, +, - ) and (R, +, - ) be
any two rings and f : R»> R ' be a anti-
homomorphism. That is f(x +y) = f(y) +
f(x), f(xy) = f(y)f(x), for all x and y in
R. Let [V] be an interval valued fuzzy
subring of f(R) = R'. Let [M] be the pre-
image of [V] under f. We have to prove
that [M] is an interval valued fuzzy
subring of R. Let x and y in R. Now,
[M](x-y) = [V](f(x=y)) = [VI(Hy)-f(x))
= min { [V](f(x)), [VI(f(y)) } = min {
[M](x), [M](y) }, which implies that
[M](x=y) > min { [M](x), [M](y) }, for
all x and y in R. Now, [M](xy) =
[VI(fxy)) = [VIE(y)f(x)) = min
{{VI(fx)), [VI(f(y)) } = min {[M](x),
[M](y)}, which implies that [M](xy) >
min {{M](x), [M](y) }, for all x and y in
R. Hence [M] is an interval valued fuzzy

subring of the ring R.

In the following Theorem ° is the
composition operation of
functions:

2.5 Theorem: Let [M] be an interval
valued fuzzy subring of a ring H and f is
an isomorphism from a ring R onto H.

Then [M]ef is an interval valued fuzzy
subring of R.
Proof: Let x and y in R and [M] be an
interval valued fuzzy subring of the ring
H. Then we have (IM]ef )(x=y) = [M](
f(X—Y)) M](f(x) — f(y))= min {
M](f(x)), [ (f(Y)) > min { ([M]f)(x),
([ lef)(y) }, which implies that
(MPH(x=y)=  min { ([M]f)(x),
([M]ef)(y). Then we have, ([M]ef)(xy) =
[M](f(xy)) = [M](f(x)f(y)) = min {
M](f(x)), [M](f(y)) } = min {
(IM]JeH)(x), ([M]ef)(y) }, which implies
that ([M]ef)(xy)>= min {([M]D)(x),
(IMJef)(y) }. Therefore ( [M]ef ) is an
interval valued fuzzy subring of a
ring R.
2.6 Theorem: Let [M] be an interval
valued fuzzy subring of a ring H and f is
an anti-isomorphism from a ring R onto
H. Then [M]ef is an interval valued
fuzzy subring of R.
Proof: Let x and y in R and [M] be an
interval valued fuzzy subring of the ring
H. Then we have, ([M]f)(x-y) =
M](f(x-y)) = [M](f(y)- f(x)) = min {
[M](f(x)), [M](f(y)) }= min { ( [M]of
)(x), ( [M]f )(y) }, which implies that (
[M]of )(x-y)= min { ( [M]f )Xx),
([MJef)(y) }. Then we have, ([M]f)(xy)
= [M](f(xy)) = [M](f(y)f(x)) = min {
M ](f(X)) M ](f(y)) } = min {
(IMJeH)(x), ([M]ef)(y) }, which 1mphes

that ([M]ef)(xy)> min {( 1eD)(x),
(IMJef)(y) }. Therefore ([M]ef) is an

interval valued fuzzy subring of R.

2.7 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R, [M]"
be an interval valued fuzzy set in R
defined by [M]'(x) = [M](x) +[1] -
[M](0), for all x in R, where 0 is the
identity element. Then [M]" is an
interval valued fuzzy subring of the
ring R.

Proof: Let x and y in R. We have,
M]'(x-y) = MI(x-y)+[1]- M](0) >
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min { [M](x), [M](y) } + [1]- [M](0) =
min { { [M (X)Jr [11-[M](0) }, { [M](y)
+ [1] = [MI(0) } } = min { [M]'(x),
M]'(y) }. Therefore, [M] (x—y) > min {
[M]'(x), [M]'(y) }, for all x and y in R.
Similarly, [M](xy) = [M](xy) + [1] —
[M](0) > min { [M](x), [M](y) } + [1] =
[M](0) = min { { [M](x) + [1] = [M](0)
b { IMI) + [1] - MI(0) } }= min {
[M]'(x), [M]'(y) }. Therefore, [M]"(xy)
>min { [M]'(x), [M]'(y) }, for all x and
y in R. Hence [M]" is an interval valued
fuzzy subring of the ring R.

2.8 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R, [M]"
be an interval valued fuzzy set in R
defined by [M]'(x) = [M](x) + [1] —
M](0), for all x in R, where 0 is the
identity element. Then there exists 0 in R
such that [M](0) = [I] if and only if
MJ'(x) = [M](x).

Proof: It is trivial.

2.9 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R, [M]"
be an interval valued fuzzy set in R
defined by [M]'(x) = [M]x) + [1]-
[M](0), for all x in R, where 0 is the
identity element. Then there exists x in R
such that [M]'(x) = [1] if and only if x =
0.

Proof: It is trivial.

2.10 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R, [M]"
be an interval valued fuzzy set in R
defined by [M]'(x) = [M](x) + [1] -
[M](0), for all x in R, where 0 is the
identity element. Then ( [M]") = [M]".
Proof: Let x and y in R. We have,
(M]")'(x) = [M]"(x) + [1] — [M]"(0) = {
[M](x) + [1]-{M](0) } + [1] ={ [M](0) +
[1] - [M](0) } = [M](x) + [1] - [M](0) =
M]'(x). Hence ([M]")" =
[M]"

2.11 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R. Then

Volume : 3 | Issue : 4 | April 2014 « ISSN No 2277 - 8179

interval

[M]0 is an
valued fuzzy subring of the ring R.
Proof: For any x in R, we have

MI°(x=y) = M](x-y) / [M](0) = [l /
[M](0)] min {[M](x), [M](y)} = min { [
[M](x) / [M](0) ], [ [M](y) / [M](0) ] } =
min { [M]’x), [M]°(y) }. That is
M°(x=y)= min { [M]'(x), [M]'(y) },
for all x and y in R. Similarly, [M]O(xy)
= [M](xy) / [M](0) = [1 / [M](0)] min {
[M](x), [M](y) } = min { [ [M](x) /
M ](0) I, [ [1(}’1](}’)/ [M](0) ] } - min {
MI’(x), [MI°(y) }. That is [M](xy) >
min {[M]O(X), [M]O(y) }, for all x and y
in R. Hence [M]0 1s an interval valued
fuzzy subring of the ring R.
2.12 Theorem: Let (R, +, .) be a ring.
[M] is an interval valued fuzzy subring
of R if and only if [M]° is an interval
valued anti-fuzzy subring of R.
Proof: Suppose [M] is an interval valued
fuzzy subring of R. For all x and y in R,
We have [M](x-y)> min { [M](x),
M](y) }, which 1mplies that [1]- [M]%(
X—Y)Z min { { [1] - [MI'®) }, { [1] -
MI(y) } }, Which implies that [M]°(x—
Y)S [1] = min { [1] - [M]*(), [1] -
MI(y) }, which implies that [M]°(x—y)
< max { [M]‘(x), [M](y) }. Also,
[M](xy) = min { [M](x), [M](y)
}, which implies that [1] — [M](xy) >
min { { [1]-[M]'(x) }, { [1] - [M](y) }
}, which implies that [M](xy) < [1] —
min { [1] - [M]'(x), [1] - [M](y) },
which implies that [M]°(xy) < max |{
IM](x), [M]°(y) }. Thus [M]° is an
interval valued anti-fuzzy subring of R.
Converse also can be proved similarly.
2.13 Theorem: Let [M] be an interval
valued fuzzy subring of a ring R, then
the pseudo interval valued fuzzy coset (
a[M] ) is an interval valued fuzzy
subring of the ring R, for every a in R.
Proof: Let [M] be an interval valued
fuzzy subring of the ring R. For every x
and y in R, we have, ( (a[M])" )(x-y) =
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p(@)[M](x-y) = p(a) min { [M](x),
[MI(y) § = min {p(a)[M](x), p(a)[M](y)}
= min { (@[M])" )(x), ( @MD")y) }.
Therefore, ((a[M])")(x—-y) > min { (
(@[M])" )(x), ((a[M])°)(y) }, for x and y
in R. And, ( (aM]P)(xy) = p(@)[M](xy)
> p(a) min{[M](x), [M](y) } = min {
p@IMI(x), p@[M](y) } = min {
(a[M])")(x), ((a[M])°)(y) }. Therefore, (
@M )(xy) = min { ( @M )X), (
(a[M])* )(y) }, for x and y in R. Hence (
a[M] )’ is an interval valued fuzzy
subring of the ring R.

2.14 Theorem: Let (R, +, .) be a ring. If
[M] is an interval valued fuzzy subring
of R, then x + [M] =y + [M] if and only
if [M](x —y) = [M](0), where O is the
identity element. In that case [M](x) =
[M](y).

Proof: Given [M] is an interval valued
fuzzy subring of R. Suppose that x+[M]
= y+[M], which implies that (x+[M])(x)
= (y+[M])(x), which implies that [M](x—
x) = [M](x— y), which implies that
[M1(0) = [M](x~y). Conversely, assume

that [M](x—y) = [M](0), then (x+[M])(z)
= [Ml(zx) = [M](zxty-y)= min {
Mlz-y), MI0) } = [Mlzy) =
(y+[M])(z), which  implies that
(HMD(@) = (y+ [M])(z) womeemeemees (1).
Now, (y+[M](z) = [M](z-y) = [M](z-
y+x- x) = min { [M](z- x), [M](0) } =
[M](z—x) = (x+[M])(z), which implies
that (y+[M])(z) > (x+[M])(z)--------------
------ (2). From (1) and (2) we get,
x+[M] = y+[M].

2.15 Theorem: Let ( R, +, .) be a ring.
Let [M] is an interval valued fuzzy
subring and x, y, u, and v be any
elements in R, if x + [M] = u + [M] and
y + [M] =v + [M], then (xt+y) + [M] =
(utv) + [M].

Proof: Given [M] is an interval valued
fuzzy subring of R. By Theorem 2.14,
[M](x—u) = [M](y-v) = [M](0). We get,
[M](xt+y—u—v) = [M](x—uty—v) >min
{M](x— u), [M](y—v)}
= [M](0). Again, by Theorem 2.14,
(x+y)t[M] = (utv)+[M].
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