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ABSTRACT

Lot PB)= 2,7

be a polynomial of degree . Concerning the estimate for the maximum modulus of a polynomial on the circle |z|= R, R > 0 , in terms of its
degree and the maximum modulus on the unit circle, we have several well known results for the case R> 1 and r > 1 respectively. In this
paper, we have obtained bounds for the maximum modulus of polynomials having some zeros in the interior of a circle of radius R> 1. Our
result improves as well as generalizes the bounds obtained by other authors for the same class of polynomials.

1. INTRODUCTION AND STATEMENT OF RESULTS
Let p(z) = Zaj z' be a polynomial of degree n. Concerning the estimate for
/=0
the maximum modulus of a polynomial on the circle |z| =R, R >0, in terms of its

degree and the maximum modulus on the unit circle, we have the following well

known results.
THEOREM 1.1. If p(z)is a polynomial of degree n, then for every R>1,

max|p(=)] = R" max|p(=)] (1.1

The result is best possible and extremal polynomial is p(z) = A1z", /’L(;t 0) being a

complex number.
Inequality (1.1.) is a simple deduction from the maximum modulus principle

(for reference see [7] or [6]).

For the case » <1 we have the following result.

THEOREM 1.2. If p(z)is a polynomial of degree n, then for r <1,

rnr;li(|p(z)| > " m25<|p(2)| , (1.2)

=] =]

The result is best possible and extremal polynomial is p(z) =A1z", ﬁ,(;é 0) being a

complex number.

Inequality (1.2.) is due to Zarantonello and Varga [9].
THEOREM 1.3. If p(z)is a polynomial of degree n, having no zeros in |Z| <1,

then for r <1,

1 n
r‘rzl‘ezti(|p(z)| > (%j r‘lzl‘e:t§<|p(2)| . (1.3.)

1+zY)"
The result is best possible and equality in inequality (1.3) holds for p(z) = [ ) Z] .
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The inequality (1.1) is due to Ankeny and Rivlin [1] and inequality (1.3) is due
to Rivlin [8].

For the case 0 < p <1 we have the following result due to Aziz [2].

THEOREM 1.4. Let p(z)= Zaj z’ be a polynomial of degree n, which does
=0

not vanish in |Z|<k, k>1. Then for 0 < p <1

marlo() = (22K | o). 04
The result is sharp and equality in (1.4) is attained  for
p(z)=c(ze” +k)", c(#0)eC and BeR.
The following result is due to Jain [5].
THEOREM 1.5 If p(z)be a polynomial of degree n, having all its zeros in
|z|£k,k>1, then for k < R <k’,

s[ R+
ﬁgjﬂp(zﬂ >R (ﬁ} |p(Z)| (1.5)

where s(<n) is the order of a possible zero of p(z) at origin.

In this paper, we prove the following generalization of Theorem 1.5 by involving the

coefficients of the polynomial p(z) = Z a, z’ . In fact we prove the following
j=0

THEOREM 1.6. Let p(z) = Zaj z’ be a polynomial of degree n, having all its

J=0
zeros in |Z| <k,k>1, thenfor k<R<k’,

(Rn—s—lkZ Rn—s+1)(n_S)|a |+2Rn—s a,. 1| | ( )|
(R"*7k? + R)(n—s)|a, |+ (R"™ +Da,_ 1| e

+ R’ (Rn_s - 1)(|an—1| + |an |(7l - S)R)
| (n=9)a, (R +R)+(R"™ +D|a,_,| E | k

max|p(z)| > R*
|Z|=R

(1.6)

where s is the order of a possible zero of p(z) at the origin .
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2. LEMMAS.

For the proof of the above theorems, we need the following lemmas.

LEMMA 2.1.If p(z)= Z a, z" is a polynomial of degree n, having no zeros in

v=20

lz| <k, k=1, then
n|a0|+k2|a1|
Tk 2ynfag|+2k>%|ay] =

max|p (z )| |P(Z)| (2.1)

The above lemma is due to Govil, Rahman and Schmeisser [4].

The above lemma is due to Dewan, Singh and Yadav [3].

LEMMA 2.2. If p(z) = iavzV has no zeros in |Z| <k,k=1, then
v=0

n|a0|+k2|a1|
(1+k>)n|ag| + 2k (B

max|p'(z)| <n ax|p(z)|

|z|=1
B n n|a0|+|al|) |p(Z)| (22)
K"\ L+ k2)njag| + 2k ay| R

LEMMA 2.3. If p(z) = iaj z’ is a polynomial of degree n having all its zeros
j=0

in |z|2k,k>0, then for r <k <R, we have

r (r2 +k2)n‘a0‘ +2k’|a,|
n‘ao‘r(kzrnfz +R")+ kz‘al‘(r” +R”)r\rzl\?1§

p(z)2

max

|z|=r

+{ P (R" —r”)(n‘ao +r‘a1H)

k" ln‘ao‘r(kzr”_z +R")+k2‘al‘(r" +R")J T ‘p )‘

(2.3)
PROOF OF LEMMA 2.3. Since p(z)does not vanish in |z| <k, k>1, the

polynomial 7'(z) = p(rz) does not vanish in |Z|<E E>1 therefore applying
ror

Lemma 2.2 to T(z) , we get
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max|T (z)| <n4

z|=1

max|T (2)

k k
1+ r2)n|a0| + 2r2 r|a1|

n|a0| + r|a1 |)
2 2

n—2
(kj (1+ k)n|a0| +2— k r|a1| |Z|:r
r r r?

or

2
1|,1;1|i'§},,|pv(l,,z)| <n { n|a0|r +k |a1 |) } Z| 1 |p(Z)|

(r* +k )n|a0|+2k2r|a1|

o { nlag|+ rla;)) }mm|p(rz)|

K" + kP nfag|+ 2k ray | | 14E

which is equivalent to

2
f|na><|p'<z)|3n{ el k) }Mw,r)

(r? + k% Ynlag|+ 2k r|a,|

n-1 + (2.4)
_nr { n|ao| l”|al|)2 |}m(p,k).

K" (r? +k2)n|a0|+2k r|a1

Again as p'(z) is a polynomial of degree n —1, by maximum modulus principle [6,

p. 158, problem IIT 269], we have

M(p',t) M(p',i”)
n—1 n—1 > fort=r (25)
t r

Combining inequalities (2.4) and (2.5), we have
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I n|a0|r+k2|a1|) M(p.r) ]
nt"! (r* +k2)n|a0|+2k2r|a1| ’
max|p’(z)| =—7
EE il nlag| + rlay) ot
K" | (2 + k2 )nlag |+ 2k ra,| p’
Now, for 0 < 8 <27z, we have
R
‘ p(Re'?) - p(reie)‘ < J' ‘ p'(tem)‘ dt
| n|a0 |r +k? |a1 |)
M b

% nt"! {(7’2 +k2)n|a0|+2k2r|a1| (p.r)

L I -
. T r' nlay |+ r|a,
_ ke
k"2 {(l’2 +k2)n|a0|+2k2r|al|}m(p )

| n|a0 |r +k? |a1 |) |

M b

R _ {(7"2 +k2)n|a0|+2k2r|a1| (p:r)

I .

r p n|a0| + r|a1 |)

_ v
K" {(r2 + k> )n|ag| + 2k r|ay| P, k)

This is equivalent to

r"G + kP nfag|+ 2k a1+ (R —r™)nfaglr + k2|ay ]

M(p,R)< M(p,
% ) r G +k2)n|a0|+2k2r|a1|} (2.7)
R — " n|a0|+r|a1|)
— k).
k"2 {(rz +k2)n|a0|+2k2r|a1|}m(p )

From which the proof of Lemma 2.3 follows.

3. PROOF OF THE MAIN THEOREM

PROOF OF THE THEOREM 1.6. The polynomial p(z) of degree n has all its

Zeros in |z| <k, k >1, with s-fold zeros at the origin, implies that the polynomial

l,l<1.
k

q(z)=z" p(l/Z) is of degree (n-s) and has all its zeros in |Z| > .
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On applying Lemma 2.3 to the polynomial g(z) with R =1, we obtain for

1 1
e <r< E
r”_s_l(r2 +12) —s)|a, +212r”_s a‘
me_1x|q(z)| > — lk " k_ mai<|q(z)|
|Z =r r(kzrn—s—Z + lj + kiz a, (rn—s + 1) |Z|
rn—s—l (1 _ns N . a‘)
+ m1n|p(z)|

e

a,|+
( L s +1]+12
k2 k

n—s—1 {(7"2 + klzj
max p(z)|

n—s—2
r d, n—s |21
I{kz+1j+k2(r +1)
rn—s—lkn—s—2 (1 _ rn—s
mln

—s)|a,|+7a,,|) B p(l)
{ ( n—s—2 +1j a (1+rns)} - ‘_ -
k* k*

1 1
for—<r<—.
k
The above inequality is equivalent to
r
+=la

k2
r_s_l {(rz + lzj ; }
ke k
n—s—2 maX |p(Z)|
. a, ( s ) |z[=1
" T L S +
’/_—s—lkl’l—s—2 (1 — rn—S )((l’l — S)‘an ‘+ ria n—1 )

( s +1j a |1+ )} k” B k‘P(z)‘
k* k*

kn s— 2{(1/1

or equivalently

~N

L)

max

+

n—1

(3.1
for iz< r<—.
k k

Now replacing » by % we get from inequality (3.1)
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for k<R <k>.

The above inequality on simplification reduces to

( n—s—1y 2 n—s+1 N n—s
max|p(2)] > R (R ’ _k +R"™Nn s)|an|+_2R ] max|p(2)
B (R, + R)(n - s)|a, |+ (R" +D|a, | | 4=

R* (R"™* =D(|a,| + |a, [(n — )R) ,
+ 3 T — m1n|p(z)
| (n=9)|a, (R, + R) + (R"™ + Dla,,| | 2=

b

for k<R <k>.

This completes the proof of Theorem 1.6.
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