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ABSTRACT

In this paper, I have derived trigonometric relations involving Pell and Pell-Lucas numbers using their prop-
erties.

1. Introduction

Proof:
Pell and Pell-Lucas numbers are
tan| tan”" i—tan‘1 L)
respectively defined by the recurrence relation LHS.= P
n+l n+2
P=2P +P,, P =0, P=l, i .
{ n n-1 n-2 0 1 (1) i_h
Qn = 2Qn—1 + Qn—2’ QO = 2’ Ql = 2 P P
_ -1 n+l n+2
5 =tan| tan
n _ n P
Their Binet formulae are P, = r-° I+ =2 || =2
7/ a 5 L Pn+l Pn+2
andQ =y"+0", where y and § are the roots of 5 P,
P, P
x-2x-1 =0 ie. 7/:1+x/5 andé‘:l—x/z S0 = ol e
1);1 Pn+1
1 -1 1+ || 2=
tat 3 =-1or 5= ar = PP
/ 2 n+l
_ PR,-PL ()
2. Pell Trigonometric Identities v p.P,-P P 2P ,
fheorem 1 BB, -EL =)
P P (_l)n+
tan| tan™ ——tan" 2L | = : and B,F,.,=F,.F,=2h,,
n+l n+2 2P2n+2
Theorem 2:
n+l
8(-1
tan| tan~' &—tan‘1 O | _ () .
Qn+1 Qn+2 Q2n+3 + Q2n+1
Proof:
LHS. = tan| tan” = —tan ™' =1L
n+l n+2
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(Q”—Q"H] B k 0 an ! 1 0 tan” 1
= tan| tan ' Ot Gra 5 ()" tan EJF(_ )t 2(k+)
0, 19
1+ _&=n Zntl . -1 Pk k -1 1
(Qnﬂ 0., =tan P—+(—l) tan P
— - k+1 2(k+1)
0, 0. -1)" P I
[Q - Ql =tan”' —( ) +tan” L4 (—l)k tan ——
nl n+2 242 ) Py,

| 2] 2 -
m "f ‘. tan (tan1 A tan™ B j - (1)
QnQn+2 B Qn+1 Rﬁz 2P

2n+2
QI’[ Q}’l _Q}’l Qn — P
HEm = " =tan ' <4 [ tan’l(—x):—tan*'(x)]
_ 8(—1) Pk+2
- n+l n So the formula works for n = & + [. Thus b
Q2n+3 + 2(_1) +Q2n+1 +2(_1) Y

v 0.0, _Qjﬂ =8(-1)"

n+l

PMI, the formula holds for every n>1.

and QnQn = Q n + 2(_1)n = n+l _ 1 _ 1
i o Corollary 1: Z(—l) tan" —=tan ' —,
8(_1) n=l1 P2n ?/
B 0, t0y Proof: Since tan”' X is a continuous
n+ n+
Theorem 3: increasing function, tan”' —>tan” ——.
L Pn n . . 1 2n 2n+2
tan =) (-1) tan” —. |
nil 0 b Also lim tan” —=tan™ 0= 0, therefore the
Proof: (By PMI). e P,
o A a1 -
When n = I, LH.S. = tan” - =tan 7 series converges and
2 00
1 1 _ n+l - 1
RHS.=(-1) tan” —=tan" —, Z( )" tan I
P2 2 n=1 2n
- L.H.S.=R.H.S. . L n+l -1 1
Therefore the formula works for n = 1. Now, ~ Lli?oz;(_l) tan P
n= 2n
assume that it works for n = k, then ' 1
= lim tan™ —*
k4l w1 "o el
(1) tan"—= p
i=1 b, =tan'| lim —2
nr»w‘[;+l

Theorem 4:
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2 | | o1
t -1 _ -1+ -1 ' =tan —.
an ——=tan tan ) y
2n+l 2n 2n+2
41 o1
Proof: Let &, = tan '——tan” —, 16\/5[)2n+1
})2n I)2n+2 = 8P2 _ 4
then 2n+l
1o (v 8B =07 -4-1))
tan Hn — P 1 })2n+12 _ P2n+2 P2n 3 4\/_
l+—x— P P2n+2 + 2P2n+1 P2:1+1
2n 2n+2
42
Hence, tan- [ 12 - ]
_ 2P2n+1 2PZn+l PZn+1
= 5
2n+l = tan”" [2\/7]%[ B [ 22 ]
[ P ne2 n+1 ( 1)n+1] an Q2n+2
_ ) o1
and b, ~F,,=2F, , Theorem 6: Ztaﬂ ' —tan —.
2 n=1 2n+l 2
= P— Proof: By equation (2),
2n+l
4 2 41 41 m m
Hence, tan ' = —tan'——tan'——. tan_l i — tan_l L—tan_l L
PZ"H PZ" PZn+2 ; P2n+1 HZ::I ])271 1)2)1+2
| |
} NG =tan”' o tan” ——
Th 5. tan | ———— e
core 2P2n+1 - })Z_nl-kl 21 2 1 2
=tan" ——tan" ——
=tan " (2\/E]+tanl[ 2\/5 j 2 P2m+2
2n 2n+2 Hence,
(242 [ 242
Proof: Let 0, =tan” +tan- ; S 2 o, g 2
2n 2n+2 Ztan - - hm ztan D
then n=1 2n+1 moe n=1 2n+1
W2 2 7
- 242 + . 41 41
fan 9n _ 0, O — (Q2n+2 an) = lim| tan 1——taﬂ —
1+&X 2\/5 Q2nQ2n+2 _8 mo 2 2m+2
Q2n Q2n+2

_22(B,,) [+ 0,000 =8¢ =t L fim
anﬂ and Qn—l + Qn+1 = 831 2 " })2m+2
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. 1 1
Theore@ 7: Let p, (X) denote the Pell —tan'——tan~' 0 =tan"' —
Polynomial, then 2 2

- o 2x 1
Z tan =tan —
n=1 p2n+1 (x) 2X 1 1
1 Since p,(Xx)=2x and tan" ) —0 as
Proof: Let 0, = —(x) then 22 (X)
’ 1 1 m —> oo, this gives
Do, (X) ) Daner (X) w
tan(6, —6 = 2 1
( 2n 2n+2) 1 1 1 Ztan—l —X — tan—l -
+ X n=l1 p2n+l (x) 2x
D2n(X)  Papin ()
— JLT) (x) — Pon (x)
Dz (X) Py, (x) +1
_ 2y, (1)
p22n+1 (‘x)

. pn+2('x) = 2xpn+2(x)+pn (X)
and p, |(x)p,,,(x)— plf (x)=(- l)k

_ 2x
p2n+1 ('x)
2x
0, —0yr = tan” ———
p2n+1 (x)
Hence,
-1 1 1 1 1 2.x
tan ——-tan —=tan ——
p2n (X) P2n+2 (x) P2n+1 (X)
i tan™' i —tan™ ;
n=1 2n+l (x) n=1 p2n (x) P2n+2 (x)
o 1 o

= tan

an ———
D, (%) P, (x)
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