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ABSTRACT

A statistical approach to two-parameter families of triple close approaches which result a systematic regu-

larity of escape with the formation of a binary is studied in a series of two papers. This paper deals statistical
theory with low initial velocities and equal masses in the evolution of stellar system in two-dimensional space. The complete statistical
solutions (i.e. the distributions of eccentricity e of the binary, binary energy E, and the escape velocity of escaper v_,etc.) of the system

are calculated and are in good agreement with the numerical results of dynamical evolution in the range of = in all direction
of in a plane. We have also applied double limit process to the system in a plane and observed that the perturbmg velocity v,—> 0" the
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m;utmtnthedjmmﬂdmr

{im) EI:Hr. hiearchucal  systema.
Examples of which ae the
mumero: trple sbart observed m
the malactic field

Hee, we with io move to the first catepmy
of three body sshation when the: rajectones
it it far mawe difficolt o dndy it malyhcally
23 well 28 mmencally. The reaton 1% that a
ni It B comvement ip siudy a three-body
sysiem by replacng it with two teo-body
gystems. In ot process, the onpgmml three-
body syslen approaches iz partilion min
ey two-body tystrnm, m whach the escaper
and the bmary form a two two-body syziem
and the mesnbers of the bmary firm another
tern-body systemn In fact, the mam problem
1t the partibon of the phate space of the
mutial conditims The regum of phaae tpace
with oanded motien 13 muzed with escape
regons acaxrdme B Henin [9].

In thiz field, the dynammal evoluhon of
tple encoamier: m the tiellar sysiem has
atiracied the sttenbon of resmnchers i a
long teme. The conpechae: of Birkhoff [5.6]
and lattey reformmlated by Szebehely [17,1E]
vam = Ihﬂhnﬂ'—the]ﬂ]r mpr.lme
gates  that aifficently tople

mhnmnﬂyasym:am:hmhl
with the famation of 2 bmary and a escape
of the thid body. It seems = be of
fomulamnesial mpultlm:e m the piobal
behaviw of three mieachng
gart The dymamecal evolotum of axch
Apckizn and Anopova [1], Szebehely
[16.17,18], Acsova and Ovdre [3], Valionen

[20], Valonen md Mikkola [23], Chanda
i Bhatnagar [7] and othera

Smce Sodmam [15] b shown that
with smull vales of the tobl mgnla
momentom O {m fact for inple collition C=
f 13 a necsuary cmudrhion) and iindy of
gystey with low valne: of anpplar
momentnm C Bvour eizpe. The dynanmical
ﬁnlnhmufmlﬂngmpletjﬂmhuhﬂm

[27], Standih [2B], Saslxwr,

escape doet vt pconr and all mobion ae
penodic, even when ansilar momestham C 13
small If C 13 tmall and asymmetne chanpes
of the mitl conditims: are mirodoced, i
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lead: o escape imttes] of periddic orbitt.
The exizience of snch type of behavior am
Sarbebely comjectre. For the, the mple
dlose approach problem with ten-parameter
farmilies ha been tindied by Chandea and
Bhatmapar [7] (Fast Appeoach), m which,
they have shin that hiw a symmetne tnple
eplhtion 18 avosded by mnpartmp very small
wlocty ¥, m a cabim diectin o . Cor

aim beze 18 v gindy the problem amlytical
md precss mamencal meeshpabon m the
famewok of stabstical escape theones
{Secmd Approach) which 12 developed ey
Momaphan [11,12] and Valtonen [21]. Tt
siatishcal thermes of the ditropbon of tople
tystem are based on the assumption that the
mhﬂmﬂmm LEsE-
ergodic within rﬂsﬂmnf triple
wﬂhnﬁtnnurhﬂ:lqufﬂnﬁnll
Irmary and the: escapmy body & proporiional
o the comespruhing vohone of phate tpace
m 3 coordemie sytiem which % aseocuted
with the centre of mazs of the mple syttem
Acaxding to Szehehely [13] and Aprlan et
al. [26] dassification, the fombes presented
m tn: paper belmps: o the cdasaficatum
0. Fusthermore, i aim 2 alse to sody

1.5tatement of the Prablem

Three equal masies are comadered o
oexupy mutially the vesbces of an equlaieral
tumple FEF,. Thete particles 1z the
abtence of any ditinrbance will muree akmp
the medians of the inangle and collade at the
ceninnd of the imanple Here, o avoul such
a colbzum the mait of Py1: sulpecied o
small perhwbmp velocity v, makmpg an
mgle awith the ime panalld o PR, the
meitet &t F, and Fyare alio snbgecied in
potmbmg  velocty ¥/} parallel and
oppoiiie to v, The centre of maat of the

tyatem thiyd at the centroid of the trimgle
fixr alll fimes.

It thae be fhee eqoal moies
m, =My =m, each equal to umty, occopy
the vertices of an equlateral tnangle PP, ,
the centrid “0° 22 the onpin md zaxit
parallel to ome of the sides PP, of the

trample. We alio choose the umt of disance
such that at =10, PR, =P, =FF, =1

By symmehy each paticle will be at the
same dizbnee fiien the oreem At t = 0, the

position {x,.¥,) and velocies (&, %), 1=

123 of FR,P.,R, == gvea Iy
x, =12,x,=-12,5,=9,
h=%=-V3.5,=1/;
1,=1,=%Cuaf2;  x=vCoia,

¥, =¥, =% 5ma/2, ¥,=vSnz.

The mbmdoctom of Donzm  mehal
vweloatirs with any valne of abveak the
symmeiry and colbzum can be awnded The
dittances hetween the mattet ane fimctions
of v,, aund t Hencefoeth, the tnumgle

PP, cease to be sn equilsteral nangle.

It .1, 1, reoeent the lenpths of the
sules PR, PP, AP, repectively. These
flree dittance: are not equal =y more.
Chanidra amd [7] ket mlculated
the valoes of the relatrve diztances vp to the
second order of tme t 2 follm
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L =Ig —%vu[ﬂma—qﬂﬂim}ﬁ
;v,,‘[l— %(cm a- Jis&ua]’]t‘_
It may be oheerved that 1, it independent of

'F‘III.I:I i while L, amd rnleflml'.:lil:l:l.t{i
bt to the order of

For the present ¢indy we require tEne more
parameters att ={, whach are proen belvw:

G  Moment of Incriia I
l;t]=é;m,q’=1+.ﬁv,5innt+
~{w-2) 407,
Art=0,
KD =1
(D=+3v,Sina t,

=376

@) Total Emergy E,:

E =K, +Y,=3 )

mmy
e

enexpy of the tydrm

m) Aspubr Misrstew

o fime]

Att=9, |C|=%1.r'(:'m:r-

3 Poxsibility of Escape

Smee the dishoce of the escaper from the
ten-body which form 2 nary will go @
mereasmy and eveninally will be

than the relsive distaoce between the
Imnary, the body which B hkely to escpe
mutt be oppodie to the shorted didanre
thez cmiena m view, 1 iy be observed
frem  the reldree dishmces of the
particpating bodies that when low valne of
¥y ind any vahe of o between P and 2x
destroyed and Froes nie o eampe of one of
the hodws winch 13 oppostie o the soallest
saieafied

In orier o tee which body 11 likely o
etcape and the other bwo formmp 2 bmary
fiw low valoes of v, and different vahes of
2 me amlyted on the bei of relairve
ihttances of the partcsmime bodees Chr
result apress with Chaniira and Bhainapar
[7]. The posginliy of escape with the
fEmation «f bimary m a plme ae grven m
table-1
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TARLEX

Possible repion of escape with the exmation of a
bimry for omll valoe of ¥, md {F L2 52y

Angle Taeuality of | Poesild | Bisay
dislawrm ¥ L}
i B
iffwientty
amall)
—IIIIII.:':I':IIIIIII IS IS m, m,,m,
L 3
St k™
6 Cassafa | ¢ < < | m, m,,m,
L 3
e " .
sefcacif] geg<g)m | m,m,
L 3
LRy
ﬂ:=]-l'||'r3 L= <h, Tiexisan
[ 1.
In tht table 1 the mequabie: o colomn 2
me tme fm sl valoes of t amd
coxrespondme to thete mequalibe: we have

which the escaper and the centre of e of
the binary fiem a hypabolc teo-body
gystern and the member of the bamry form
anothey an elliphc two-body Syitem

After the binary wai formed, the GHal
enexgy of the: syitem 13 E, may be wiiiten az

B,=E,+F, , M

where, E, 1 the escape enexpy, E 12 the
E md E mmy be wiiiten from ten-body
contidevahion as folloars:

1. ..
EFEH:P.’-GE?,

A -ju-om,

where m, 12 mait of thnl body {escaper)
mdm and moare metesr of the bmary
componeniis.  The poabon vector of thaml
boddy (escaper) relative o the baryeenive of
the binary 13 r, while the bimary componei:
me sepumted by the wechr §=r{
1£1<15£3) We call tolal masi of the
Ianary componentt my, = m, +m, amd fdal
maet of the systrm M=m, +m,. Then the
mednced  mastes “FEE" and
=M™
M==r
Several eimpe condibont exmt m the
lierature. For matance, Standidh [14] has
shown that i 1t sufficent for escape that
p,> Oy &
my+my, L -d)
uﬂ’f?.:sm
Am, tmy)
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G
and that r.='d=ﬂﬂ%:$m1mr

whee 5 &8 the mgle between v, and 1, .

doest poour for snfficiently sl valoe: of
Vyand for all valoet of zm a plme This
fillow: from th faot that a2
vﬂ—}l}'*].—}'ﬂf’ where, [, =mumimum
moment of merhia The asrymmeinc tople
dotr spproach, after reschiny UMM
moment of mextm T, senerates sofficiently
larpe vahses of Tand Ifor For an
mdicatum of thit proces see Birkhoff [§]
and Szrbehely [17]. Chandra and Bhainapar
[7] hawe lkewved Sondman [15] escape

%

Acnrdmgtnﬂm:hnwmmpeumhtum,

o __a TLiLl_o

In mr caze, the Gral mas: of the: system M=
3, the tral mast of the binary m, =2 and
the rednced mates M, =12 and M, =3/3

{I) Simiishical Process
{A) Fhase Space Volame:

In the satxtical themy of the ditintepratim
of threebody syitemt by Momapha's
[11,12] and Valtonen [21], it & attomed that
the probalably of a2 pFven  escape
nmﬁgnhnnﬂpqntmultnﬂnﬂﬂnm

phaze space avamlsble o fns
nnﬁglnhuu_'lhnmnqtumﬂm;puted
Iry results from other themehical spproaches
2t well as fiom rumeical mint calcnlations.
The demuty oof aEies {etcpe
mepy) 1 obamed by miepratmg &-

finctim over the phate space vlome with
the phase space co-ordamtes, r,r,p.p, where
pid pare the cmonxal momenta
associsted with rand r, respectively.

o= e e B e
2)
Where we put

Pl 2
B =it (B=34)
To detesmane: the properties of the bmary,
we miegyale eqo (1) over randp, amd
etcaper we mieprate overr andp - Fostly we
oy ot the miepmbon over the

s Tl - 'rrllllﬁlrnl

momentom  specep wih 2
disinitration of divection: over the whole
spheve From the milet fir mirgrating & -
fonctims

ﬂ=js[{,'€+m+ﬁb-ﬁt]dp,

-2eja{ B g

=20, (x5, -V )

=2eM, ®

Where x=F?/2M, and from the property
of the 5 - fimchon-

[ Faote-2dds = fi)=1
[ ]
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Momphan [11] miegmtes over randp,
atsuming that the escaper mbet 13 radually
wutwsdl from the baryrenire of the bmary
while Valizmen [21] ztume that the: escaper
at a distance ¥, from the binary centre hax
mtnﬂlﬂpunﬂalnngammglﬂ.lmuht

B mmst have come from ibe neghbmoremd
of the bamry. Otherwise it waruld mi have
acquied  the escape  welocty  The
nesghbourhood of the binary ey be defimed
iR Do poposes ai 3 omculwr aTes
perpencicnbar t the vector over 1, with the
rdms of tome umple mnkple na, whee a
1t the 2emi-major ax: of the binary amd the
muliple 0 comed from expenences with
mint calenlabone and iz % 7. The tem -
mape axi ‘2’ of the binary it related to the
tinary enerzy by

s i ] )
a :

2E,
fhrough the codle of radms 7a define 2 cone;
thez 32 called the “Jost come™ becanse part:
fravellmp m reverse directum from the apex
of the cone to the bnary will proemlly be
scattrred sway from the cone and fhms these
Hints ave lott In the oxvent problem we @m
are broe erape orbatx Sioce they have been
drmply mfinenced by the bmary m the past
The lost rome doechion coniam
appromimately the fraction of x(7a)/2xz,
with radms r aaroundmy the esciper. Smee
& - finchions does not dependd on x,. We cm
accmmt of the lost cone fachr & (72)/2x1,
wﬂhd:;=1:rr,ﬁmd1"intgnlhmnm

EsI—r.ﬂrl MaR

Where the opper hnmt B of the r, mnpe 1t
contidered a2 free parametes. Thes leads o

a=14=mﬂm.mnﬂlﬁmp, D

m[r=%f]_

In oider to gee the usmficance of the
P  mirgrali, we me polar co-
miimairs (r,f)and wole the remasmp

mieprai m the form
[drdp={[[{drdp dodp,. (B
With the change of vanable

_1F
R

_1{ ; p'| Gmm,
‘m,[‘“-‘] :
From which

& _1 Mg,
P TR
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ne[ g 2]
The integyal in eqn.(6) becomes

-0 I 1
I

M dldxd&
[IME B+ 2GmmMx ]
{1
The mirpyahon over x mm be wolten =

] xilx

[ +2GmmM,x-2M, [E, | T

and i3 evalnated on ntmy that the: linmts ae
detexmaned] by the zevos of the denowmnat
and both bmats 1,z are beds than R for the
posuble chimre of tht paameter After
evilutum toll oninbubon o the
miegrainm e x becomes

&

x
WM
To mieprate L 1t 13 more 1xefil (o imsfhmm

o the ecceninaty e with the bmary orbet
ks

- )?
=M, 0-¢7).
2[Ey|

Cumbining the integrations over x, L and ¢
(pat =) together with eq. 5), we find
the density of siatrs

o= T MM R Gmm, || EIL J%

#)

lt may be poted heye that we consder only
and leave the coefficent: m front of them.
v whuch one has io mirgraie m oxder o
i the folal phae tpace volume These
are the fimdamental distnbotien 10 whach we
ae miereied Time the disinimbon of
rmary enerypy [y, nommalzed to wmty, %
SUED d[Ey|=2[E[Ey["d[Ey| o
The, result nay alie be denved from other
theoretical cmrcept 1ke Heome [B] and from
ach concrpt equaivm (9) repesenis an
The cowspeubing ditnboben of
ecomincaty 1t

feyde=c{l-etyde. (1)
there 13 po conelahion beiween the bmary
enexgy E, and eccenincity e of the bamry.
Smer the sm-major zxe 2 1t poporiional
in I, an equrvaleni prediciion 15 hat 2 amd
¢ ae mudependentty dithribubed
{B) Excape Velocity:
When the binary enerpy E, & known, then
eicpe ENEIpyY E.=|E‘HE‘| B obamed
fmem: the equatymn (1) We snbtitule tha: m
equaion () and mirpnir over e the
equation (E) becomes

e

{11)
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We atume that the welocity of the etcaper
m the cenive of mat coordmate tydem 1t
¥v,. Then

v, == 2/5,
B, = =

Therefe dE, =2 vdv,, amd equation
m,
{11) becomes

o =Te'MRm,’(Cm.m, )’
{IhH
J- "a".lt'ﬂ'l 5
(Il jmam e
From the sbove, the srape velocity can be
it ,-( 225"
It cxie, s etcape welocity becomes
v, =5EE a3

etcape enerry dependd on boih the
parameters v, and &

mEmahzation 13

QEE,m, M/my v dv, y
(e

(14)
and the peak of tns distribubion i

fw,)de, =

mapE ans «f the bmary “a’ depend on the
perturimtion mezawed by v,. Az v, 20",
whateves direction may be, the prodnct
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bnary, 1, 9 @, the velooty of the escper

¥, V..

The secomul lemt proces: e o the
behaviw of the members of the floee-

parameter failies = the pertrbing mitial
vedocity v, 30", whatever directim mmy

be. Thaz: the above result may be witten =
2
e
v 3
We have tolal enerpy of the: sysiem,
E,=F, +E,

b the fit himit pocet Eit fixed,
E.—r—GE-Et -dE,—}—E'Ev‘,

mma=%%u,=—%&_

In the tecond lmmt process,. we consader the
prneval form of the total enerpy

where m=m, =m, =m,and lis the length
of the side of the equilateral tremple at the
begmmmnp of the moton

Eqnaimg these tao forms of the above tral

Minimum mienent of mertia I, 0", the
mpnlr mementum C—{0F, the intal
enexpy E, - -3Gm*, the semi-major axis
a0 and the eicape wlocly v oo,
and corsiequentty,

n_‘—}EElE'P-[EE]_
m, M

In or o, 27,2 —I%.

B may oobed that if the alwee amplifymp
shatintim = made praw to the 2ecomd bmat
ke, we have

a{v -¥, +4}—— i

vi= {Ful +2a)! -4},

albrving  an  amlerly  presentatum  of
mumevically edablibhed membert of the
fammly.

B 1 estenhal to pomt out that the proces
alkrws the penembon of aristary boph-
etcape veloobe: with ainray chige
IAnames.

5. Numerical Analysix

Az the yorpose of thns paper 1t to mveshpate
the resalts of mple close approaches with
the formatum of bemry and the sysbrbc
resmbanity of etcape of the thinl body m the
ﬁ:mntnfhhihmlﬂq:eﬂmﬂ Fm
perturting velocihies v, fim 107° <y, <147
and fr all valoes of 2 1B P23 S22

Chanira and Bhainagar [7] bas oheereed
arinal expenment that tao clode approaches
oy before the formmhon of a bmary
otz approach mesn: the firdt oommeam
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sttamed {tecond clode approach) thphily
latter than the first clote approach. The torn
bodi the s atine bodi
which hx the fist dose appoach e
ahiffevent from the ta bodies winch bas the
mmwwﬁrm
mmont In special repums, bodies ane ihe
wme and the frit cote approach ocam:

very shphily before athmmg of [, i the
nesphbomhoods of x=30° z=1HF amd
g=JHF_ It may be seen m Table I
{Chandra and Bhainapar [7]). I may be
mHed or z=3£/2, it & found m acinal
expermment that m, eicpe and m,m,
famed bnary. The tolal enspy of the
system B -3.
famation of a banary and escape of the thal
body when nummam moment of mertia [,
1] ltlmu]_ 5%, we haw mmed out
mg to Chadm amd

expariment  accordmg
B]utlnglr [7iec 3] o oblam the defimie
mintal edementz of the faml nary aod the

etcaper when memmum moment of mesiia
[ & afwmed for 107 <, <107 and
—£28z<x/2 For thes we have obtamed
segnd-mapor ax18 2’ from the maxymum and
maxumm destances 1, of the bnary. Suffix
1 andl | of r are acconding o Table I When
SeITd-Tapor #K1s 4 13 obimned from equaiim
{4) then ﬁum equabon (1), we have
disiamces of the inary againsi exch mpele = .

enexpy E mapeciroely We have also
almiated eccentniaty e deimbubon of
ecceninoty f{e), the mapninde of etcape
whoaty v, disinbuium of eipe velooty
fiv,), deinbmium of |E, Jie KE [ We
hawe also adopted double lemt process and
aalmiated escape velocity winch 13 denpted
byy and i prve pomisme vale ad the
valhe of excape weloaty v, (Le.v, =v.).

B 1z alto exeohal that the tobl enepy
E,<0, theefire E, =E,-E,=[E|-[E],
fw cicape [Ey|>[E|is roquoed This is

We define the follrwmgp ten Gombes with
the paameters v, and ,

) For firdt famely, varymy o amd
kecping; v, fized,
{u) For tecond fmly, varymg v,
and keeping o fixed
As r mam zim 18 to dudy the effect of =
with ¥,, 30 we hawe tindied the typacal
repesentatioe member of the mly. For
thiz we have taken v, =10% and = lymg
between —x/2mnd x/} at an mierval of 5°
{Table II). The le of mamd m, =e
miechanped when oz replaced by
{180° —z). The relative dishimces of the
acomilingly. For a=1WF, the sytiem
In the columes of f{max)and g{mm)of
fable II e muxmmon and ummem
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Tahle-TI

Binary distwee Byfrar ) xad Rfrvin), 2, By, By, &, binary and scapes for - X2 m < 072, when v, = 107,

Inﬂmmhmdli{mn}mﬂ rlfmin;lli
table T = mExmmam and MMM
ilittances of the binary agamtt each angle &
are ko Imown a8

and Penginm

al . E, | B ' =
30 [ SHERE | ADSARD | ADSARE | TR 153041 a0 | momy | my
& | JTHEDRAT | TR | 1R | 30 RO GEE | mmy | m
& | SRR | TR | IPREAT | H Er L AsnH | mom, |m |
R TEERN | RN [IETEN [ RO [WDH T (o o
7| A0WDERT | LA0TRED | LR | B0 RE W3 Al550 | mm, | m
&5 | LSWI7R0 | IAMhE | 1SR0 | A0 L) A | mmy | x
& | I70RT | EIED | 1 8sHRD | 0640 205 4% A6575] | mymy | wy
55| SOVRRN | SR | 1 TRARD | B 2517 aTIenE | mymy | Ty
S| NRN | NP | THEEST |- IThH Bkl AN | mm | m
45| TALRRAT | TTRa | TEDERAT | s S e [mm, (my |
| 3EE0RT [1540E0S | LaeE | Jmid 21141 a5 | mm, x|
35| 37T | 99006 | 1LBAEE | 1K1 L51 A0TE | mumy |my |
30| 3R | S3TRAT | LETRRD | X550 20505 a0l | mumy | xy
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