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ABSTRACT Let G=(V,E) be a simple graph. A subset D of V is called an equitable dominating set if for every v∈V-D, there 
exists a vertex u∈D such that uv∈E(G) and |deg(u)-deg(v)|≤1, where deg(u) and deg(v) denotes the degree 

of a vertex u and degree of a vertex v respectively. An equitable dominating set D is said to be an equitable cototal dominating set 
(ecd-set) if the induced subgraph 〈V-D〉 has no isolated vertices. The equitable cototal domination number  γect (G)  of a graph G is the 
minimum cardinality of an ecd-set of G. In this paper, we obtain some bounds on γect (G)  and its exact values for some standard class 
of graphs are found. 

Equitable Cototal Domination in Graphs
KEYWORDS :  dominating set, equita-
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1. Introduction

All graphs considered here are finite, 

undirected without loops and multiple 

edges. The order and size of 𝐺𝐺𝐺𝐺 are denoted 

by 𝑝𝑝𝑝𝑝 and 𝑞𝑞𝑞𝑞 respectively. The vertex 𝑣𝑣𝑣𝑣 ∈ 𝑉𝑉𝑉𝑉

is called a pendant vertex if 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔𝐺𝐺𝐺𝐺(𝑣𝑣𝑣𝑣) = 1

and an isolated vertex if 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔𝐺𝐺𝐺𝐺(𝑣𝑣𝑣𝑣) = 0,

where 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔𝐺𝐺𝐺𝐺(𝑥𝑥𝑥𝑥) is the degree of a vertex 

𝑥𝑥𝑥𝑥 ∈ 𝑉𝑉𝑉𝑉. We denote 𝛿𝛿𝛿𝛿(𝐺𝐺𝐺𝐺)(Δ(𝐺𝐺𝐺𝐺)) as the 

minimum (maximum) degree. As usual, ⌈𝑥𝑥𝑥𝑥⌉

(⌊𝑥𝑥𝑥𝑥⌋) be the smallest integer not less than 

𝑥𝑥𝑥𝑥 (be the greatest integer not greater 

than𝑥𝑥𝑥𝑥). In general, we use 〈𝑋𝑋𝑋𝑋〉 to denote 

the subgraph induced by the set of vertices 

𝑋𝑋𝑋𝑋.

For terminology and notations not 

specifically defined here, we refer to [2]. 

For more details about domination number 

and its related parameters, we refer to [3 

and 5].

A set 𝐷𝐷𝐷𝐷 ⊆ 𝑉𝑉𝑉𝑉 of a graph 𝐺𝐺𝐺𝐺 = (𝑉𝑉𝑉𝑉,𝐸𝐸𝐸𝐸)

is a dominating set of 𝐺𝐺𝐺𝐺 if for every vertex 

𝑣𝑣𝑣𝑣 ∈ 𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷 there exists a vertex 𝑢𝑢𝑢𝑢 ∈ 𝐷𝐷𝐷𝐷

such that 𝑣𝑣𝑣𝑣 is adjacent to 𝑢𝑢𝑢𝑢. A dominating 

set 𝐷𝐷𝐷𝐷 is said to be minimal if no proper 

subset of 𝐷𝐷𝐷𝐷 is a dominating set. The 

minimum cardinality of a minimal 

dominating set of 𝐺𝐺𝐺𝐺 is called domination 

number 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) of 𝐺𝐺𝐺𝐺. A dominating set 𝐷𝐷𝐷𝐷 is 

said to be cototal dominating set if 

〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no isolated vertices. The 

cototal domination number 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) of 𝐺𝐺𝐺𝐺 is 

the minimum cardinality of a minimal 

cototal dominating set of 𝐺𝐺𝐺𝐺. This concept 

was introduced by Kulli et.al [6].

A subset 𝐷𝐷𝐷𝐷 of 𝑉𝑉𝑉𝑉 is called an 

equitable dominating set of a graph 𝐺𝐺𝐺𝐺 if 

for every vertex 𝑣𝑣𝑣𝑣 ∈ 𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷 there exists a 

vertex 𝑢𝑢𝑢𝑢 ∈ 𝐷𝐷𝐷𝐷 such that 𝑢𝑢𝑢𝑢𝑣𝑣𝑣𝑣 ∈ 𝐸𝐸𝐸𝐸(𝐺𝐺𝐺𝐺) and 

|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑢𝑢𝑢𝑢) − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑣𝑣𝑣𝑣)| ≤ 1. The minimum 

cardinality of such a dominating set is 

denoted by 𝛾𝛾𝛾𝛾𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) and is called an 

equitable domination number of 𝐺𝐺𝐺𝐺. 𝐷𝐷𝐷𝐷 is 

minimal if for any vertex 𝑢𝑢𝑢𝑢 ∈ 𝐷𝐷𝐷𝐷, 𝐷𝐷𝐷𝐷 − {𝑢𝑢𝑢𝑢}

is not an equitable dominating set of 𝐺𝐺𝐺𝐺.

This concept was introduced by 

Swaminathan et.al [8].

In this paper, our aim is to 

introduce a new domination parameter in 

the field of domination in theory of graphs 

which is as follows:

An equitable dominating set 𝐷𝐷𝐷𝐷 of a 

graph 𝐺𝐺𝐺𝐺 is said to be an equitable cototal 

dominating set (ecd-set), if 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no 

isolated vertices. An ecd-set is said to be 

minimal if no proper subset of 𝐷𝐷𝐷𝐷 is an ecd-

set. The equitable cototal domination 

number 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) of 𝐺𝐺𝐺𝐺 is the minimum 

cardinality of minimal ecd-set of 𝐺𝐺𝐺𝐺.

Example: 
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In Fig 1, 𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) = {1, 2, 3, 4, 5}

The minimal equitable dominating sets 

are: 𝐷𝐷𝐷𝐷1 = {1, 2, 5}, 𝐷𝐷𝐷𝐷2 = {1, 3, 5},

𝐷𝐷𝐷𝐷3 = {1, 4, 5} etc. Therefore 𝛾𝛾𝛾𝛾𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) =

|𝐷𝐷𝐷𝐷1| = |𝐷𝐷𝐷𝐷2| = |𝐷𝐷𝐷𝐷3| = 3.

The minimal equitable total dominating set 

is: 𝐷𝐷𝐷𝐷1 = {1, 2, 4, 5}.

Therefore 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷1| = 4.

The minimal equitable cototal dominating 

sets are:𝐷𝐷𝐷𝐷1 = {1, 2, 5}, 𝐷𝐷𝐷𝐷2 = {1, 3, 5},

𝐷𝐷𝐷𝐷3 = {1, 4, 5} etc.

Therefore 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷1| = |𝐷𝐷𝐷𝐷2| = |𝐷𝐷𝐷𝐷3| =

3.

Remark 1.1. For any graph 𝐺𝐺𝐺𝐺,

𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).

The following observations are 

immediate.

Observations: For any connected graph 

𝐺𝐺𝐺𝐺,

(i) 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) and 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).

(ii) 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) if and only if 𝐺𝐺𝐺𝐺 is 

either 𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 2 or 𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚 ,𝑛𝑛𝑛𝑛 ; 𝑚𝑚𝑚𝑚,𝑛𝑛𝑛𝑛 ≥ 2.

(iii) If 𝐷𝐷𝐷𝐷 is a 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 − set of 𝐺𝐺𝐺𝐺, then 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉

is a tree. 

2. Results

We begin our investigation of the 

equitable cototal domination number by 

computing its values for several well 

known classes of graphs. In several 

instances, we shall have causes to use the 

ceiling function of a number.

Next, we list the exact values of 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) for some standard class of graphs. 

Proposition 2.1.

1. For any path 𝑃𝑃𝑃𝑃𝑝𝑝𝑝𝑝 ; 𝑝𝑝𝑝𝑝 = 3𝑟𝑟𝑟𝑟 + 𝑘𝑘𝑘𝑘, where 𝑟𝑟𝑟𝑟

is an integer and 𝑘𝑘𝑘𝑘 ≥ 0,

γ𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡
𝑑𝑑𝑑𝑑 (𝑃𝑃𝑃𝑃𝑝𝑝𝑝𝑝) = �𝑟𝑟𝑟𝑟 + 1;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑘𝑘𝑘𝑘 = 1 

𝑟𝑟𝑟𝑟 + 2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑘𝑘𝑘𝑘  = 0, 2 .
�

2. For any cycle 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 with 𝑝𝑝𝑝𝑝 ≥ 3 vertices,

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝)

=

⎩
⎪
⎨

⎪
⎧𝑝𝑝𝑝𝑝 − 2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  3  ≤   𝑝𝑝𝑝𝑝  ≤   5 
𝑝𝑝𝑝𝑝
3

;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑝𝑝𝑝𝑝 ≡   0  (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑  3) 

⌊
𝑝𝑝𝑝𝑝
4
⌋ + 2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑝𝑝𝑝𝑝    ≡   0  (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑  3) .

�

3. For any complete graph 𝐾𝐾𝐾𝐾𝑝𝑝𝑝𝑝 with 𝑝𝑝𝑝𝑝 ≥ 3

vertices, 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐾𝐾𝐾𝐾𝑝𝑝𝑝𝑝) = 1.
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4. For any star 𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 with 𝑝𝑝𝑝𝑝 ≥ 3 vertices, 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝) = 𝑝𝑝𝑝𝑝.

5. For any wheel 𝑊𝑊𝑊𝑊𝑝𝑝𝑝𝑝 with 𝑝𝑝𝑝𝑝 ≥ 4 vertices,    

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝑊𝑊𝑊𝑊𝑝𝑝𝑝𝑝) =

�

1;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑝𝑝𝑝𝑝 =  4, 5 
⌈𝑝𝑝𝑝𝑝

3
⌉+ 2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑝𝑝𝑝𝑝 ≡  0  (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑  3) 

⌊𝑝𝑝𝑝𝑝−2
3
⌋ + 2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑝𝑝𝑝𝑝 ≡  0  (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑  3) .

�

6. For any complete bipartite graph 𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚 ,𝑛𝑛𝑛𝑛 ,

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚 ,𝑛𝑛𝑛𝑛) =

�2;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  |𝑚𝑚𝑚𝑚− 𝑛𝑛𝑛𝑛|   ≤   1, 1 ≤   𝑚𝑚𝑚𝑚  ≤   𝑛𝑛𝑛𝑛 
𝑚𝑚𝑚𝑚 + 𝑛𝑛𝑛𝑛;  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  |𝑚𝑚𝑚𝑚− 𝑛𝑛𝑛𝑛|   ≥   2, 𝑚𝑚𝑚𝑚, 𝑛𝑛𝑛𝑛  ≥   2 .

�

Next Theorem is immediate from 

Proposition 2.1. 

Theorem 2.2. Let 𝐺𝐺𝐺𝐺 be a nontrivial 

connected graph. Then 1 ≤ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝

and these bounds are sharp. Further, the 

equality of lower bound is attained if and 

only if 𝐺𝐺𝐺𝐺 is 𝐾𝐾𝐾𝐾𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 2 and the equality of 

an upper bound attained if and only if 𝐺𝐺𝐺𝐺 is 

𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 3.

If 𝐺𝐺𝐺𝐺 is said to be a (𝑘𝑘𝑘𝑘,𝑘𝑘𝑘𝑘 + 1) bi-

regular graph, then the degree of each 

vertex in 𝐺𝐺𝐺𝐺 is either 𝑘𝑘𝑘𝑘 or 𝑘𝑘𝑘𝑘 + 1, where 𝑘𝑘𝑘𝑘 is 

a positive integer. 

Theorem 2.3. If 𝐺𝐺𝐺𝐺 is a (𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟 + 1) bi-

regular graph for some 𝑟𝑟𝑟𝑟, then 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) =

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).

Proof. Suppose 𝐺𝐺𝐺𝐺 is a bi-regular graph. 

Then every vertex of 𝐺𝐺𝐺𝐺 has either 𝑟𝑟𝑟𝑟 or 

𝑟𝑟𝑟𝑟 + 1, where 𝑟𝑟𝑟𝑟 is a positive integer. Let 𝐷𝐷𝐷𝐷

be a minimal cototal dominating set of 𝐺𝐺𝐺𝐺.

Then |𝐷𝐷𝐷𝐷| = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺). Let 𝑢𝑢𝑢𝑢 ∈ 𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷, then 

there exists a vertex 𝑣𝑣𝑣𝑣 ∈ 𝐷𝐷𝐷𝐷 such that 

𝑢𝑢𝑢𝑢𝑣𝑣𝑣𝑣 ∈ 𝐸𝐸𝐸𝐸(𝐺𝐺𝐺𝐺), 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑢𝑢𝑢𝑢) = 𝑟𝑟𝑟𝑟 or 𝑟𝑟𝑟𝑟 + 1 and 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑣𝑣𝑣𝑣) = 𝑟𝑟𝑟𝑟 or 𝑟𝑟𝑟𝑟 + 1. Therefore 

|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑢𝑢𝑢𝑢) − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔(𝑣𝑣𝑣𝑣)| = 0 or . Therefore 𝐷𝐷𝐷𝐷

is an equitable cototal dominating set of 𝐺𝐺𝐺𝐺.

Hence 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ |𝐷𝐷𝐷𝐷| = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺). But from 

observation(i), 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) ≤ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺). Therefore 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).

Theorem 2.4. For any connected graph 𝐺𝐺𝐺𝐺

of order 𝑝𝑝𝑝𝑝 containing a cycle. 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) =

𝑝𝑝𝑝𝑝 − 2 if and only if 𝐺𝐺𝐺𝐺 = 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ; 3 ≤ 𝑝𝑝𝑝𝑝 ≤ 5 or 

𝐺𝐺𝐺𝐺 can be obtained from 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≤ 5 by 

attaching zero or one pendant vertex to at 

most 𝑝𝑝𝑝𝑝 vertices of the cycle.

Proof. If 𝐺𝐺𝐺𝐺 = 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ; 3 ≤ 𝑝𝑝𝑝𝑝 ≤ 5 or 𝐺𝐺𝐺𝐺 can be 

obtained from 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≤ 5 by attaching zero 

or one pendant vertex to at most 𝑝𝑝𝑝𝑝 vertices 

of the cycle, then it is easy to verify that 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = 𝑝𝑝𝑝𝑝 − 2.

Conversely, suppose 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) =

𝑝𝑝𝑝𝑝 − 2. Then 𝐺𝐺𝐺𝐺 cannot contain a cycle of 

length at least 6, since, if 𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2, 𝑣𝑣𝑣𝑣3, 𝑣𝑣𝑣𝑣4, 𝑣𝑣𝑣𝑣5

and 𝑣𝑣𝑣𝑣6 are consecutive vertices on a cycle 

𝐶𝐶𝐶𝐶6, then 𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) − {𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2, 𝑣𝑣𝑣𝑣4, 𝑣𝑣𝑣𝑣5} is an 

equitable cototal dominating set of 𝐺𝐺𝐺𝐺,

which is a contradiction.

Now, we have two cases:
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Case 1. 𝐺𝐺𝐺𝐺 containing either 𝐺𝐺𝐺𝐺 = 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ; 3 ≤

𝑝𝑝𝑝𝑝 ≤ 5 containing the consecutive vertices 

𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2, 𝑣𝑣𝑣𝑣3 and 𝑣𝑣𝑣𝑣4. If one of the vertices, 

say 𝑣𝑣𝑣𝑣2, has a neighbor other than 𝑣𝑣𝑣𝑣1 and 

𝑣𝑣𝑣𝑣3, then 𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) − {𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2} or 𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) −

{𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2, 𝑣𝑣𝑣𝑣3} is an equitable cototal 

dominating set of 𝐺𝐺𝐺𝐺 = 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ; 3 ≤ 𝑝𝑝𝑝𝑝 ≤ 5

respectively, which is a contradiction. 

Hence 𝐺𝐺𝐺𝐺 = 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ; 3 ≤ 𝑝𝑝𝑝𝑝 ≤ 5.

Case 2. Let 𝐺𝐺𝐺𝐺 can be obtained from 

𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≤ 5 by attaching zero or one pendant 

vertex to at most 𝑝𝑝𝑝𝑝 vertices of the cycle 𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝
and 𝐺𝐺𝐺𝐺 contains a triangle 𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2, 𝑣𝑣𝑣𝑣3, 𝑣𝑣𝑣𝑣1. If 

each of 𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2 and 𝑣𝑣𝑣𝑣3 has neighbors not on 

the cycle. Hence 

𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) − {𝑣𝑣𝑣𝑣1,𝑁𝑁𝑁𝑁(𝑣𝑣𝑣𝑣1),𝑁𝑁𝑁𝑁(𝑣𝑣𝑣𝑣2),𝑁𝑁𝑁𝑁(𝑣𝑣𝑣𝑣3)} is an 

equitable cototal dominating set of 𝐺𝐺𝐺𝐺,

which is a contradiction. Hence 𝑣𝑣𝑣𝑣1 has no 

neighbors except 𝑣𝑣𝑣𝑣2 and 𝑣𝑣𝑣𝑣3.

If 𝑣𝑣𝑣𝑣2 or 𝑣𝑣𝑣𝑣3 has neighbors not on the cycle, 

say 𝑁𝑁𝑁𝑁(𝑣𝑣𝑣𝑣2) = 𝑢𝑢𝑢𝑢2, then 𝑉𝑉𝑉𝑉(𝐺𝐺𝐺𝐺) − 𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2,𝑢𝑢𝑢𝑢2 is 

an equitable cototal dominating set, a 

contradiction. Hence every vertex of the 

cycle is adjacent to degree one vertices not 

on the cycle.

Proposition 2.5. For any connected 

graph 𝐺𝐺𝐺𝐺 of order 𝑝𝑝𝑝𝑝. Then 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = 𝑝𝑝𝑝𝑝 if

and only if 𝐺𝐺𝐺𝐺 is 𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 3.

Proof. Suppose 𝐺𝐺𝐺𝐺 is 𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 3. Thus 

there exists an equitable cototal 

dominating set 𝐷𝐷𝐷𝐷 containing all the 

vertices of 𝐺𝐺𝐺𝐺. Hence the result follows that 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = 𝑝𝑝𝑝𝑝.

Conversely, let 𝐺𝐺𝐺𝐺 be a connected 

graph of order 𝑝𝑝𝑝𝑝 and 𝐺𝐺𝐺𝐺 is not a star graph 

𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 3. Then there exists an equitable 

cototal dominating set of cardinality less 

than or equal to 𝑝𝑝𝑝𝑝 − 1, a contradiction. 

Hence 𝐺𝐺𝐺𝐺 must be 𝐾𝐾𝐾𝐾1,𝑝𝑝𝑝𝑝 ;𝑝𝑝𝑝𝑝 ≥ 3.

Theorem 2.6. For any connected graph 𝐺𝐺𝐺𝐺,

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = 1 if and only if 𝛿𝛿𝛿𝛿(𝐺𝐺𝐺𝐺) ≥ 2 and

𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) = 1.

Proof. Let 𝐺𝐺𝐺𝐺 be any nontrivial connected 

graph of order at least 3, then 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = 1.

We consider two cases:

Case 1. Suppose 𝛿𝛿𝛿𝛿(𝐺𝐺𝐺𝐺) = 1 and 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) = 1.

Let {𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖} for some 𝑖𝑖𝑖𝑖, be the set of vertices

of degree 𝑝𝑝𝑝𝑝 − 1 and {𝑣𝑣𝑣𝑣𝑖𝑖𝑖𝑖} be the set of its 

neighbors. Then by definition of equitable 

cototal dominating set, 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |{𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖} −

{𝑣𝑣𝑣𝑣𝑖𝑖𝑖𝑖}| ≥ 2, a contradiction.

Case 2. Suppose 𝛿𝛿𝛿𝛿(𝐺𝐺𝐺𝐺) = 2. Then there 

exists a vertex 𝑢𝑢𝑢𝑢 of maximum degree less 

than or equal to 𝑝𝑝𝑝𝑝 − 1. Let 𝑣𝑣𝑣𝑣 be a vertex of 

minimum degree, then by the definition 

equitable cototal dominating set 𝐷𝐷𝐷𝐷 =

{𝑣𝑣𝑣𝑣1, 𝑣𝑣𝑣𝑣2,⋯𝑣𝑣𝑣𝑣𝑛𝑛𝑛𝑛 , 𝑣𝑣𝑣𝑣} in 𝐺𝐺𝐺𝐺. If 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no 

isolated vertices, then |𝐷𝐷𝐷𝐷| ≥ 2. Hence 

𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷| ≥ 2, a contradiction.

Conversely, suppose 𝛿𝛿𝛿𝛿(𝐺𝐺𝐺𝐺) ≥ 2 and 

𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) = 1, then there exists a vertex of 
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degree 𝑝𝑝𝑝𝑝 − 1. Therefore 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no 

isolated vertices. Hence 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷| = 1.

Nordhaus - Gaddum provided best 

possible bound on the sum of the 

chromatic numbers of a graph and its 

complement. A corresponding result for 

the domination number was presented by 

F. Jaeger et. al [1]. If 𝐺𝐺𝐺𝐺 is a graph of order 

𝑝𝑝𝑝𝑝 ≥ 2, then 3 ≤ 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1.

We now give the best possible 

bounds on the sum and product of the 

equitable cototal domination number of a 

graph and its complement. 

Theorem 2.7. Let 𝐺𝐺𝐺𝐺 be any nontrivial 

connected graph. If both 𝐺𝐺𝐺𝐺 and 𝐺𝐺𝐺𝐺 has no 

isolated vertices, then

(i) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1

(ii) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ⋅ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 2𝑝𝑝𝑝𝑝.

Finally we conclude this paper by 

exploring the following open problems.

Open Problem 1. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺).

Open problem 2. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).
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This research was supported by the 

University Grants Commission, New 

Delhi, India. No.F.4-1/2006(BSR)/7-

101/2007(BSR) dated: 20th June, 2012. 

5

degree 𝑝𝑝𝑝𝑝 − 1. Therefore 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no 

isolated vertices. Hence 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷| = 1.

Nordhaus - Gaddum provided best 

possible bound on the sum of the 

chromatic numbers of a graph and its 

complement. A corresponding result for 

the domination number was presented by 

F. Jaeger et. al [1]. If 𝐺𝐺𝐺𝐺 is a graph of order 

𝑝𝑝𝑝𝑝 ≥ 2, then 3 ≤ 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1.

We now give the best possible 

bounds on the sum and product of the 

equitable cototal domination number of a 

graph and its complement. 

Theorem 2.7. Let 𝐺𝐺𝐺𝐺 be any nontrivial 

connected graph. If both 𝐺𝐺𝐺𝐺 and 𝐺𝐺𝐺𝐺 has no 

isolated vertices, then

(i) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1

(ii) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ⋅ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 2𝑝𝑝𝑝𝑝.

Finally we conclude this paper by 

exploring the following open problems.

Open Problem 1. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺).

Open problem 2. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).

3. Acknowledgement

This research was supported by UGC-SAP 

DRS-II New Delhi, India: for 2010-2015.

This research was supported by the 

University Grants Commission, New 

Delhi, India. No.F.4-1/2006(BSR)/7-

101/2007(BSR) dated: 20th June, 2012. 

REFERENCE
[1] F. Jaeger and C. Payan, Relations du type Nordhaus-Gaddum pour le nombre d’ absorption d’ un graphe simple, Addison-Wesley, C. R. Acad. 
Sci Ser A 274, 728-730 (1972). | [2] F. Harary, Graph Theory, Addison-Wesley, Reading, Mass, (1969). | [3] T. W. Haynes, S. T. Hedetniemi and P. J. 

Slater, Fundamentals of Domination in Graphs, Marcel Dekker, Inc., New York, (1998). | [4] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Domination in Graphs- Advanced Topics, 
Marcel Dekker, Inc., New York, (1998). | [5] V. R. Kulli, Theory of Domination in Graphs, Vishwa International Publications, Gulbarga, India (2010). | [6] V. R. Kulli, B. Janakiram and 
Radha R. Iyer, The Cototal Domination Number of a Graph, Journal of Discrete Mathematical Sciences and Cryptography, 2(2, 3), 179-184 (1999). | [7] O. Ore, Theory of Graphs, 
Amer. Math. Soc. Colloq. Publ., 38, Providence, 1962. | [8] V. Swaminathan and K. M. Dharmalingam, Degree Equitable Domination on Graphs, Kragujevak Journal of Mathematics, 
35(1), 191-197 (2011). | 

5

degree 𝑝𝑝𝑝𝑝 − 1. Therefore 〈𝑉𝑉𝑉𝑉 − 𝐷𝐷𝐷𝐷〉 has no 

isolated vertices. Hence 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) = |𝐷𝐷𝐷𝐷| = 1.

Nordhaus - Gaddum provided best 

possible bound on the sum of the 

chromatic numbers of a graph and its 

complement. A corresponding result for 

the domination number was presented by 

F. Jaeger et. al [1]. If 𝐺𝐺𝐺𝐺 is a graph of order 

𝑝𝑝𝑝𝑝 ≥ 2, then 3 ≤ 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾(𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1.

We now give the best possible 

bounds on the sum and product of the 

equitable cototal domination number of a 

graph and its complement. 

Theorem 2.7. Let 𝐺𝐺𝐺𝐺 be any nontrivial 

connected graph. If both 𝐺𝐺𝐺𝐺 and 𝐺𝐺𝐺𝐺 has no 

isolated vertices, then

(i) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) + 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 𝑝𝑝𝑝𝑝 + 1

(ii) 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ⋅ 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺) ≤ 2𝑝𝑝𝑝𝑝.

Finally we conclude this paper by 

exploring the following open problems.

Open Problem 1. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺).

Open problem 2. Characterize the graphs 

for which 𝛾𝛾𝛾𝛾𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑(𝐺𝐺𝐺𝐺) = 𝛾𝛾𝛾𝛾𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑑𝑑𝑑𝑑 (𝐺𝐺𝐺𝐺).
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