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ABSTRACT In the present communication, we have considered the bounds and inequalities among weighted fuzzy mean

difference-divergence measures. Here we have considered mixed weighted fuzzy mean difference-divergences,

their bounds and inequalities such as :

(i) My, (1, (), 115 ()W) S My (0, (35,), pp (3)s ) S My (g (3, 5 (%, )3 W)

(ii) A/[szv3 (g (%), pp (x,); W) < MNZN, (2 (x,)5 15 (x,); ) S% MNZG (g (), 15 (%) )

< My (py(x), 1 (x); W) and

(i) My (py (), g (X W) < My (0, (x,), 115 (x,); )

To establish the bounds/inequalities, we have exploited weighted fuzzy f-divergence corresponding to Csiszar’s f-divergence.

1.1 INTRODUCTION :

It is a well known fact that means-Arithmetic,
Geometric and harmonic have a vital role for application in
mathematical sciences, statistical analysis medical sciences,
budget analysis, planning, environmental sciences and many
others. Since the origin of fuzzy set theoretic measures of
information, there is a wide application of fuzzy measures of
information-divergences in diverse field of cybernetics,
engineering, management, medicine, data base, fuzzy
numbers and operators, diagnosis and environmental
modeling, classification and recognition, scheduling and
planning, cognition, multi-media, signal processing,
interpersonal ~communication, air craft control, Expert
system and many other areas (C.f G.J. Klir and T.A. Folger)
[3]. Importance of an event or experiment, has been the
outlook of every human being, therefore, we will utilize the
weighted distribution corresponding to fuzzy set theoretic
distribution and consider the following fuzzy information

scheme for the purpose :

E, Eyn E,
F.S =] 1, (x) My (X)) (x| e ((9))
w Wy ererererenenenns w,

For the scheme (1.1) Kapur [2] defined the

weighted Fuzzy divergence entropy as :

Fl(pa(xi) s Wil = —z W; [pa(xi) log pa(xi) + (1 = pa(xi)

i=1

log(1 — pa(xi))] (12)

For the study of weighted fuzzy divergence measure, we

define the weighted information scheme as follows:

E| Eyn E,

Fs, - (%)) 1y ()t (X,) 1.3)
Hy (X)) Hy (). #(x,)
W, Wy eerevevenenenns w,

and the weighted fuzzy divergence measure has been

defined by kapur [2]

D(pa(xi), ts(xi) : W)

= {m (x,) log £20)
i1

2y (x;)
_ A= p,(x))
(=1, (x,)) log (= p (x,-))} ..... (1.4)

Since the study of divergence measures either probabilistic
or fuzzy, is important due to reliability of the system
probabilistic or fuzzy, so analogous to probabilistic
divergences, Singh and Tomar [8] have defined and studied

a series of symmetric and non-symmetric fuzzy divergence
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measures. Taneja [9], Zhi-Hua Zhang and Yu-Dong Wu
[10], H. N. Shi, J. Zhang and Da Mao Li [2] and Huan
Nanshi and Jian Zhang [3], Ladislav Makjicka [6] have
studied many types of means and characterized them and
established bounds for them. Earlier Singh and Tomar [§]
have studied fuzzy mean difference-divergences also.
Recently Priti, Santosh and Singh [7] have studied some
inequalities among them. In this communication, we
enhance studies further for weighted mean difference-
divergences, first defining weighted fuzzy mean of order t, t
# 0 and for different values of t, i.e. t=-1,t=0,t=1,t=
Y, t =2, and t = £ oo, particular cases have been defined.
Some mixed weighted mean difference-divergence measures
also have been defined. Section 2 presents the weighted
fuzzy mean difference-divergences which are needed for the
concerned bounds, their functional forms, first and second
derivatives. Section 3, presents some basic weighted fuzzy
divergences analogous to Csiszars’ [1] f-divergence and the
bounds in the form of inequalities which have been
established through prepositions exploiting calculus. Now
let us define weighted fuzzy mean of order t, t # 0 as

follows:

Research Paper

M, (1, (x), () W) =

1 1

W [ﬂA(xi)+ﬂB(xi)jl_{(I—HA(XI)) +(1_:u3(xi)) ]I ,

when f#0
Weighted Fuzzy Harmonic Mean = H ( g, (), (x); W)

. {2@ () o) | 20 )N~ w,»]
L) 2-p)-p0x) |

when t=-1

Weighted Fuzzy Geometric Mean = G( (), (x); W)

i

= (1) 1)+ 1= ()1 1),

when =0

Weighted Fuzzy Arithmetic Mean = 4 ( 1, (%), 1, (x); W)

) {ﬂA(x,»)w(xi) 2-#,4()6,»)-/13()9)}
= WI + R
) )

when ¢=1

Weighted Fuzzy Root Mean Square = § ( 1) (%) 5 W)

+ J(l—u,xx»)%(l—ug(x»r

, when t=2
2

Weighted Fuzzy Mixed Mean =N, ( H (), i (x); W)

" 2

+[J(1m(xl))w(lyg(xl))]z

, Whenf=—
2 2

Weighted max{yA(xl), yB(x,);W} , When t=o

Weighted min{yA(xi), yB(xl.);W} , When {=-0
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MIXED WEIGHTED FUZZY MEAN MEASURES

1. N, (,UA(XI-)’ AuB(xi);W) =
N )ty ) A (1), a1, ()

2 2

- WMM()@) +\/ﬂg(x[)}2 +{\/1—y/,(x,,) +Jl-ﬂa(x,»)}2

v {ﬂA(xi)+ﬂB(xi)+Z_ﬂA(xi)_/uB(xi)}
2 2

or
N |:{\//1A(xi)+\/lu3(xi)}{ /ﬂA(xf)+ﬂB(xf)}3
’ 2 Vo2
{\/1 :uA +\/1 IUBX)}{ Z_ﬂA(xi)_:uB(xi)}
2 2

2. N, (/UA (%), My (xi);W)

_ ZA(IUA (%), #5(x); W) + G(:“A (,)s t5(x,); W)
3

(tuxi( )+/Jg(x)) ( :uA( ))+(1_:u3(x'))

T () () + (L, ()1 gy ()]
3

or

3

Hm( X+ 5 () + 2, (3 )ﬂg(xf)]

+{2—m(xi)—uB(x[)w(l—m(x») (1—yg<xi)>}]

3

Now we define the mean differences which are necessary

for this study, in the next section.

SECTION-2
2.1 WEIGHTED FUZZY MEAN DIFFERENCE-
DIVERGENCE MEASURES

Let us consider the following mean difference-
divergence measures
Lo M, (4//BW)

1 i 2

2

+\/1 :uB(x \/2_ﬂA(xi)_luB(xi)
2 2
i m(x,-)+ug(x,»)+\/u,4(x,-)ﬂ3<x,-)]

3

i=!

\/1 Hy(x

+

_ Z_ﬂA(xi)_:uB(xi)‘l'

(1 ~Hy (xi))(l ~ M (xi)) ]}
3

2 My, (AlIBW)

; w{[ﬁa ﬂ;m(x ]( Jm(x»;ug(m]

{J(l—mwJ(l—m(x))][vz—u,i(xi)—uB(x[)]

2 2

_[W‘A("J;Jﬂg( ] [Jl u,(x ;ﬁ PRz, ﬂ

3 My(4//BW)

LA

+[J(1—m(x,-))+J(l—ugu,))]x[v2—uA<x,.)—u,,(xi>j

2 2

_(\//uA(xi)/JB(xi)‘l'(l_/uA(xi))(l_:uB(xi))) }
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4 M, (AlIBW) =

5 W_{ [Ju,l(xi)w;tg(x,-)][ \/uA(x,.)wB(xi)]

o 2 2

2 2

_( 201,51y (3) ][2 1euA<xi»(1—ﬂB(x,~»]}
(%) + p(x,) 2= gy (x) = pg(x;)

{w—m(x[»+¢1—ﬂ3<x[>][ Jz—u,mxi)—ug(x,-)]

5. My, (A11BW) =

Zn: W {'L[A(xi)-l_ﬂli(xi)-l—\]luA(xi)ﬂB(‘xi)

3

i=1

L 27 1 05) = 1y () + (= 1, ()1 - 1y (5)
3

_[\/m(xm/ug(xi)]z
2

2

[J(ly,,(x,)>+¢<1y3(x,)>]2}

6. M (4]/BW) =

S {[w(x»+u3(xi>+\/u/4(xi)u3(xi)]

3

i=1

. 2—u,,(x,.)—u3<xf>+J1—uA(x,)>(1—%@9))]
3

(x5 + (=11, ()) (1= 5 () }

7. M, (Al IB) =
S, {{m(x»+u3<x,-)+\/ﬂA(x,.>uB(x,.>]

+[2—u,4<x,-)—u3(x,-)+J<1—uA<x,~))(1—uB(xi)>]
3

200, ()15 (%) ]_[2 1E 21, ()1~ 1 (x,-»]}
Hy (xi) + 1y (xi)

2 _/uA(x,') _IuB(xi)
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8. M, (A//BW) =

i
=

{[m(x,-)wy(xi)ﬂ m(xi)uB(xi)]
4

4

+[2—u,4(xl->—u3<x,~)+J<1—u,4<x,-)><1—u3<xi»]

- \/ZﬂA(xi)ﬂB(x;)‘l'l_/uA(xi)_,uB(xi)) }

9. My, (AlIBW) =

- () + g () + 24/ 1, (%) 4 (x;)
| 4 ]

i=1

+[2—ﬂA(x[)—uB(xf)+2\/(1—;1,1(%))(1—#5()6,-))]
4

_[ 20, (x,) 4, (%,) J_[z leuxx,-))(l—ug(xi»}
,u,q(x[)"',ug(xi) 2_1"‘A(x[)_ﬂ3(xi)
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FUNCTIONAL FORM, FIRST AND SECOND DERIVATIVES

MEAN FUNCTIONAL FORM FIRST DERIVATIVE | SECOND DERIVATIVE
DIFFERENCE-
DIVERGENCE
szN3 (x): f'N2N3(x): f"NzN3 (x)=
1 — -
‘/;"’\E X+ L K wal]?
! 2 2] 1
: 2 4fx| 2 8 2 8
1
1 1 2
+§[\/)_C+ Ej 7; X+ — : 1
x -
| 2 32
1)z
X+
2 —_
2 oo
+ p—
e
MN2N3(A//B) 1 %—x 2
x+l+ x _4\/1—x 2 3 3
- 2 \2 1 3| ——x
’ 1 1 5075
- \/1—x+\/:
8[ 2
é—x+ Imx 1 1
2 2 2 ——|JVI-x +\F
_ _y 2 2
3 1
2 6v2x 3\
P
+—F—=x2
PO S 2 1242
6\2(\1-x)
1 3
+ 1-x)?
P
szM (x)= f'NZN, (x) = f”NzN, (x)=
1 n
oo feed - 1o 1)
M, , (A//B) — 2 4
241 2 2 4\/5 1 \
X+ -
2 2 )2
20 X7+ —
1 I 4
\/1—x+\/7 X+ 4 2
+ 2 LT
2 W2 x 1
1 2 12
+— (1-x) +-
42 +— -
2 2
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M, . (4//B) 3 1 , 112
P l-x+ ) =y Y (1-x) +Z
2 3 _( 2 j 2
: 3 | 1 . 1
\/;-I- — 1 E_x 3 3
| — i 42x) 4(2(1-x))?
_L[L_ !
L 2 W2 \Vx Vi-x
1- il
) X+ 5
2
szG (x)= f'NzG (x)= f"Nz(; (x)=
1 1 1 4
Eafil bea] | 7+
2 2 42 1 .
+E EERE
2 X7+ —
I -2 4
e L S 4 2
. 2 L
2 M2 x 1
» 12
1 R
3 _L I-x+ E +% (1 xz) +4
M, .(A//B) P MR
2 2 2 75
3 2 12
1 R S L p S
—[ §+_Tx] W2 i=x 2 2
3
l(x)Z l[l—xJZ
—_ — +_ —_—
16l2) 16\ 2
fNZH(x): f'N2H(x): f"NzH(x):
1 1
2 2 |
\/;‘i'\/g Xt | \/;+\/7 1 \/;Jr\/I
2 2 2 82 2
M, ,(A1/B) W2 il B il
1) 2 1) 2
1 X+—| —|x+—=
e ( 2] ( 2j
_|_
2
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X+— - 1 1)
I
T 82
1 x2-x? (x+l]2
x  l-x Vi-x+ 5 2
_ x+l_§—x 3 1
22 Pl MHFH
3 3 L
o e
42 J1-x ] 2
1 - }__
VAR =) 57
3 jz 3
—=X (1—x)2
T
2(;—)6] 1
~(1-x)? [i_sz
1 1
- 7t 2
S
2 2
fN3N,( )= f ’N3N] (x)= f"N3N] (x)=
MN3N,(A//B) | \/; 1 1 ,%
T, 6\2x O
3 1 Lo
63241 el
3, -y b LS
L2 : 2 42x 82
1 1 _z
NN 50
1 2
[
2
m+£
2
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] NG (x) f 'N_;G (x)= f "N3G (x) =
1 ( 1(; R
AP 3\ 20x 1242
3 1 1 S
e |
M, (A1/B) ’
| R
42 2
3
X l—xj
— _+_
2 2
fN3H (x)= f'N3H (x)= ‘f"NgH (x)=
1J¥ 1(; R
SPNB 320 TR
: —;j a4 e )
2 1-2) [ 5]
M, (4/1B) R Ll - ; +(§—Xj3
3 + 2 2 2(x+lj 2
3 2
|
+ 3 5
| X l-x 2(2—xj
e
Xt— —-X
2 2
fN,G (x)= f'NlG (x)= f"NlG (x)=
1 11 (I
—++2 ful| B )
Myo(4118) | w5 4(@} o
: I I =
— o 1_ 2
ﬁl—x) Wil Y
' 4
-
=, Xt =—x
2
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fN,H(x) =
X+ l+ 2x
2

4

f ‘N,II (x)=

%[

f”NlH (x)=
1 2

Y
_% l -3
(1-x) +(x+2j

1

1
Ei/za-m]
1

VY
3 1
M, (4//B) 2 x+2(1-x) 2[“2) 3\
T +2-x
4 1 2
T
3
2l ——x
2
x| 1=x
3
X+ —=X
2 2
SECTION-3 Now in this section, we will exploit (3.3) for mixed
weighted mean difference divergence measures.
31 BOUNDS FOR WEIGHTED FUZZY MIXED

MEAN DIFFERENCE- DIVERGENCES

As the main objective of this communication is to consider
the bounds or inequalities among Weighted Fuzzy Mixed
in

Mean Difference-Divergence measures considered

section 2, so we consider their bounds. As we have
mentioned earlier that we exploit Csiszar’s [1] f-divergence
extended for fuzzy weighted divergence measures, so we

define the weighted fuzzy f-divergence measure as follows :

WEIGHTED FUZZY {-DIVERGENCE MEASURE :
Csiszar’s [1] f-divergence is defined as :
Def 1 : Given a convex function f : [0,00) —> R, the f-
divergence measure is given by :
n p
C(P,Q) = D q.f|
i=1 q;
where P,Q eR, .

Def 2 : Csiszar’s f-divergence for weighted distribution,

W = (w,w,,..... ,w,), w, >0
Let f:[0,00) >R and w,>0 , for all
i =12, ,n then
C.(P,O;W) = Dw, ql.f(%j ...... (3.2)
i=1 i

so weighted fuzzy f-divergence analogous to probability

distribution can be defined as :

C(y (). 1y () s H) = S, ug(x,-)f[MJ (33)

i=1

Hp (x,-)

where

A={p,(x):Vi=12,...,n}

THEOREM 1 Let f,f, :1 < R—>R be twice
differentiable convex functions which are normalized i.e.

£ (D) = £,(1) = 0 and suppose that

@) f,and f, are twice differentiable on
(a,b)c I
(ii) There exist real constants m and M such that
m <M and
m < & <M (3.4)
(%)
where

V'(x) >0, Vxe(a,b) =1 (cf Taneja[4])

Then we have

mC, (P/1Q) < C, (P//Q) < MC, (P//Q)......(3.5)

Extension for Weighted Fuzzy Distribution :

Using (3.3), we extend (3.5) as
mC, (A1 /1B;W) < C, (Al/B;W) < MC, (A//B;W)

Now we are able to consider the boudns for Weighted Fuzzy

Mean Difference-Divergences which we consider in the next

theorem.

THEOREM 2 :

My (e (5, 11y () ) < My (pa, (3, 425 (x) s )
SMy (g (), ()W) (3.6)

To prove the theorem 2, we have the following propositions:

PROPOSITION 1 For lower bound of

MN,G (1, (%)), pz(x,); W), we have

B={uy(x,):Vi=12,....n} ZMNJNI (,LIA(XI), /LIB(X,.);W)SMNIG(,UA(X[), /.IB(.XI.);W)
Hence (3.3) is called the Weighted Fuzzy f-Divergence

Measure.
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PROOF : Let us define :

ﬁ\/’;m ()

(3.8
1 9

EnN-NG (x) =

where fy/, (x) and fy;(x) are taken from functional

forms.
gN3N1—N,G(x) =
L T N U
2 12( s 8(
I 1 3
—=xl-—=(-x)?
82 8\2 (-9
. (3.9)

0
Differentiating (3.9) w.r.t. x, we get

P'0-PQ

Sinong(®) = 7 (3.10)
From (3.10), we observe that
1
> 0 , when XZE
Q™1 T (3.11)

< 0, when x<—
2

From (3.11), we observe that, g . ;(X) increases in x

1 1
3(0,5), and gNlleN]G(x) decreases in x S(E,lj-

Hence the function gy, y(x) is CONCAVE for

€(0,1).

Now applying (3.5a) i.e.

mC, (A11B;W) < C, (AIIB;W) < MC, (AI/B; W)

(3.12)

where m <M , together with (3.11), we get the required
inequality.
fOI' M.r\g.rvl (/u4 ()Cl.), .uB (xi) a W) and MNIG (/14 (X‘.), IUB ()CI.) : W) 9

Research Paper

PROPOSITION 2 : Upper bound for

My (e, (), ()5 W)
ie
My (), ()W) < Moy (y (30, (%))
...... (3.13)
PROOF : Let us define :
8y (¥) = M ¥ xe(0,1).....(3.14)
Iy ()

where f, A',:G(x) and f, A',;H (x) are taken from functional

forms.
= 8&nG-Ni (x) =

T 3

— x2- (-

sﬁx M( )
_1x3_1(1_x)i+(x+1jl(3_x]’
1227 122 2) 2

where

Let &y eonm (x)=

Q| o

oP-PQ' PQ

8 o (¥) = .(3.16)

Now putting the values of P',Q', and P and Q in

(3.16) we observe that
g :V,G—,’V;H (x)

So by first derivative test gy v, (¥) is increasing in
1 (1 .
xe|0, E and decreasing in E’l so CONCAVE in

x€(0,1).
Now applying (3.12) for My q(u,(x,), t5(x,); W) and

My (1, (%), 145(x,); W), we get the required inequality. i.e.

My (), ()3 W) < My (uy (), (%))
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Now combining (3.7) and (3.13), we get the inequality (3.6)
ie.

My (), 11 ()W) < My 6 (), ()17

< My (a6, 5 (33 )

THEOREM 3 For My, (u,(x), iy (x,): 1),
My o) sy, My (a5, 1, (3);H) and
M, 5, (44, 1 sW), we have the following result :

My (), ()W) < Mgy (a1, (x,), ()3 W)

1
RS EMNZG (1,(x), p(x,); ) SMNZH (1,(x), p(x,); W)

....... (3.18)
To prove the inequality (3.18), we consider the following
prepositions.
PROPOSITION 3 : The lower bound for
My (1, (5), (%) ;1)
i My (uy(0), (6 i) < My ( (x,), 115 (5) )
(319
PROOF : Let us define
Sy, ()
Gy, (¥) = e T (320)
where
E s
) | x+§ |3 x+§
A
2

o —
)

(1 x)% E__x —i[«ll—x+ l} Z__X
8 2 32 2
I 1 3
+mx 2 +m(1—x) 2

...... (321)

" 1 1
iy (V)= N+ ——+ T e (322)
4(2x)*  42(1-x)?]
and
L 3 1
1):2
I (1-x) +
Nl 4| X oL
20 2 41 2 2 2
(1-x) A (1-x)"+
.(3.23
[ 7 j 3 (323)
P
Let ENNy-MyN, (x)= E
Differentiating (3.23) w.r.t. x, we get
' P'O-PQ'
vy, (X) = QQ2 ¢ . (3.24)
which gives
1
< 0 when XSE
Sy, (¥) = N (3.25)
> 0 when XZE

From (3.25) we conclude that gV -, (x) is increasing

1
when x<— and decreasing when x>— . Hence

vy, (¥) i CONCAVEin x €(0,1).

Now applying (3.52) for My, (4//B;W) and
M, (A1/B;W), we get the required inequality (3.13).
PROPOSITION 4 : The upper bound for

My (A//B;W) ie. the following inequality holds

good:

M, (AIIB) < %MNZG (AlIBW) ... (3.26)

PROOF : We define

/ ]\:‘;Nl (x)
fl‘xc (%)

Eong (¥) = ,Vxe(0,])
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1 1

N+ T+

) 42x) 7 42(1-x)) 62D

3
N+l E 2+i I_J
16\2 16\ 2

where N is given by (3.23).

ol

Now differentiating (3.27) w.r.t. x, we get

3

' ‘% 3 &
D|N —Z(Zx) +Z[2(1—x)] 2}

!

8NN,-NG (x)=

...... (3.28)
From (3.28), we conclude that

0 , when xSl

IN
(3]

0 , when le

!
8NN NG (x)= 2
$
M= JZLZO,I) &N NG (x)

v

....... (3.29)

From (3.29) and (3.28), we observe that

1
8y, () is increasing in x E(O,E and decreasing

|
in x E[E’lj Hence CONCAVE in x €(0,1).

Applying  (3.5a) for M, (4//B;W) and
M, ;(A]/B;W) together with (3.29), we get the required

inequality.

PROPOSITION 5 : The upper bound for

%M v(A11B;W)ie. the following inequality holds good :

%MNZG(A [IBW) < My, (411BV)

...... (330)

Research Paper

PROOF : We define

it
NyG-Nyt \X) =
T L)
where fy/;(x) and fY',(x) are taken from functional
forms.
3 3
garic) e
- -5 (331)
D D

1
I T I A AR VA A
~(1-x)2|==x| |4=|x+=| +-|=-x
2 207 2) 2l

...... (3.32)
Differentiating (3.31) w.r.t. x, we get
) PD-PD'
o) = —=— (3.33)
D
which gives
1
< 0, when x £ —
2
' 20, wh 51
Ergu (1) =1= Vo WRER 2o (3.34)
M = fgﬂ 1) gNzG—NZH(x)
=3
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. , P'O-PO'
From (3.34) we conclude that g ; y ,(x) is hgan () = QQ2 o (3.37)
. o 1 . 1 o
increasing in X € O,E and decreasing in X € E, . which gives
1
< 0, when x < —
H NCAVE i . '
ence CONCAVE in x €(0,1), V x o ()= 12 ...... (3.38)
Now applying (3.5a) for MNZG(A /IB;WY) and 2 0, when x2-
MNZH (A//B;W) together with (3.34), we get the From (3.38), we conclude that gNIGleH(x)

required inequality. Now combining (3.19), (3.26) and . . . 1 . . 1
increasing in xe|0,— | and decreasing in xe|—,1|.
(3.30), we get the inequality 2 2

Hence CONCAVE in x €(0,1).

M, (AlIB;W)<M (A//B;W)S%MNZG(A//B;W) Applying (3.5a) together with (3.38), we get the

required inequality (3.35).

N,N,

<M, , (4] 1B;W)

PROPOSITION 6 : The inequality

MN,G(A//B;W) b Mlle(A//B§W) ...... (3.35)

holds good :
PROOF : Let us define

S (%)
N,G-N,H =0,V 0,1
Erg-nt (X) GACR xe(0,1)

1 3

1
1—x) 2
\/— \/—( x)

where £/ (x) = 3

and

SRR N DN S GU h R A
100 =~ e [ 2) (2 xj

3 3
- ——(1-x)?
8 8
ENnG-NH (%)= . 2 \/— 3

—x? —L(l x) ? —(x+lj73 —(z—xjis
820 82 2) 2

L
0

Differentiating (3.36) w.r.t. x, we get
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