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ABSTRACT In this article, we present the steady state solutions for viscous reactive flows through channels with a slid-
ing wall. The reaction is assumed to be strongly exothermic under arrhenius kinetics, neglecting the consump-

tion of the material. The simple analytical expression of the dimensionless temperature is derived for non-linear boundary value 
problem using the Homotopy perturbation method.  We also compared our analytical results with perturbation method (previous 
work) and a satisfactory agreement is noted.  The present approaches are very less computational, simple and are applicable for solv-
ing other strongly non-linear boundary value problems.
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INTRODUCTION  
 
          The study of the thermal effect of a sliding 

plate on a viscous reacting fluid is extremely 

important in understanding lubricants hydrodynamics 

in engineering systems as well as plasma [1] and fluid 

physics [2,3,6,9,13]. Lubricant is a thin viscous film 

used to prevent solid-to-solid contact during sliding 

motion.Generally speaking, most lubricants used in 

both engineering and industrial processes are reactive 

e.g. hydrocarbon oils, polyglycols, synthetic esters, 

polyphenylethers, etc., and their efficiency depends 

largely on the temperature variation fromtime to time. 

Hence, it is important to determine the thermal 

criticality conditions for viscous reactive fluid 

effectiveness as lubricants. In this particularproblem, 

we have assumed that the pressuregradient is zeroand 

the flow is driven solely by uniform velocity at the 

upper plate, i.e. the well-known plane Couette flow 

[3]. The resulting velocity profile is linear with zero 

value atthe lower fixed plate and maximum value at 

the upper moving plate. 

In this analysis consists nonlinear boundary value 

problem by using of the Homotopy perturbation 

method. The steady state flow consist a single a class 

of parallel flows in fluid mechanics. Mostly this of 

flow views between two sliding walls due to pressure 

gradient as well as temperature. Besides viscous 

reacting fluid is the importance of understanding the 

concepts of lubricants, which means a viscous film 

and it is used to prevent solid-to-solid contact during 

motion. 

         Meanwhile, analytical solutions of the highly 

non-linear ordinary differential equations governing 

transient heating in a slab of combustible  material 

due to exothermic impossible or extremely difficult to 

obtain. In this particular problem we have postulated 

that the pressure gradient=zero, the resulting velocity 

profile is linear with zero(0) value at the lower fixed 

plate and maximum value at the upper moving plate. 

Mathematical formulation of the problem 

       The mathematical formulation for the momentum 

and heat balance in one dimension together with the 

boundary conditions can be written as [3,9,10,13] 
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        whereT  is the absolute temperature, U  the 

upper wall characteristic velocity, 0T the geometry 

wall temperature, k the thermal conductivity of the 

material, the heat of reaction, A  the rate constant, E  

the activation energy, R the universal gas constant,  

0C the initial concentration of the reactant species, a

the channel width, y the distance  measured in the 

normal direction and µ the fluid dynamic viscosity 

coefficient [1–4,5,9]. We introduce the following 

dimensionless variables into the eqns. (1)-(3) are as 

follows: 
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        Using these dimensionless variables we can 

obtain the governing equation and the boundary 

conditions as 
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and 
( ) ( ) 01and,00 == θθ                                        (7) 

Solution of the boundary value problem using 

HPM 

         Linear and non-linear phenomena are of 

fundamental importance in various fields of science 

and engineering. Most models of real – life problems 

are still very difficult to solve. Therefore, 

approximate analytical solutions such as Homotopy 

perturbation method (HPM) [14-25] were introduced. 

This method is the mosteffective and convenient ones 

for both linear and non-linear equations.Perturbation 

method is based on assuming a small parameter. The 

majority of non-linear problems, especially those 

having strongnon-linearity, havenosmall parameters 

at all and the approximate solutions obtained by the 

perturbation methods, in most cases, are valid only 

for small values of the small parameter. Generally, 

the perturbation solutions are uniformly valid as long 

as a scientific system parameter is small. However, 

we cannot rely fully on the approximations, because 

there is no criterion on which the small parameter 

should exists. Thus, it is essential to check the 

validity of the approximations numerically and/or 

experimentally. To overcome these difficulties, HPM 

have been proposed recently. 

         Recently, many authors have applied the 

Homotopy perturbation method (HPM) to solve the 

non-linear boundary value problem in physics and 

engineering sciences [14-17]. Recently this method is 

also used to solve some of the non-linear problem in 

physical sciences [18-20]. This method is a 

combination of Homotopy in topology and classic 

perturbation techniques. Ji-Huan He used to solve the 

Lighthill equation [18], the Diffusion equation [19] 

and the Blasius equation [20-21]. The HPM is unique 

in its applicability, accuracy and efficiency. The HPM 

uses the imbedding parameter p as a small parameter, 

and only a few iterations are needed to searchfor an 

asymptotic solution. The approximate analytical 

solution of eqn.(3) using Homotopy perturbation 

method [22-25] is given by 

( ) ( )

( )

( ) y

yyy

yy

yyy























 +
−






 +

+











−+









 +
+











−






 +

−

−





 +

=

240
1

24
1

1030124
1

1262
1

2
1

2
32

5642
3

43
2

2

βελβλ

βελ

βλ

βλθ

                         (8) 

Previous work 

       The solution for the dimensionless temperature 

using Hermite-Pad’e approximation [1] is as follows:  
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Results and Discussions 

In this section, we validate the above 

perturbation method, and we conclude the solution 

for the nonlinear boundary value problem for thermal 

criticality in viscous reactive flows through channels 
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with a sliding wall. First we have to set the channels 

as well as sliding walls, because of the occurrence of 

the thermal power on viscous reactive flow method. 

The non-existence of a steady state solution for non-

linear reaction diffusion problems for a certain 

parameter value is extremely important for the 

application perception. 

        The concept of criticality or non-existence of a 

steady state solution for nonlinear reaction diffusion 

problems for a certain parameter value is extremely 

important from the application point of view. Figure 

(1) is the schematic diagram for the reactive viscous 

material. Figures 2 (a) -(d) shows the dimensionless 

distance y  versus the dimensionless temperature ( )yθ

. From these figures it is evident that, when the 

variable viscosity heating parameter β  increases, the 

corresponding dimensionless temperature ( )yθ  also 

increases in some fixed values of the Frank 

Kamenetskii parameter λ  and the activation energy 

parameterε . Figure 3 (a)-(d) is the dimensionless 

distance y  versus the dimensionlesstemperature ( )yθ . 

From these figures, it is inferred that when the Frank 

Kamenetskii parameter λ  increases, the 

dimensionless temperature ( )yθ  also increases in 

some fixed values of β  andε .Figure 4 also shows 

the dimensionless distance y versus the 

dimensionlesstemperature ( )yθ . From Fig. 4, we 

conclude that whenε  increases, the temperature ( )yθ  

also increases very small in the fixed values of λ and

β . 

         Furthermore, it is an interesting note that an 

increase in the magnitude of the viscous shears 

heating parameter ( β ) due to the sliding motion of 

the upper plate will lower magnitude of thermal 

critically, hence enhancing the development of 

lubricant using the Homotopy perturbation method. 

 

Conclusions 

         In this analysis we have discussed about simple 

analytical solutions for the nonlinear boundary value 

problem. Besides, it will be used in all types of non-

linear types of problem. It will be extended to 

advanced techniques of lubricant, viscosity flow 

principles for other technical field; it is more effective 

than existing, when we applied in the sliding wall by 

using Homotopy perturbation method. It is also 

related to applications of fluid mechanism in the 

engineering field. It evolves more advantageous 

methods to solve the criticality of thermal in viscous 

fluids. we used the following parameters, βλ, and ε . 

We also compared our analytical results to the 

perturbation technique. In future it will be used for 

more applications related to non-linear as well as 

thermal and viscous flows in multiple channels. 

Future implementation of this work includes effective 

solution for this problem in various fields by using of 

our efficient perturbation method. 
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Figure:2Dimensionless temperature θ   versus the 

dimensionless vertical distance y .The  temperature )(yθ

were computed using eqn. (6)  for various values of the 

dimensionless parameter β when (a) 01.0,1 == ελ

,(b) 01.0,1.0 == ελ ,(c) 01.0,5.0 == ελ   and  

(d) 1.0,1 == ελ . 
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Figure:3Dimensionless temperature θ   versus the 

dimensionless vertical distance y . The temperature )(yθ

were computed using eqn.(6) for various values of the 

dimensionless parameter λ when (a) 01.0,1 == εβ , (b)

01.0,2 == εβ , (c) 01.0,3 == εβ  and (d)

.1.0,3 == εβ  

 
Figure: 4 Dimensionless temperaturesθ   versus the 

dimensionless vertical distance y .  The temperature were 

computed using eqn. (6) for various values of the 

dimensionless parameters ε  and some fixed value λ and 

β . 

Appendix A. 

Basic concepts of the Homotopy perturbation method 

[14-25]
        To explain this method, let us consider the following 

function: 
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   r      ,0)()( Ω∈=− rfuDo                                    (A.1) 

with the boundary conditions of 
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∂
∂

n
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where oD  is a general differential operator, oB  is a 

boundary operator, )(rf  is a known analytical function 

and  Γ  is the boundary of the domain Ω . In general, the 

operator oD  can be divided into a linear part L  and a 

non-linear part N . Equation (A.1) can therefore be written 

as 

 0)()()( =−+ rfuNuL                                             (A.3) 

By the Homotopy technique, we construct a Homotopy

ℜ→×Ω ]1,0[:),( prv  that satisfies 

0)]()([)]()()[1(),( 0 =−+−−= rfvDpuLvLppvH o (A.4) 

0)]()([)()()(),( 00 =−++−= rfvNpupLuLvLpvH

                                                                                       (A.5) 

where p∈[0, 1] is an embedding parameter, and 0u   is an 

initial approximation of eqn. (A.1) that satisfies the 

boundary conditions. From the eqn. (A.4) and the eqn. 

(A.5), we have 

  0)()()0,( 0 =−= uLvLvH                                      (A.6) 

0)()()1,( =−= rfvDvH o                                        (A.7) 

When p=0, then the eqn. (A. 4) and the eqn. (A.5) become 

linear equations. When p =1, they become non-linear 

equations. The process of changing p from zero to unity is 

that of 0)()( 0 =− uLvL  to 0)()( =− rfvDo . We first 

use the embedding parameter p  as a “small parameter” 

and assume that the solutions of the eqns. (A.4) and (A.5) 

can be written as a power series in p : 

 ...2
2

10 +++= vppvvv (A.8) 

Setting 1=p   results in the approximate solution of the 

eqn. (A.1) is  

...lim 2101
+++==

→
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This is the basic idea of the HPM. 

 

 

 

Appendix: B 

Solution of non-linear equation (6) and (7) using HPM 

         In this Appendix, we indicate how the eqn. (8) in this 

paper is derived. To find the solution of the eqn.(6) .  When

εθ small, the eqn.(6) reduces to  
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We construct the Homotopy as follows: 

( )

( ) 01

1

2

2

2

2

2

=+−++














+












++−

βεθθλ

θ
λβλ

θ

dy

dp
dy
dp

                          (B.2) 

The analytical solution of an eqn.(B.1) is 

..........2
2
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Substituting the eqn.(B.3) into an eqn.(B.2) we get 
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Comparing the coefficients of like powers of p in the 

eqn.(B.4) we get 

0: 2
0

2
0 =++ λβλ

θ
dy

dp
                                            

(B.5) 

0: 2
002

1
2

1 =−+ λεθλθθ
dy
dp

                                     
(B.6) 

The initial approximations is as follows                                                                                                                                                               

( ) ( ) ,01,00 == θθ (B.7) 

Solving the eqns.(B.5) and (B.6) and using the boundary 

condition eqn.(B.7) we obtain the following results: 
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According to the HPM, we can conclude that 

   )(lim 101
θθθθ +==

→
y
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(B.10) 

After putting the eqns. (B.8) and (B.9) into an eqn.(B.10), 

we obtain the solutionin the text eqn.(8). 

Appendix C:   

Nomenclature 

T  Absolute temperature 

U  Upper wall characteristic velocity 

0T  Geometry wall temperature 

k  Thermal conductivity of the material 

Q  Heat of reaction 

A  Rate constant 

E  Activation energy 

R  Universal gas constant  

0C  Initial concentration of the reactant species 

a  Channel width 

y  Distance measured in the normal direction 

µ  Fluid dynamic viscosity coefficient 

λ  Frank Kamenetskii parameter  

ε  Activation energy parameter 

β  Viscous heating parameter 

θ  Dimensionless temperature 

y  Dimensionless distance 
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