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improve and extend some existing results.
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1. Introduction

Notion of dislocated metric spaces was introduced by Hitzler and Seda in 2000 as a 

generalization of metric space. They generalized the Banach Contraction Principle in such 

spaces. These metrics play a very important role not only in topology but also in other 

branches of science involving mathematics especially in logic programming and electronic 

engineering. Fixed point theory has been a subject of growing interest of many researchers 

for various types of well known contractions in these spaces. In 2003 Kirk et al [8] 

introduced cyclic contractions in metric spaces and investigated the existence of proximity 

points and fixed points for cyclic contraction mappings, Since then many authors has given 

results in this field. In this paper we extend and unify existing results in the recent literature.

Definition 1.1 [7, 10]: Let X be a non-empty and let 𝑑𝑑𝑑𝑑:𝑋𝑋𝑋𝑋 × 𝑋𝑋𝑋𝑋 → ℝ+ be a function, called a 

distance function if for all, 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧 ∈ 𝑋𝑋𝑋𝑋, and satisfies:

1.𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦 ∈ 𝑋𝑋𝑋𝑋, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) = 0,

2.𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦 ∈ 𝑋𝑋𝑋𝑋, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) = 𝑑𝑑𝑑𝑑(𝑦𝑦𝑦𝑦, 𝑥𝑥𝑥𝑥) = 0, 𝑡𝑡𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑥𝑥𝑥𝑥 = 𝑦𝑦𝑦𝑦,

3.𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦 ∈ 𝑋𝑋𝑋𝑋, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) = 𝑑𝑑𝑑𝑑(𝑦𝑦𝑦𝑦, 𝑥𝑥𝑥𝑥),

4.𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧 ∈ 𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) ≤ 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑧𝑧𝑧𝑧) + 𝑑𝑑𝑑𝑑(𝑧𝑧𝑧𝑧,𝑦𝑦𝑦𝑦).

If d satisfies conditions (1) to (4), then it is called a metric. If it satisfies conditions (1), (2) 

and (4), it is called a quasi-metric. If it satisfies (2), (3) and (4), we will call it a dislocated 

metric (Or simply d-metric). If it satisfies conditions (2) and (4), it is called a dislocated 

quasi-metric (or simply dq-metric).

Definition 1.2[10]: A sequence (𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒)in dislocated quasi-converges (for short dq-converges) to 

x if lim𝑒𝑒𝑒𝑒→∞ 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒 , 𝑥𝑥𝑥𝑥) = lim𝑒𝑒𝑒𝑒→∞ 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒  ) = 0.In this case x is called dq-limit of(𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒).

Definition 1.3[10]: A sequence (𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒) in dq-metric space (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑) is called Cauchy if for all 

𝜖𝜖𝜖𝜖 > 0, there exists 𝑒𝑒𝑒𝑒0 ∈ 𝑁𝑁𝑁𝑁 such that for all 𝑚𝑚𝑚𝑚,𝑒𝑒𝑒𝑒 ≥  𝑒𝑒𝑒𝑒0, 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥𝑚𝑚𝑚𝑚 , 𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒) < 𝜖𝜖𝜖𝜖, 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥𝑒𝑒𝑒𝑒 , 𝑥𝑥𝑥𝑥𝑚𝑚𝑚𝑚 ) < 𝜖𝜖𝜖𝜖.
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Definition 1.4[20]: A dq-metric space (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑) is called complete if every Cauchy sequences in 

it is dq-convergent.

Lemma 1.5[10]: Every subsequence of dq-convergent sequence to a point 𝑥𝑥𝑥𝑥0is dq-

convergent to 𝑥𝑥𝑥𝑥0.

Definition 1.6[10]: let (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑) be a dq-metric spaces. A map  𝑖𝑖𝑖𝑖:𝑋𝑋𝑋𝑋 → 𝑋𝑋𝑋𝑋 is called contraction if 

there exists 0 ≤ 𝜆𝜆𝜆𝜆 ≤ 1 such that 𝑑𝑑𝑑𝑑(𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥),𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦)) ≤ 𝜆𝜆𝜆𝜆𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦), for all 𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦 ∈ 𝑋𝑋𝑋𝑋.

Lemma 1.7[10]: dq-limit in a -metric space is unique.

Definition 1.8[3]: Let A and B be nonempty subsets of a metric space (X, d) and

𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵. T is called a cyclic map iff and 𝑇𝑇𝑇𝑇(𝐴𝐴𝐴𝐴) ⊆ 𝐵𝐵𝐵𝐵 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑇𝑇𝑇𝑇(𝐵𝐵𝐵𝐵) ⊆ 𝐴𝐴𝐴𝐴.

Definition 1.10 [8]: Let A and B be nonempty subsets of a metric space (X, d). A cyclic map

𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 is said to be a cyclic contraction if there exists 𝑘𝑘𝑘𝑘 ∈ (0, 1) such that 

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝑘𝑘𝑘𝑘𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦), 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵.

Definition 1.11[2]: Let A and B be nonempty subsets of a metric space (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑). A cyclic map 

𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 is called a Kannan type cyclic contraction, if there exist 𝑘𝑘𝑘𝑘 ∈ �0, 1
2
� such 

that 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝑘𝑘𝑘𝑘[𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑦𝑦𝑦𝑦)], 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵.

In [2] Karapinar et al has been shown that Kannan type cyclic contraction and cyclic 

contraction are independent of each other.

Definition 1.12[2]: Let A and B be nonempty subsets of a metric space (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑). A cyclic map 

𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 is called a Chatterjee type cyclic contraction, if there exist 𝑘𝑘𝑘𝑘 ∈ �0, 1
2
� such 

that 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝑘𝑘𝑘𝑘 𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎[𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑦𝑦𝑦𝑦)],   𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵.

Definition 1.13[8]: Let A and B be nonempty subsets of a metric space (𝑋𝑋𝑋𝑋,𝑑𝑑𝑑𝑑). A cyclic map 

𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 is called a d-type cyclic contraction if there exist 𝑘𝑘𝑘𝑘 ∈ (0, 1) such that 

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝑘𝑘𝑘𝑘𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵.

2. Main Results
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Theorem 2.1: Let A and B be nonempty subsets of a complete dislocated quasi-metric space

(X, d). Let 𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 be a cyclic mapping that satisfies the condition

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤∝ 𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �𝑑𝑑𝑑𝑑
(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑦𝑦𝑦𝑦),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦),

𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) �                                                    (1)

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵,𝑤𝑤𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 ∝∈ [0, 1) . Then T has a unique fixed point in 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵.

Proof: Taking a point 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 and using contractive condition of theorem, we have

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) = 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) = 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤∝ max �𝑑𝑑𝑑𝑑
(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) �

≤∝ max �𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),
𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) �

≤∝ max �𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),
𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) �

≤∝ max{𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)} ≤∝ max{𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥), 2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)}

≤ 𝛽𝛽𝛽𝛽𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑤𝑤𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 𝛽𝛽𝛽𝛽 = 2 ∝< 1

Now by induction we have, 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒+1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤ 𝛽𝛽𝛽𝛽𝑒𝑒𝑒𝑒𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥).

Let 𝑒𝑒𝑒𝑒,𝑚𝑚𝑚𝑚 ∈ 𝑁𝑁𝑁𝑁 𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ 𝑚𝑚𝑚𝑚 > 𝑒𝑒𝑒𝑒, using the triangular inequality, we obtain that:

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−1𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−2𝑥𝑥𝑥𝑥) + ⋯+ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒+1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥)

≤ [ 𝛽𝛽𝛽𝛽𝑒𝑒𝑒𝑒 + 𝛽𝛽𝛽𝛽𝑒𝑒𝑒𝑒+1 + ⋯+ 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚−1]𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ≤ 𝛽𝛽𝛽𝛽𝑒𝑒𝑒𝑒

1− 𝛽𝛽𝛽𝛽
 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)

Since 𝛽𝛽𝛽𝛽 < 1,𝛽𝛽𝛽𝛽𝑒𝑒𝑒𝑒 → 0 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒 → ∞,𝑤𝑤𝑤𝑤𝑒𝑒𝑒𝑒 𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) → 0.

𝑇𝑇𝑇𝑇ℎ𝑢𝑢𝑢𝑢𝑎𝑎𝑎𝑎 𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝐶𝐶𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐶𝐶𝐶𝐶ℎ𝑦𝑦𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢.

Since (X, d) is complete, we have 𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 dq-converges to some 𝑧𝑧𝑧𝑧 ∈ 𝑋𝑋𝑋𝑋. We note that 𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 is a 

sequence in A and 𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥 is a sequence in B in a way that both sequences tend to same limit 

it z. Since A and B are closed have that 𝑧𝑧𝑧𝑧 ∈ 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵. Hence 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵 ≠ ∅.

We claim that 𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧. Considering the condition (1) we have:

2. Main Results
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𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) = 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤∝ 𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �𝑑𝑑𝑑𝑑
(𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥),

𝑑𝑑𝑑𝑑(𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥)
�

Taking limit as 𝑒𝑒𝑒𝑒 → ∞ in above inequality, we have

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) ≤∝ max[ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧), 2(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧), 2(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧)]

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) ≤ 2 ∝ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) ≤ ℚ𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧), 𝑤𝑤𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 ℚ = 2 ∝

Which is a contradiction, hence  𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) = 0 ⇒ 𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧

Uniqueness:

Let us assume that two fixed point’s u and v i.e. 𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢 = 𝑢𝑢𝑢𝑢 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇.

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) ≤∝ 𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �𝑑𝑑𝑑𝑑
(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, 𝑇𝑇𝑇𝑇),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇),
𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢),𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) �

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) ≤∝ 𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇), This implies that 𝑢𝑢𝑢𝑢 = 𝑇𝑇𝑇𝑇.

This completes the proof of the theorem.

Theorem 2.2: Let A and B be nonempty subsets of a complete dislocated quasi-metric space

(X, d). Let 𝑇𝑇𝑇𝑇:𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 → 𝐴𝐴𝐴𝐴 ∪ 𝐵𝐵𝐵𝐵 be a cyclic mapping that satisfies the condition

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑦𝑦𝑦𝑦) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦)

+𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) �                                                 (2)

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦𝑦𝑦 ∈ 𝐵𝐵𝐵𝐵,𝑤𝑤𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 𝜑𝜑𝜑𝜑 ∈ [0,1). Then T has a unique fixed point in 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵.

Proof: Taking a point 𝑥𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝐴 and using contractive condition of theorem, we have

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) = 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤ 𝜑𝜑𝜑𝜑 �
𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)

+𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥),𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) �

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)

+𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)
�

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)

+2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)
�

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤ 𝜑𝜑𝜑𝜑[6𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 4𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥)]

(1 − 4𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤ 6𝜑𝜑𝜑𝜑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)
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𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) ≤
6𝜑𝜑𝜑𝜑

(1 − 4𝜑𝜑𝜑𝜑)
𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ≤ Θ𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),       𝑤𝑤𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 Θ =

6𝜑𝜑𝜑𝜑
(1 − 4𝜑𝜑𝜑𝜑)

< 1

Now by induction we have, 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒+1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤ Θ𝑒𝑒𝑒𝑒𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥).

Let 𝑒𝑒𝑒𝑒,𝑚𝑚𝑚𝑚 ∈ 𝑁𝑁𝑁𝑁 𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ 𝑚𝑚𝑚𝑚 > 𝑒𝑒𝑒𝑒, using the triangular inequality,

We obtain that: 

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−1𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚−2𝑥𝑥𝑥𝑥) + ⋯+ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒+1𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥)

≤ �Θ𝑚𝑚𝑚𝑚 + Θ𝑚𝑚𝑚𝑚−1 + ⋯+ Θ𝑒𝑒𝑒𝑒�𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ≤ Θ𝑒𝑒𝑒𝑒

1− Θ
 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)

Since Θ < 1,Θ𝑒𝑒𝑒𝑒 → 0 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒 → ∞,𝑤𝑤𝑤𝑤𝑒𝑒𝑒𝑒 𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) → 0.

𝑇𝑇𝑇𝑇ℎ𝑢𝑢𝑢𝑢𝑎𝑎𝑎𝑎 𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝐶𝐶𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐶𝐶𝐶𝐶ℎ𝑦𝑦𝑦𝑦 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢.

Since (X, d) is complete, we have 𝑇𝑇𝑇𝑇𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 dq-converges to some 𝑧𝑧𝑧𝑧 ∈ 𝑋𝑋𝑋𝑋. We note that 𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥 is a 

sequence in A and 𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥 is a sequence in B in a way that both sequences tend to same limit 

it z.  Since A and B are closed have that 𝑧𝑧𝑧𝑧 ∈ 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵. Hence 𝐴𝐴𝐴𝐴 ∩ 𝐵𝐵𝐵𝐵 ≠ ∅. We claim that 𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧.

Considering the condition (1) we have:

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) = 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒−1𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥)

+𝑑𝑑𝑑𝑑(𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧,𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇2𝑒𝑒𝑒𝑒𝑥𝑥𝑥𝑥)
�

Taking limit as 𝑒𝑒𝑒𝑒 → ∞ in above inequality, we have

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) ≤ 𝜑𝜑𝜑𝜑[ 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) + 2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) + 2𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧)]

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) ≤ 5𝜑𝜑𝜑𝜑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧), Which is a contradiction, hence 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧, 𝑧𝑧𝑧𝑧) = 0 ⇒ 𝑇𝑇𝑇𝑇𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧

Uniqueness: Let us assume that two fixed point’s u and v i.e. 𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢 = 𝑢𝑢𝑢𝑢 𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇.

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑦𝑦𝑦𝑦) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦)

+𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥,𝑇𝑇𝑇𝑇𝑥𝑥𝑥𝑥) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦,𝑇𝑇𝑇𝑇𝑦𝑦𝑦𝑦) �

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, 𝑇𝑇𝑇𝑇) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇)

+𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) �

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) ≤ 𝜑𝜑𝜑𝜑 �𝑑𝑑𝑑𝑑
(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇) + 𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇, 𝑇𝑇𝑇𝑇) + 𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇)

+𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢) + 𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇, 𝑇𝑇𝑇𝑇) �

𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇𝑢𝑢𝑢𝑢,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇) ≤ 2𝜑𝜑𝜑𝜑𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇) ≤∝ 𝑑𝑑𝑑𝑑(𝑢𝑢𝑢𝑢, 𝑇𝑇𝑇𝑇),      𝑊𝑊𝑊𝑊ℎ𝑒𝑒𝑒𝑒𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 2𝜑𝜑𝜑𝜑 =∝

This implies that 𝑢𝑢𝑢𝑢 = 𝑇𝑇𝑇𝑇.

6 
 

This completes the proof of the theorem.
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