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ABSTRACT

In this paper we will find a method to determine positive solutions for non-homogenous non-linear Diophantine
equations of even degrees in several variables. Our main tool for this is the well-known Euler’s theorem and the theory

of congruence.

INTRODUCTION

A Diophantine equation with m> 1 degree is a non-linear Diophantine equation. A Diophantine
equation of degree m is called homogeneous non-linear if every term of the equation has total
degree exactly m otherwise it is non-homogenous non-linear. For instance Pell’s equation is the
most famous class of non-homogenous non-linear Diophantine with the form x? — Dy? = 1 for
some fixed positive integer D that is not a perfect square. Equations of higher degrees are harder
to deal with.

By a solution of a Diophantine equation p (x4, x5, X3, ..., X,) =0 mean that an n-tuple of integers
X1, X3, X3, ..., Xpsuch that the equation is satisfied.Euler phi-function ¢ is defined for each
positive integer n by ¢(1) = 1 and ¢(n) is the number of positive integers less than or equal to
n that are co primes to nwhen n > 1. For instance ¢(2) =1, 9(3)=2, @(4)=2, ¢(6) =
2,9 (7) = 6.For a fixed positive integer n,integers a and b are said to be congruent modulo n,
symbolized by a = b (mod n) if n divides the difference a-b otherwise a Z b(mod n).

In this paper, we introduced method to determine non-trivial positive solutions for some class of
n-degree non-homogenous non-linear Diophantine equation with 2% + 1, k > 1possible number
of variables and binomial coefficients and the number of these positive solutions by using Euler’s
theorem and the notion of congruence.

Theorem 1.1: If p;, P, 3, ..., p; are distinct prime factors of n, then @(n) =n ]_[}:1(1 — pl,-) .
Proof: Let p is a prime and n is a natural number. The natural numbers less than or equal top™
arel, 2, 3,...,pi which are piin number. Among these Integers which are divisible by p

arep, 2p, 3p, ..., p(pi_l) which are p'~! in number. Thus, the number of integers which are
relatively prime to pi is pi - pi_1=pi_1(p—1).So, by the definition of Euler phi-function, go(pi)
=p' —p""t =p'(p-1).

Consider distnict prime factors p;, p2, P3, .., pi of n. By prime factorization n can be written as
n=p;“1p,*2p; %3 ... p;*.Then, since ¢ is multiplicative function and using Theorm 1.4

M) = (P1%1p2%2p3* ... p;“D= e (P1*) (P2 e (P3*2) ... @ (p; 1)
=p; 17N (py-1)p, %2 Hpo-1)ps ¥ H(ps-1)... 0% (1)

— a a a a1 . L 1 1 - L _ 1
= P, ¥1p,%2p, % L p,%i(1 Pl)(l pz)'"(l Pi) nHJ=1(1 pj)'
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Theorem1.2.¢p(n) is even positive integer which is less than n for n>2.

Proof: By definition@(n) is less than n for n > 1. From Theorem 1.6and by considering the
prime factorization of n=p ;¥1p,K2p. X3 _ p;*i  fork,, k,, ..., k;eN and the
primespy, P2, P3, -.., Po the second part of this theorem is proved as follows:

(P1—-D(p2-D(p3—1)..(p1)
P1P2P3---Pi

p(m)=n

(2a1)(2a2)(2a3)..(2a
P1P2P3---Pi

= @(m)=n D foray, ay,..,a;eN

= (p(n): zm, for m=2i_1 l_[;:l aj l_[;":l ijj_l e N.
Hence, ¢(n) is even positive integer less than n.

Corollary1.3. szl(pj — 1) is even positive integer which divides ¢ (n), for distinct prime

factors p1, p2, 3, ..., piof n.

Proof: From Theorem 1.1 and 1.2, We have a result that D= ]_[}'-=1 pjkf‘1 = %; forn =

j'-zlpjkf ,0 = }'-zl(pj — 1), D € Nand since ¢(n) is evensois 6.
Algorithm for determining n for a given value of @ (n):

[1]Determine even divisors 8 of ¢ (n); forn = j'-zlpjkf and 6 = j'-z 1(pj — Dsuch that
those identified 8 are expressed as]‘[}'- -1(p; — 1.

[2]Determine the possible prime numbers p;, p,, ..., p; one by one and k; corresponding to

these p; 's using the property H} =1 ij’_l = %‘

[3]Likewise, if there is no p; obtained in step 2, then consider the possible p;s as paire wise,
triples up to n-tuples p, p, , ..., Ppand determine the corresponding k;'s.

[4]Using p;’sand k;’s which are identified in the above steps determinen = Hj'-:l pjkf.
Theorem (Euler’s) 1.4: If m is a positive integer and (a,m) = 1, then a®™ = 1(modm)

Proof: let {rl, 75,13, ...,r(p(m)} be a completed reduced residue system (mod
m).{arl, ar,,ars, ..., arq,(m)}is a complete reduced residue system(modm). Hence each ar;is
congruent (mod m) to one and only one element of{rl, Ty, 13, ...,r(p(m)}.

Thus, ary. ary. ars ... argmy = 11.72. 13 ... Tpm) (Modm).
= (a"’(m) — 1)r1r2r3 wTom) = 0(modm)

Therefore, m is a factor of a?™ — 1, since (117,75 ... T o(m), M)=1
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Thus, a®™ = 1(modm)

Theorem 1.5: A non-linear Diophantine equation x™ + y™ + z" + w" +

ity (7) [x"Ty) + z"Iw/] — r[(x + y)(z + w)] = 1; for given even integers n has infinite

non-triVial SOlution (al, a,, bl' b2, C) Wlth (a1 + a,, bl + bz, C) =1,g0(a1 + az) =n-=
@(by + by).

Proof- By Euler’s theorem , a®® = 1(mod b) and b?® = 1(mod a). From this we have that
a®?® — 1 = 0(modb) and b?@® — 1 = 0(mod a).

Let D=a®®) + p#@

Now, D — 1 = a?® + (b?@® — 1) = Omoda, and D = 1(mod b).Moreover; D — 1 =
(a?® — 1) + b®@ = 0modb, and D = 1(mod b).Therefore, D = 1(mod (ab)).

= q?® 4+ p*@ = 1(mod(ab))
This congruence can be re-expressed as
a®® + p*@ — (rab) = 1,for some re Z. (1.1)
Now, put a = a; + a,, b = b; + byinto the result put in Equation 1.1.
It follows that (a; + a;)™ + (by + by)™ — (ay + ay)(by + by)r =1. (1.2)
Using binomial expansion, Equation 1.2 becomes

(o (oot s s (o2 Jarar o (Yo (ot + (i s

(5) 61" 2by% + -+ (2 ) b b + (D) b = (ay + @) (by + by)r = 1 (1.3)

By re-collecting similar terms and simplify coefficients Equation 1.3 becomes

n—-1
n L P
@+ a4+ b+ b, 4 Z (]) [a," T ay +b," I b,7] —
Jj=1

(ay +a))(by +by)r=1 (1.4)

Then, the result put in Equation 1.4 shows that (x, y, z, w,r) =(a4, a,, b1, b,,c) can satisfy the
non-homogenous non-linear Diophantine equation
xm oyt 4z +wh + 3] (7) [x™Ty) + 2" wi ] —r[(x + y)(z + w)] =

Nypn—1

. . . a
1 for given even integers n; In such a way that c is calculated as ¢ =

wherea = a; +

a,; b = by + b,.These two integers a and b can be computed based on the given positive even
integers @(a) = @(b) = n and using the algorithm given above.

Theorem 1.6:A non-linear Diophantine equation k;x™ + k,y™ + k3z" + k,w™ +
2?511(?) [uex™ 'yt + v 2" 'wt] = r[(dix + dpy)(dsz + dyw)] =

98 | IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




Volume : 4 | Issue : 12 | December 2015 « ISSN No 2277 - 8179

Research Paper

1; for some positive even integernand k; = d;", k, =d,", ks = d3", k, = d™, u,

n — 1 haspositive non-trivial solution with the

d A"+B™ -1, .
e 2 if

d,"'d," v, = ds"td,  wheret = 1,2,3, ...,

_ _ dz _ dl — d—
fOI‘m (x]_ - xO (d1,d2) d7 yl - yO + (d1.d2) d’ Zl - ZO (d ,d )e W1 W0+(d .d4)

AB

da,d ds,d 7
—Wo( Z D) coc 7 ( f’i 4);Where d, e € Z for particular
3

solutions (x, , yo)and(z,, wy)of the Diophantine equations dix +d,y =Aand d;z +

d,w = B respectively.
ii. @(A) = p(B) =n.
iil. GCD (d4,d,) divides A and GCD(d3, d,) divides B
Proof: To proof this Theorem, put a = d,a, + d,a,, b = d;a; + d,a,into the resultput in

Equation 1.1.It follows that
(1.5)

(dya; + dyay)™ + (dsaz + dsay)"™ — (dyag + dyay)(dzas +dya)r =1.
Using binomial expansion, Equation 1.2 becomes

(g) dlnaln + (;1) dln_ldzlaln_lazl + b + (n E 1) dlldzn_lallazn_l + (E) dznazn +

(g) d3na3n + (rll) d3n_1d41a3n_1a4_1 + -+ (n E 1) d31d4n_1a31a4n_1 + (E) d4na4n -

(d1a1 + dzaz)(d3a3 + d4a4)T =1 (16)

By re-collecting similar terms and simplify coefficients Equation 1.6 becomes

di"a," +d,"a," + ds"as™ + d,a,”

-1

n-—1
n . . i . n . . , ,
+ Z (]) dln_]dzjaln_]azj + (]) d3n_J d4]a3n_] a4] -
j=1

1

S

-
1l

(dya; + d,a,)(dsas + dya,)r = 1(1.7)

Then, the result put in Equation 1.7 shows that (x, ¥, z, w, 1) =(x4, ¥1, Z1, W;,€) can satisfy the

non-homogenous non-linear Diophantine equation of the form:

ey x™ + koy™ + kaz™ + kaw™ + ZP2H (P (A" x5 (G) (ds" T dy D)z wd —
r[(dx + d,y)(dsz + dyw)] = 1 where ky, k,, ks, k, be definedby k; = dy™, k, = dy", ks =

Antﬁg where a = dya; +d,a,; b = dzaz + d,ay.

ds", ks, = d,"and c is calculated as ¢ =

However;(x,, y;)and (z;, w;) are determined to be the general solutions of the linear

Diophantine equations dyx + d,y = A and d;w + d,z = B with the property that GCD

(dq4,d,) divides A and GCD (d5, d,) divides B respectively. And also, GCD (d;x; + d, 4,

d3zy + dywy) =l9(a =dix; + dyy;) =n = @(b = dszy + dywy).

These two integers a and b will be determined using the given positive even integers n =
(A) = @(B) , which is degree of the given non-linear Diophantine equation, and using the

algorithm given above.
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But by the notion of linear Diophantine equation, the general solutions of the two linear

Diophantine equations d;x + d,y = A and d;w + d,z = B will bedetermined by (x,y) =

= _ Y 4 = = _ s _da
(1, y1) = (Xo YT T d) and(z,w) = (21, w1) = Wo = =56 %0 + 55 €)
where (xg, ¥o), (W, Zg) are particular solutions of the Diophantine equations d;x + d,y =
A and d;w + d,z = B,where d, e € Z are respectively.

Then we obtain d and e in such a way that this solution is positive as

d,
Xy =%y ————d >0, +———d>0
1 0 (d1’ dz) yl yO (dl,dz)
L =Zg————e>0w, =w +Le>0
! 0 (d3' d4) T 0 (d3f d4)
= —y, (d4,d2) <d< 0( 1.d2) and —w, (d3,d4) <e< 7, (d3,d4)
d d1 d4. d3

Hence any such integers d and e satisfy these conditions give positive solutions.

d;

d
Consequently;(x, y,w,z, T') = (xllyllzliwli C) = ('xo - md, Yo + (dl_ji)

d, ZO_

d A +B™
4 Wo + e,
(d3,d4) (d3 d4) AB

equation of the form kyx™ + k,y™ + k3z™ + kyw™ + Y72} (1) [(d," T d,)x"Ty) +
(ds nig j)Z"‘jwj] —r[(dyx + d,y) + (d3z + d,w)] = 1 where kq, k,, k3, k, be defined

) will be positive solutions for the non-linear Diophantine

byk, =d," k, =d," k3 = d3", k, = d,"whenever — yo( 182) g< Xo —(d;’dZ) and
1
—w, (d3, da) <e< 7, (ds, d4).
dy ds

Theorem1.7:The number of positive solutions to the Diophantine equation k,x™ + k,y™ +
ka2 + egw™ + 201 (1) [(dy " )Ty + (ds" T dy)zIwd] = rl(dyx + dyy) +
(d3z +dyw)] = 1 wherek; =d;" k, =d,", k3 = d3", ks = d," is kl where k and [ are the
(d _; dz) <d< O(d;dz) and

1

number of integers d and e respectively such that —y,

ds,d ds,d
_WO( 3d 4) <e< 0( Z 4).
4 3

Proof:Let x(, ¥y, Wy, Zy be particular solution to the given non-linear Diophantine
equation kyx™ + kyy™ + kaz™ + kyw™ + NP (D) [uex ™yt + vz twt] — rl(agx +
a,y)(azz + a,w)] = 1, where k; =d," k, = d," ,k3 = d;", k, = d," € Z* From Theorem

1.13, we have that x; = x; — (dd—d)d,yl Yo +

dy
d,z ———e,w, =Wy +
(d d) 1520 T (g &M 0
dy __ A™+B"-1

e,r =
(ds.dy) ' AB

is the general non-trivial solution ford,e € Z.

And also, let k£ and / are the numbers of d and e respectively. Then, using the concepts of

combination (’I)(i) = kl is the number of these positive solutions.
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Theorem1.8: k1x," + kpxo™ + kaxs" + -+ + kaXop™ + Kops1X2p41™ +
Koht2Xont2™ + o+ kapXap™ + X2 1( ) [ty 2! o Wikt ™+
(kyxy + koxe,))" " (kaxs + kaxg)' + -+ (kgp_3Xon_3 +
kZh_zth_Z)n_i(th_leh_l + thth)i + o (ke + koxp+ksxg + 4
khxh)n_i(kh+1xh+1 + Xps2Xntz + Knasdnez + o+ kapxan)'] +

n—i i —ind
[(Wixone1™ Xons2' + -+ px,,  "Txan) + (Kont1Xg, g +

kons2X2n+2) (KonesXanes + konsaXonsa) + -+ (kapozxyy, o+
Kan—2%4_3)" " (k4h—1x4h—1 + k4hx4h)1] + o+ (kanXong1 + KongoXyp 0 +

o
k2h+3x2h+3 + -t kapxan) (kshr1Xap,q + KaneaXsnez + Kapesxsnes + -+
k4hx4h) — (X% kix, )(Z 21 kj X, j)=1, for non-zero integer coefficients k; =

d;",i=1,2,3,...,4h has infinite non-trivial positive Integer solution (ty, t,, ts, ..., ts;, ) if

1. GCD(dq,d3,d3, ..., dy;) divides A and (d3;41, d2i42, d2it3, -, dg;)divides B.

ii. ¢(A) = ¢(B) =n.

~ L _(djdj) . o (@pdjn)

1ii. the effective bound for ¢;: — 6, < p < @; < 0yj_1———inwhichty_;, =
j+1 dj

dz' d
02j-1 — m¢i, tyj =0, — @ d]+1)<p and the same ¢@; € Z for the two
consecutive integers t;j_q,t;; € Ztforj=123,...,2hand i = 1,2,3,...,2k

d;

Furthermore; this solution has the form (¢4, t, t3, ..., t4;, ¢) =(6; — . ? 0, +
dq dy ds dan

— 0,03 ———— 9,0, + ————¢, ..., 0 ,6

(d1, dz) ®©3 (d3, dg) @, G4 (dz, d4) @ h (dah-1, dan) . Oan t
d4h_1 An+Bn—1

(dsj_1,dan) 7’ AB

Proof: To proof this theorem the following linear combination of integers are considered:
a=a,+ab=a3+a, (1%)
a; = by + by , a;=b3 + by,a3 = bs + be, ay=b; + bg (2%)

by = c1 + ¢, by = 3+ C4.b3 = C5 + €6, by = €7 + Cg, bs = €9 + €19, b6=C11 + €12, by = €13+
C14,bg = ¢15 + €16(3%)

rn = dltl + dztz,rz = d3t3 + d4t4, vy Mpg—1 = de—ltZR—l + detZk) vy Mpg—1 =
Aak—1tar—1 + daptak 4%

From 1%*, 2*3* and 4* we get that
a=r; = dltl + dztz + d3t3 + d4t4, + 4 detZR + d2k+t2k and

b=dsk11t2k+1Fdok+2takrz + o+ dags Lok
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(). Put the partision (1 *)in to Equation 1.1. Then the result becomes

n—1
n . . . .
alTl + azn + a3n + a4n + Z (]) [aln_]azj + a3n_]a4j] -
j=1

(a; +ay)(az +al)r=1 (1.9)

(ii). Putthe partision (2 *)in to Equation 1.9. Then the result becomes 2.0.
by + by™ + bs™ + by + bg™ + bg" + b," + b + X1 (’;) b, b, +
Szt (%) 5™ by + 302 (7) b b + X35 (M) by g + 2 (7) by +

b)) (by + ba)T + T37H (") (bs + be)" (b + bg)! — (by + by + by + by)(bs +
b6 + b7 + bg)r == 1 (2-0)

Continuing in such a way we get that

(iii). Finally, by considering the partision (4 *). Then the result becomes 2.1

dlntln + dlntzn + dlnt3n + ce + dlntzkn + dlnt2k+1n + dlnt2k+2n + i + dlnt4kn +
_a/m i e i : . . .
Xt l(i) [(dy"hdy 6+ e dopey g b1V ) F (dity + daty)  (dsts +
daty)' + -+ (dag—stor—z + dog—ator—2)"""(dag—1tax—1 + dotor)' + - + (dity +
dyty+dsts + -+ dogtor)™ "(doksrtak+r + daksatoksz T dogastores + oo+ dagtap)t +

n—i i n—i i n—i i n—i .
(dok+1 doksz toksr  toraz' + ot dagor dlagtagor tlar) + (dogsrtonsr +
doksatzoi+2)™ (dorsstones + dogratonsa)’ + -+ (dag—3tax—s +
Aag—ztan—2)" " (dag—1tar—1 + dartar)’ + - + (dags1tons1 + daksztorsz + doksstoges + o+
dsktzi)™  (dais1taisr + darztzrsz + dagratspes + o + dagratar)’] —
7'(21251 diti)(2?1=(1 d2k+jt2k+j):1- (2- 1)

Finally by continuous substitution as above in (i) and (ii) @ and b are expressed as follows:
a=Y2K, dit;=d t; + dyty+dsts + -+ dogta (2.2)
b=2?’=(1 Aok jtoksj = Aoks1tok+1 T doksatoksz T dogrstores + -+ dogtay 2.3)

Such that @(a) = n = @(b) =nwherea, b€ Z*.

Since by the assumption GCD(dq,d3,ds, ..., dy)divides A and(dz;11, d2i12, itz - Aak)
divides B, Equation 2.2 and 2.3 show that a=dqx; + dyx, + d3x5 + - + dppx,, and b =
A2k+1%2k41 + A2+ 2X2k42 + A2k+3X21k43 + -+ + dggXy has infinite non —

trivial soltuion (t4, t,, ts, ..., tar)and  (tar41, taks2s toksss > tar) rEspectively as they are
consistent and dependent.

Consequently; a result in Equation 2.1 shows that the non-linear Diophantine Equation 1.8 in
expressed in this theorem 1.8 has infinite non —

trivial solution (xq, X3, X3, .\, X2k X2k+1r X2k +2> X2k +3s = » Xak)

=(t1, ta, t3, oo, togs tagt1s Lokt L2kt 3s oos Lag, T ) Where @(a)= @(ty + ty + L3 + oo+ typ)=
Qb)= P(tak+1 + tagsz + tagyz + -+ ty)=n.

102 | IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




Research Paper

Volume : 4 | Issue : 12 | December 2015 « ISSN No 2277 - 8179

Theorem1.9:The number of positive solutions of the Diophantine equation in Theorem 1.8 is
(ddj+1)

j+1

equal to N = ]_[?51 n;, for n; equal to the cardinality of the set {¢; € Z: —0,; < <@ <

(d), d1+1)} where i=1,2,3,...,2k and j=1,2,3,..., 2k.

02j-1
Proof: The Diophantine equation of the form which is put in Theorem 1.15 will have positive
(djdj+1) (d)dj+1)

solutions with the effective bounds of ¢; as—60,; < . .
j+1 J

<@ <034

Now, let S;={p; € Z: ~0; < L4 <, < g, , dindy

j+1 J
The number of ¢; is equal to the cardinality of S;, denoted as |S;|.Since any two consecutive
variables will have the same number of positive solutions, the Equation put in Theorem 1.8 will
have 2j number of positive solutions for j=1,2,3,...,2h. So starting from the first two pair wise
consecutively up to the (2j)" variable the possible number of positive solutions will be

(nll)(nlz)("f) (ni") =N NN, ...n2k=]_[§'=‘1nj.

Example 1: For ¢@(n)= 4 the possible values of n corresponding to the value 4 are obtained as
follows using the above series of steps:

Stepl: The possible even divisors ¢(n)=4 are =1, 2, 4.

Step2:i. For 9:1:H§- 1(p; — 1), for satisfying this equality there is no prime numbers

w(n) 4

except p; = 2.So —= 4 ]_[J lp]kl ! Hence, the possible k; corresponding to p;=2 is

obtained as p, 17! = 2"1 ! = 4. Therefore; k; = 3. Finally, n = [_, p;*i=2% =8.

ii. For 9:2:H§-=1(pj — 1), the prime numbers corresponding to this 8 are:

kj-1 — % we have that 3¥171=2, From

a. p; = 3.So by the property H§-=1 bj
this it is impossible to get an integerk, satisfying this equality.

— n
k=1 = % we have

b. p, = 2 andp, = 3 Pairwise. So by the property H§~=1 pj
that 2k171,3k21=3 As aresult;k; = 2 and k, = 1.Finally,n =

[Ti=y pjki=2ks, 3k2=12,

iii. For 0:4:]_[5-21(;)]- — 1), the prime numbers corresponding to this 8 are:

k-1 _ <PL71)

a. p; = 5.S0 by the property H§'=1Pj —— we have that 5¥171=1. From this k; =1.

Therefore; n = [[}-, p;*/=5%1=5.

ki—1 = %n) we have that

b. p; = 2 andp, = 5 Pairwise. So by the property H§-=1 pj
211 5k2=1-1 Asaresult; k; = 1and k, = 1.Finally,n = ]_[5'-=1 pjki:Zkl. 5k2 =10.
Hence; the values of n corresponding to ¢ (n)=4 are 5,8,10,12.
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Example2: Some of the nontrivial solutions for x* + y* + z* + w* + ¥3_, (;L) [x™tyt +

zZ"'wll = (x+y)z+w)r+1lare(tr,s, d k)=
(2,3,1,7,86),(2,3,2,6,86),(2,3,6,2,86),(2,3,3,5,86),(2,3,5,3,86),(2,3,4,4,86),(1,4,1,7,86),(1,4,7,1,86)
,(1,4,2,6,86),(1,4,6,2,86),(1,4,3,5,86),(1,4,4,4,86).

Example 3: x* + 16y* + 81w* + z* + 2x3y + 4x%y? + 8xy3 + 27w3z + 9w?z? + 3wz3 —
(x + 2y) (3w + z)r=1 will have solution (x, y, z, w, r)=(1-2t,2+t,2-k,2+3k,118) where (1,2) and
(2,2) are particular solutions ofx + 2y = 5 and 3w + z = 8 in such a way that ¢(5) = ¢(8) =

C . 8%+5%-1
4, which is degree of the equation, and r=— - = 118.

Example 4: Some of the nontrivial positive solutions for the non-linear Diophantine equation
x8+y8+zt +wt+ ZZ=1(f)x8 byt + 33 1(4)24 twt —r(x +y)(z + w)=1 are:

(5104415L)(12335—15+8 )(11426—15+8 )(9626—15+80 Y,
° 8 8 8 8, 4
(781,70, (133,410 (10,6, 32,0 (884,150 (7,041, 0
8 —
(12,12,4,1,°727) (20,4,3,2250 ), (18,632,271, (17,7,1,4 220,
nypn_
(13, 113215L) (10, 141415L) As ¢(b)=(15) = 8;(8) = 4and c = = — =
158+8%-1

using Theorem 1.8
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