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ABSTRACT

In the case of pure rotation, Newtonian approximation of Einstein’s theory is not possible because of the off diago-

nal term *'in the metric, the field equation makes the field non Newtonian. The new field equations can easily explain
rotation since field and hydrodynamic equations are approximately same as Newtonian. In the present investigation these field equations are
applied in the problem of Rotation of a star (fluid with pressure).

INTRODUCTION: In the case of radial motion of a star pressure gradient and
gravitational field are both in radial direction the fluid will be accelerated only radially
according to Newton’s theory. For rotation the resultant of the two forces must be
perpendicular to the axis of rotation according to Newton’s theory. In the case of pure

rotation, Newtonian approximation of Einstein’s theory is not possiblebecause of the off
diagonal term‘ 2mr’Sin*¢ - d¢ - dt ’in the metric, the field equation makes the field non
Newtonian.Let us consider the metric in isotropic'

ds? = —e"(dr? +12d0% + r2Sin20-do? )+ e"dt? + 20r2Sin20-dp-dt ....... 1)

wherep = pu(r, 0) and v = v(r, 0)

In Cartesian system above line element takes the form:

ds? = —e*(dx? + dy® + dz?) + e"dt’> — 2eydxdt + 2coxdydt............ 2)

In thiscase p = u(x,y,z) and v = v(x,Yy, z)
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Since wx ~ 107° ~ wy and space is almost flat one can verify that
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Christoffel symbols: {“V° oc} - % gak( ag“f
X

We use the following symbols.
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Christoffel symbols having non- zero values are the following

1
UL =2 my
1
{1 1’2} = _E'“y
1
113} ==k,

{114} = 2 ym, + 0,

1
12,1} = SHy = 21,1}

(12,2} = %ux - 12}

131)=—u, =311}

{134} = %uz
14,1} = —%vx = (41,1}

142) = —o0 + % v, = {412}
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{224} = —%(yux +xu, )

(32)=2n, =622}

233)=_u, - 323}

234}=—""u,

241} = o - % v, = {421}

y

24,2} = % v, = (42,2}

y
24,4} = %vy + o’y = {42,4}

Bt} =, = f131)

22}~ . - 232}
1
B32)=-2u,
1
B33)=1u,

{334} = —%(yux - Xuy)

(34,1} = —%yvz = {431)

Rest of the Christoffelsymbols vanish.
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(34,2} = %sz - {432}

34,4} = % v, = {434}

1

32,3} = My = {23,3}
1
331 =2,
1

B13}=n, =133}

{414} = %vx +o’x = {14,4}
{42,4}:%vy + o’y

{44,2} = %vy

{44,3}:%\12
{44,4} = —%(va — yvx)

43,4} = %v

{441} = %v

X

FIELD EQUATIONS ACCORDING TO EINSTEIN’S THEORY:
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Einstein’s equationis R, - ngR = 8T, e 3)

R, andT,, can be found using following equations.

R = fuo, alav, o} - fuv, allac, o} + 5{2‘(’;0} ] a{g:;“} ........... @

R ~8{MG,G} é{uvlc}

~ -

w P 8X (Neglecting non-linear terms because they are~ 10~ except
X

where they contain ©> ~ 107")

qu dXV v
p) . —g"P. (5)

™ =(P+p)—

ds ds
Applying approximations field equations can be found. For approximation order of the
various quantities at the surface of the earth are as follows”

urve10P0, r0~10"p v, #10"x~y~100pn, ~v, ~107

p ~ 10—27
It can be seen that Christoffell symbols can be equal to w(i.e. of the order of 107") for

earth or otherwise without m,Christoffell symbols without o will be of the order of 10™"*

for earth.

When we take product of Christoffell symbols the product will be of the

order of ®’if both Christofell symbols are equal to . But ®? =10’ andp =10"". So

®”has to be taken into consideration. Now if none of the Christofell symbols contain ®

then their product will be of the order of 10~ so negligible. The interesting case will be

when one of the Christoffell symbols is @ and other Christoffell symbols does not

contain ® the product will be of the order of 10™°x10™ =107 But 10 ¥is 107°
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times less than the main term p and Clairaut’s theorem has been verified experimentally

up to 1 in 10°. So terms of the order 10°(p) or 107 are negligible.

With these approximations we get the following equations (approximately)

R11 :%(V2M+“xx -i_vxx)—i_m2 _%(O‘)1Xux "‘YPX _0‘)1yuy +X!~ly)

R,, = %(V2u+ B, + vyy)+ ®* +§(}'qu +yp, + Xuy + xpy>

R33 z%(v2u+“zz +VZZ)+%(yMX +yl‘lx _).(My —X}:ly)

R, = —%Vzv —%(y\'zx + vxy)-i-%(xvy + vy)'()— 20’

whereX =—m,y and Yy=w,X where ®,is the angular velocity of pure rotation,

different from ® in the metric, which is just a constant in the metric.

Viu+u,, +v,, ~—-8np, — 2w’

Viu+ Wy, +V,, = =8np, —20°

Vit p, +v,, ~ -81p,

Vv = 8np, — 4’

Adding first three equations we get

4AV?n+V?v = -24np — 40’ Substituting the fourth equation in this equation we get
4V’ + 8mp = —24np — 8w’

4V:u = -32np — 8o’

Vu = -8mp — 20° ...... (6)  This equation differs from Newton’s theory.

Viv=8rnp-40°........... (7)  This equation also differs from Newton’s theory.
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ROTATION ON THE BASIS OF ‘NEW FIELD EQUATIONS:

Einstein’s field equation R | — % g,,R = —8xnT, shows dependence of motion on the

field and field on the motion. Einstein’s equation has field on one side and motion on the

other side. The new field equation’ is given as

n v
R" — lQl“VR = 4np,g" + n" wheren" = 4zP PRSI M
2 ds ds
n v
R™ — lgwR = 4np,g"" + 4nP| 4 e’ d gl (8)
2 ds ds

The field depends very slightly on motion throughmn , .The field depends on p,and is

approximately Newtonian. The motion or hydrodynamics is given by a separate equation
T’ikk =0 ... (9) gives hydrodynamics which is approximated to Newtonian
hydrodynamics.

We can work with a diagonal metric of the form prescribed by Eddington’ i.e.
—(1+20)dx> + dy? +dz? )+ (1 - 2Q)dt> = ds* ......... (10)

where Q) is approximately Newtonian potential for rotating fluid. We now put
approximate Newtonian potential for Q in the above line element and we can get
Newtonian approximation of the field. Further there is Newtonian approximation of
hydrodynamic equation as proved by Eddington.

In the RHS of Finstein’s equation we get ®, the angular velocity. Hence it is not possible
to solve the Einstein’s field equations even approximately, because of T, ’s in RHS,

Multiplying equation (8) by g,, we get
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N |- v dx" dx” v
RH gpv - Egu gp.vR = 4T|:pog“ gpv + 4TEP 4gpv K dS - gH gpv
1 dx" dx"
R-—-4-R=4np, -4+ 4nP|4-1- 4| — =1
2 pO [ ] gp.v dS dS
R = —16mnp,
Now the 4-4 equation gives
1
R - EQZR = 47mp,g; + My
. dx* dx*
n: = 94a114 = 9441144 = g,4nP| 49, — - 944
ds ds
e’
= 47TP[4944(_) - 944944]
ds
2
— 4nP[4-1-1]- gM(ﬁJ -
ds
= 12nP
1
R, - 5944R = 4np,Qay + Ny
R, +9u,81p, = —4mnp, + Ny,
R,, = —4np, ,which is approximately Newtonian.
Now 1-1 equation
dx' dx' 1
T]” = 4P 411 - g11 andR;, — —g;R = 4np,g,, + Ny,
ds ds 2

The RHS of the equation will be of the order of 4np, because P is very small as

compared to p so that in approximation for 1 can be neglected. This will give
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1
R, - EgnR = 4np,9,,

1
R, - 5911(_ 16“90) = 4np,9,,

Ry =—4npy g, = -(1+2Q) ~ -1

| QN 1,
C Vg, = = V(1 + 2Q)(-1
) 911 ) ( )(=1)

~ V’Q ~ —4np, This is approximately Newtonian if Q is Newtonian potential.
Similarly we can find outR ,, , R ;; and show that they satisfy the condition of Newtonian

approximation.
RESULT AND DISCUSSION: In Einstein’s theory rotation is impossible without the

cross term 2or’Sin’0 - dgdt or Cartesian equivalent 2mydxdt — 2oxdydt. Hence the

2

field is not Newtonian and differs from Newtonian field by a factor of @ which is of the
p

order of Newtonian ellipticity. On the other hand, with new field equation we can work
with a diagonal metric of the form prescribed by Eddington’ i.e.
—(1+ 2Q)(dX2 +dy® + dzz)+ (1-2Q)dt* = ds> where Q is approximately
Newtonian potential for rotating fluid. We now put approximate Newtonian potential for

Q in the above line element and we can get Newtonian approximation of the field.
Further there is Newtonian approximation of hydrodynamic equation T’ikk = 0 as proved
by Eddington. The new field equations, both field and hydrodynamics have Newtonian

approximation and hence the shape of the rotating fluid will also have Newtonian

approximation.
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In the RHS of Einstein’s equation we get ®, the angular velocity. Hence it

is not possible to solve the Einstein’s field equations even approximately because of T,
’s in RHS. Hence if we use ij = 0, as a separate equation and get the solutions.

o, 1s the actual angular velocity and ® 1is just a parameter in the line element. For the

sake of completeness and for the sake of convenience of the reader we are reproducing in

the following.

The equations T’i]f = (are given below. (Using approximations)

oP .

&+p 5 +2p(0031x—p0312x =0 (=1
oP v
5+p7y+2pmwly—pwfy=o (n=2)
oP \Y

—+p—==0 =3

o TP (=3

Adding above equations

8_de+8_de+8_PdZ +B 8—de+@dy+6—vdz
0x oy 0z 2| 0x oy 0z

+ 2poo, (xdx + ydy) — po,’(xdx + ydy) = 0

Integrating above equation

2 2
P+B\/+2p(»61u =C
2 2
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Where ‘C’ is constant of integration and ®, =

2 2

o 0, o N VN ) Op 2 O | 5
P+Z(2np—-4np— — — + 200, ||x° + + |- —+4np° — |z
2{ P pw 2 ]}( y) { 2 P }

C
®

The constant of integration can be determined by boundary conditions. At the equator,

z=0 and x* +y> +2z" =a’ similarly P = 0at the boundary of the fluid.

2
S C= B{%‘Cp - 4np& - 20361}12
2 ® 2

2 2
P ®0, o — 2 2 2 ®p 201 2
P=>=2np-4np— - — + 200, ||a~ - X" + —|———+4np"— |z
o -2 | R
If pressure ‘P’ is assumed to be spherically symmetric then boundary surface is sphere,

since P = 0 at the boundary (i.eat r = a).Equating coefficients of (x2 + y2) and z° we

get:

2

1-6/ 20+ o TR T W
® 4np  mp 27p

z1—6{&}:0
®

Exterior solutions are not the same in Einstein’s and with new field equation. In

Einstein’s theory one gets the Kerr solution’ as Exterior solution and with new field
equation for rotation it is the same as Wyman’s exterior solution’. When one puts Qas
Newtonian potential in the metric. For static sphere these are as given below.

e! =1+ 2Qande” =1-2Q

But for rotation we use Q as Newtonian potential for rotating fluid.
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For determining the shape of the fluid in Einstein theory Kelkaret al® used

b

an ingenious method. They take ‘@’ as parameter appearing in the interior in the ‘g ,’,

but take “ ©, * as the actual angular velocity of the fluid which appears in * T, ”. Then they

find the relationship between ‘®’ and ‘®, ’for spherically symmetric solutions. They

have taken ‘d¢dt’ term only in the interior metric, as without this term there is no
rotation. All the ‘T, ’s are zero in the exterior region, exterior solution has been

determined on the basis of symmetry and boundary conditions. Symmetry will naturally
depend upon the shaper of the fluid. If the fluid is spherical in shape then exterior
solution is bound to be spherically symmetric.

CONCLUSION: Einstein’s field equation shows dependence of motion on the field and
field on the motion. Einstein’s equation has field on one side and motion on the other

side. In the new equation the field depends very slightly on motion throughmn . The field

depends on p, . The motion or hydrodynamics is given by a separate equation Tfkk =0
There is no need of ‘d¢dt’ term in the theory of rotation as shown here.
We have the simple line element — (1 + 2Q)(dx2 +dy® + dz2)+ (1-2Q)dt* = ds’
and this gives the field which can be approximated to Newton’s field equation and the
equation T’ikk = 0 approximates Newtonian hydrodynamics when Q is Newtonian

potential. So rotation of a star is explained in a very simple manner just like Newton
giving same unique ellipticity of shape by Newton’s theory and is also confirmed by

observation.
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We can use diagonal line element of the form given by Eddington and get

Newtonian approximation for both the field equation and hydrodynamic equation and

hence obtain observed ellipticity which is uniquely given by Newton’s theory.

[ 1]].J. Rawal,V. D. Deshpande,V. B. Kelkar and R.P.Shenoy. "Schwarzschild interior solution for a very slowly rotating star'Indian Journal of Phys-
ics, 63B, (3), 362 — 366, 1989 | [ 2 | V. B. Kelkar, V. D. Deshpande. J. J. Rawal and M. K. Shrivastav."Rotation of a star of uniform density using Ein-
stein’s field equations” Bull. Cal. Math. Soc., 93 (3) 197-204(2001). | [ 3] Ph.D Thesis of ManojShrivastav,Universityof Mumbai 1999 | [ 4 ] Eddington A.S :The Mathematical Theory of
Relativity ,Cambridge,At The University Press 1963 | [5] R.PKerr, PhyRev. Lett., 11,237,1963. | [6] Max Wyman:"Schwarzschild Interior Solution in an Isotropic Coordinate System" |
Physical Review, Vol70, pages 74-76, 1946

14 IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




