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ABSTRACT

We introduce and study a class of generalized vector variational inequalities in the setting of hausdrofftopological
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vector spaces. By using FKKM theorem, some new existence results of solutions for the generalized vector variational

inequalities are obtained under some suitable conditions.

1. INTRODUCTION

Variational inequality theory plays an
important role in many fields of science,
engineering and economics. Because of their
wide applicability, variational inequality
problems have been generalized in various
directions for the past several years. For
details, we refer to [1-9] and the references
therein.

The vector variational inequalities in a finite-
dimensional Euclidean space were first
introduced by Giannessi [10], which is the
vector-valued version of the variational
inequality of Hartman and Stampacchia [4].
Many authors studied several kinds of vector
variational inequalities in abstract spaces [11,
12, 13].

Yu et al. [14] considered a more general form
of weak vector variational inequalities and
proved some new results on the existence of
solutions of the new class of weak vector
variational inequalities in the setting of
hausdroff topological vector spaces. Very
recently, Ahmad and Khan [15] introduced
and considered weak vector variational-like
inequalities with 1 -generally convex
mapping and gave some existence results. On
the other hand, Fang and Huang [16] studied
some existence results of solutions for a class
of strong vector variational inequalities in
Banach spaces. In 2008, Lee et al. [17]
introduced a new class of strong vector
variational-type inequalities in Banach
spaces. They obtained the existence theorems
of solutions for the inequalities without
monotonicity in Banach spaces by using
Brouwer fixed point theorem and Browder
fixed point theorem.

Motivated and inspired by the work
mentioned above, in this paper we introduce
and study a class of generalized vector
variational inequalities in the setting of
hausdroff topological vector spaces.

2. PRELIMINARIES
Let X and Y be two real hausdroff
topological vector spaces, K cX a
nonempty, closed and convex subset, and
C c Y a closed, convex and pointed cone
with apex at the origin. Recall that the
hausdroff topological vector space Y is said
to be an ordered hausdroff topological vector
space denoted by (Y, C) if ordering relations
are defined in Y as follows:

forall x,yeY,x<yeoy—x€C(,

forall x,yeY,xfyeoy—x¢&C
If the interior intC is nonempty, then the
weak ordering relations in Y are defined as
follows:

forall x,y €Y, x <y < y—x €intC,
forall x,yeY,x+«y e y—x¢&intC
Let L(X,Y) be the space of all
continuous linear maps from X to Y and T :
X - L(X,Y). We denote the value of [ €
L(X,Y) onx € X by (I,x) . Throughout this
paper, we assume that C(x):x € K is a
family of closed, convex and pointed cones
of Y such that intC(x) #= @ for all x € K,
and f is a mapping from K X K into Y.
In this paper, we consider the

following vector variational inequality:

Generalized Vector Variational Inequality
(for short GVVI): for each z € K and 1 €
(0,1], find x € K such that

(TAx+ A —AD2z),y —x)+

fy,x) & —intC(x),Vy € K
Iff(y,x) =0and C(x) = C forallx,y € K
then GV VI reduces to the following model
studied by Yu et al. [14].
Find x € K such that for each z € K and 1 €
(0,11,

(TAx+ (A —A)z),y —x) &

—intC,Vy € K
For our main results, we need the following
definitions and lemmas.
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Definition 2.1 Let T: K > L(X,Y) be a
mapping and C = Nyex C(x) # @. T is said
to be monotone in C if and only if

(Tx)—-T(y),x—y)eC,Vx,yEK

Definition 2.2 Let T: K - L(X,Y) be a
mapping. We say that T is hemicontinuous if,
for any given x,y,z € K and 1 € (0,1], the
mapping t — (T(A(x +(1-t)(y- x)) +
(1= 2)z),y — x) is continuous at 0*.

Definition 2.3 A multivalued mapping A4 :
X - 2¥ is said to be upper semicontinuous
on X, if for all x € Xand for each open set G
in Y with A(x) € G, there exists an open
neighbourhood O(x) of x € X such that
A(x") c G forall x' € 0(x).

Lemma 2.1 [11] Let (Y,C) be an ordered
topological vector space with a closed,
pointed, convex cone C with intC # @. Then
for every x,y € Y, we have
() y—x€intC and y & intC imply
x & intC;
2)y—x€C and y € intC imply x &
intC;
(3) y —x € —intC and y € —intC imply
x & —intC;
4)y—x€—C and y €& —intC imply
x & —intC.

Lemma 2.2 [18] Let M be a nonempty,
closed, and convex subset of a hausdroff
topological space, and G:M -2M a
multivalued map. Suppose that for any finite
set  {x;,%5,...,x,JCM , one has
cofxy, %y, ..., x,} € UL, G(x;) (ie. F is a
KKM mapping) and G (x)is closed for each
x € M and compact for some x € M, where
co denotes the convex hull operator. Then
Niem G(x) # 0.

Lemma 2.3 [19] Let X be a hausdroff
topological ~ space, Ay, A4y, .....,A, be
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nonempty compact convex subset of X. Then
co(UiL; 4;) is compact.

Lemma 2.4 [20] Let X and Y be two
topological spaces. If A: X —» 2¥ is upper
semicontinuous with closed values, then A is
closed.

3. EXISTENCE RESULTS

Theorem 3.1 Let X be a hausdroff
topological linear space, K C X a nonempty,
closed, and convex subset, and (Y, C (x)) an
ordered topological vector space with
intC(x) #forallx e K. Letf: K XK -
Y be affine mapping such that f(x,x) =0
for each x € K. Let T: K-> L(X,Y) be
hemicontinuous ~ mapping. If C=
Nyex C(x) # @ and T is monotone in C, then
for each z€ K, 1 € (0,1], the following
statements are equivalent:

(1) find x,€K , such that
(Tz(x0),y — x0) + f (¥, %0) &
—intC(x,), forall y € K;

(1) find xo€K , such that
(TZ(y)Jy - xO) +f(ylx0) ¢
—intC(x,), forally € K

where T, is defined by T,(x) =T(Ax +
(1-=2)z) forall x € K.
Proof Suppose that (i) holds. We can find
X, € K, such that
(Tz(x0),y = x0) + f (¥, %0) & —intC(xo),
forally € K.
Since T is monotone, for each x,y € K, we
have
(TAy+(1-1z)—-TAx+ (1-2)z), Ay
+(1-21)z
—[Ax+(@=-MNz])eC
Also, (T;(y) — Tz(x),y — x)
= Ty + (1= )z) - T(Ax +
Q-2 y+(1-Dz—[Ax+ (1 -
Nz])ecC
Hence T} is also monotone. That is
(Tz(y) = Tz(x0),y — x0) € C
= (Tz(x0) = Tz (), y — %) € =C

IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH | 129




Volume: 4 | Issue : 9 | Sept 2015 « ISSN No 2277 - 8179

= (Tz(x0), y = x0) = (Tz(¥),y — xo)
€—-C,VyeK
Since C = Nyex C(x), for all yEK, we
obtain
(T (x0),y — x0) + f (¥, %)
—(Tz(),y —x0) = f (¥, %)

By Lemma 2.1,
(T;(),y — x0) + f (¥, x0) & —intC(xo),
Vy e K

and so x; is a solution of (ii). Hence (i)
implies (ii).
Conversely, suppose that (i1) holds. Then
there exists x, € K such that
(T;(¥),y — x0) + f (¥, %0) & —intC(xo),
forally € K
Foreachy € K, t € (0,1), we lety, =ty +
(1 -1t)x, . Obviously, y; € K. It follows
that
(Ty(¥e), ye — xo) + f Ve, %) & —intC(xo)
Since f is affine and f (x, x,) = 0, we have
(TA(ty + (1 —t)xy) + (1 = D)2),ty
+ (1= t)xo — xo)
+tf (¥, x0) € —intC(xy)
S(TAty + (1 —t)xy) + (1 —1)2),t(y
— X)) + tf (3, %)
¢ —intC(x,)
That is
(T(A(xo + t(y — xo)) +(1- A)z),y — Xp)
+ f(y,%0) & —intC(x,)
Considering the hemicontinuity of T and
letting t —» 0%, we have
(Tz(x0),y — x0) + f (¥, %) € —intC(x,),
forally € K
Hence (i1) implies (i). This completes the
proof.

Let K be a closed convex subset of a
topological linear space X, and {C(x):x €
K}a family of closed, convex, and pointed
cones of a topological space Y such that
int C(x) # @ for all x € K. Throughout this
paper, we define a set-valued mapping C :
K - 2¥ as follows:

C(x) = Y\{-intC(x)},Vx EK
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Theorem 3.2 Let X be a hausdroff
topological linear space, K € X a nonempty,
closed, compact and convex subset, and
(Y,C(x)) an ordered topological vector
space with C(x) #0@,Vx € K. Let f : K X
K -Y be affine mapping such that
f(x,x) =0 for each x€K. Let T: K -
L(X,Y) be hemicontinuous mapping.
Assume that the following conditions are
satisfied

(1) C=NyexC(x) #Qand Tis
monotone in C;

i) C:K-2' is an upper
semicontinuous set-valued
mapping.

Then for each z € K, A € (0,1], there exists
X € K such that
(T(Axg + (1 =Dz, y —xp)) +
f(y,x9) € —intC(x,), for all
yEK

Proof For each y € K, we denote T,(x) =
T(Ax + (1 — 2)z), and define

Fi(y) ={x € K: (Tz(x),y —x) + f(y,%)

¢ —intC(x)},
F,y) ={x €eK: (T,(y),y —x) +
f(y,x) € —intC(x)}.
Then F;(y) and F,(y) are nonempty since
y €F,(y) and y € F,(y) . The proof is
divided into the following three steps.
Step 1 First, we prove the following
conclusion: F; is a KKM mapping. Indeed,
assume that F; is not a KKM mapping; then
there exist uq, Uy, ..., Uy €K, t; 20,t; =
0,.cc,ty, =0 with " t; =1 and w=
Vit tiu; such that
m

w ¢ UFl(ui), i=12, ...,m
i=1

That is,
Vi=12,....,m, (T,(w),u; —w)+
fu;,w) € —intC(w)

Since f is affine and f(w,w) = 0, we have
m

ti {Tzw), w; —w) + f(u;, w)]
- € —intC(w)
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= (Tz(W);i tiug—w)+f (i t; ui,w>
i=1

i=1
€ —intC(w)
= (T,(w),w —w) + f(w,w) € —intC(w)
= 0 € —intC(w)
Which is impossible andso F; : K - 2K isa
KKM mapping.
Step 2 Further, we prove that

ro=[rw

yEK yEK
In fact, if x € F;(y), then (T,(x),y — x) +
f(y,x) ¢ intC(x) . From the proof of
Theorem 3.1, we know that T, is monotone
in C(x). It follows that

(T;(y) —Tz(x),y—x)€C
= (T;(x) - Tz(y),y —x) € —C
and so
(T;(x),y —x) + f(y, %) = (Tz(y),y — x)

- f(y,x) € —=C c —C(x)

By lemma 2.1, we have
(T;(),y —x) + f(y,x) & —intC(x)

and so x € F,(y)for each y € K. That is,
F,(y) € F,(y)and so

(ro<()rm

yEK yEK
Conversely, suppose that x € Nyex Fo(y) .
Then
(T;(),y —x) + f(y,x) € —intC(x),Vy
EK
It follows from Theorem 3.1that
(TZ (x),y -
x)+ f(y,x) € —intC(x),Vy €K
That is, x € Nyex F1(¥) and so

(eo <[ )ro)

yEK YyEK

which implies that
Nro=rw
yEK yEK

Step 3 Last, we prove that Nyex F,(y) # @.
Indeed, since F; is a KKM mapping, we
know that, for any finite set {y;, y5, ..., ¥n} C
K, one has
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co{y1, Y2, o Yn) C U F(y;) c U F,(y;)

This shows that F, is also a KKM mappmg
Now, we prove that F,(y) is closed for all
y € K. Assume that there exists a net {x,}
F,(y) with x, - x € K. Then
(TZ(y)'y -
xa) + f(yr xa) ¢ _intg(xa)
Using the definition of C, we have
_ <TZ(y)!y -
Xa) + (%0 ) € C(xg)
Since f is continuous, it follows that
<TZ(y):y - xa) + f(y:xa )
. > (T ),y —x)+ f(y,%)
Since C is upper semicontinuous mapping
with close values, by lemma 2.4, we know
that C is closed, and so
(T;),y —x)+f(y,x) € C(x)
This implies that
(T;(y),y —x)+ f(y,x) & —intC(x),
and so F,(y) is closed. Considering the
compactness of K and closeness of F,(y) c
K, we know that F,(y) is compact. By
lemma 2.2, we have Nyex F,(y) # @, and it
follows that N,k F; (y) # @, that s, for each
z€K and A € (0,1], there exists xy € K
such that
(T(Axo + (1 =Dz, y = x0)) + f (¥, %0) €
—intC(x,), forally € K
Thus GVVI is solvable. This completes the
proof.

In the above Theorem, K is compact. In the
following theorem, under some suitable
conditions, we prove a new existence result
of solutions for GVVI without the
compactness of K.

Theorem 3.3 Let X be a hausdroff
topological linear space, K C X a nonempty,
closed, and convex subset, and (Y, C (x)) be
an ordered topological vector space with
Cx)#0,Vx€K. Let f:KXK->Ybe
affine mapping such that f(x,x) =0 for
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each x€K . Let T:K-L(X,Y) be
hemicontinuous mapping. Assume that the
following conditions are satisfied

(1) C=CNyexCx)#® and T is
monotone in C;

(i) C:K-2Y is an  upper
semicontinuous set-valued
mapping;

(111)  there exists a nonempty compact
and convex subset D of K and for
each z€e K,,A€(0,1], x €K\
D, there exists y, € D such that

(T(Ayo + (1 =)z, y, — x))
+ f (y 0r X)
€ —intC(y,)
Then for each z € K, A € (0,1], there exists
Xy € D such that
(TAxo + (1 —N)z,y —x)) +
f(y,xy) & —intC(x,), for all
y€EK
Proof By Theorem 3.1, we know that the
solution set of the problem (ii) in Theorem
3.1 1s equivalent to the solution set of
following variational inequality: find x €
K,such that
(Ty+ (A =Dz),y—x)+f(y,x) &
—intC(x),Vy €K
For each z€eK,A1€(0,1] ; we denote
T,(x) =T(Ax+ (1 =1)z). LetG : K - 2P
be defined as follows:
G(y)={xe€
D:AT;(y),y —x)+f(y,x) ¢
—intC(x)},Vy €K
Obviously, for each y € K,
G) ={x€eK:AT;(y),y —x)+f(,x)
¢ —intC(x)}ND
Using the proof of the Theorem 3.2, we
obtain that G(y)is a closed subset of D.
Considering the compactness of D and
closedness of G(y), we know that G(y)is
compact.

Now we prove that for any finite set
{y1,¥2, -, 7} €K, one has N, G(y;) #
@. Let ¥, = UL, {y;}. Since Y is a real
Hausdroff topological vector space, for each

Vi €y, Y2 0, Y} » {vi} is compact and
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convex. Let N = co(D UY,)). By lemma 2.3,
we know that N is a compact and convex
subset of K.
Let F;,F,: N - 2N be defined as
follows:
Fi(y) ={x e N: (T;(x),y —x)} + f(y, %)
¢ —intC(x)},Vy €N
F,) ={x € N: (T;(y),y —x) + f(y, %)
g —intC(x)}Vy eN
Using the proof of Theorem 3.2, we obtain

(a0 =(ro) 0

YyEN YEN
and so there exists yy € Nyey F2(y).
Next we prove that y, € D. In fact, if
Yo € K\D, then the assumption implies that
there exists u € Dsuch that
<T(/1u + (1 - A)Z),u - yO) + f(uryO)
€ —intC(u)
which contradicts y, € F,(u) andso y, € D.
Since {y1,¥2, ..., ¥u} € N and G(y;) =
F,(y) N D for eachy; € {yy,y,, ..., ¥n}, it
follows that y, € Ni=; G(v;). Thus, for any
finite set {yy, ¥y, ..,¥n} €K , we have
=1 G # 0.
Considering the compactness of G(y) for
each y € K, we know that there exists x, €
D such that xg € Nyex G(y) # @. Therefore,
the solution set of GVVI is nonempty. This
completes the proof.

4. CONCLUSION
In this work, we have considered
generalized vector variational inequalities
and prove some existence results in the
setting of hausdorff topological vector
spaces. The results presented in this article
can be viewed as generalizations of some
known vector variational inequality
problems.
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