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ABSTRACT

We define and characterize sets, discuss the relation between s_ sets, §—q Setsand ©;— sets and generalize
some of the resulls.

1. Introduction and Preliminaries.

Throughout the paper, c/(A) and int(A) denote the closure and interior of A in a topological space
(X, 7), respectively. An ideal / on X is a collection of subsets of X satisfying the following: (i)if
Aeland Bc A,then Bel. (ii)if A€l and Bel,then AUBel. A topological space (X,
) together with an ideal I is called an ideal topological space and is denoted by (X, 7, /). for each
subset A of X, A*(I, 7)={xe X|UnAgI for every open set U containing x } is called the
local function of A[7]with respect to I and 7. We simply write A* instead of A*(I, 7) in case
there is no chance for confusion. We often use the properties of the local function stated in
Theorem 2.3 of [6] without mentioning it. Moreover, c/*(A) = AU A* defines a Kuratowski
closure operator [10] for a topology 7 * which is further then z. An ideal I is a boundary ideal

[6] or a condense ideal [4] ift I ={¢}. An ideal I is a completely condense ideal [4] if
PO(X)N I ={¢} , where PO(X) is the family of all preopen sets in (X, 7). A subset A is said to
be preopen [8] if 4 cint(c/(A)). A subset A of a space (X,7) is called w— closed [5] if A
contains all its condensation points. (x € X is a condensation point of A if U m A4 is uncountable

for every U € 7(x)). The complement of a @ — closed set is a w— open set. The family of all w—
opn sets denoted by 7, is topology on X, which is finer than 7 . The interior and closure operator
in (x,7,,)are denoted by int , and ¢/, respectively. If /. is the ideal of all countable subsets of X,
then for all subset A of X in the ideal space (X,7,1.), A*(I.) is precisely the set of all
condensation points of A [6]. Hereafter, we will denote 4*(/.)by simply A.*. The following

lemmas will be useful in the sequel.

Lemma 1.1. / 6, Theorem 6.1] if (X,7,[)1is an ideal space, then / is condense if and only if and
A c A* for every open set A of X.

Lemma 1.2. /96, Theorem 5] Let (X,7,l)be an ideal space and A< X . If A< A*, then
A*=cl(A*)=cl(A)=cl*(A).

2. 0 —w—sets.

IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH 249




Research Paper
Volume: 4 | Issue : 9 | Sept 2015 « ISSN No 2277 - 8179 P

A subset A of a topological space (X,7)isa d— set [3]if int(c/(4)) = cl(int(4)). We will
denote the family of all §— sets in (X,7)by J(X,7)or simply o(X). Clearly, every nowhere
dense subset of X is o— set. A subset A of a space (X,r)is a 0—w— open set if
int(c,(4)) c c,(int(4)) . The complement of a 0 —m— open set is called a 0 —w—set. We will
denote the family of all 6 —w—setsin (X,7)by 0 (X,7) orsimply J,(X). A subset A of a space
(X,7)is a strong —f—w@ open set (resp., semi - @- open set) if Acc,(int(c,(A4)))(resp.,

Acc,(int(c,(A)))).the following Theorem 2.1 gives a decomposition of semi - @ - open sets.

Theorem 2.1. Let (X,7)be a space. Then a subset of A of X is semi - - open if and only if it is

both 6 —@-open and strong — 5 —® open.

Proof. if 4 is semi - @- open, then Ac c,(int(4) cc,(int(c,(4))))and so 4 is — - open.
Moreover, int(c,(4))cc,(4) cc,(c,(int(4)) cc,(int(4d))and so A4 is O—w—open.
Conversely, suppose A4 is both oJo-w-open and strong [S-w-open. Then

Acc,(int(c,(4) cc,(c,(int(c,(4)))) = c,(int(4)). Therefore, A is of semi - - open.
The following Theorem 2.2 gives a decomposition of & —@—open sets.

Theorem 2.2. Let (X, 7)be a space. Then a subset of 4 of X' is @ —w—open if and only if A is both

J0—w-open and pre—w—open..

Proof. Suppose A is o —@—open. Since every o —@— open set is semi—@— open., by Theorem
2.1. Ais 0—-w-open. Again, 4 is a—w—open implies that 4 c int(C, (int(4))) c int(C,(A4)).
Therefore, 4 is pre—w-open.. Conversely, suppose A is both o—-w—open and strong

pre—m—open.. Since 4 is pre—w—open., we have A c int(c,(4))and hence 4 is & —w—open.

The following Example 2.5 shows that 0 —@—openness and pre—@— openness are independent
concepts and also shows that o —@—openness and strong [ —@—openness are independent

concepts.
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Example 2.3. (a)Let X ={a,b,c,d}and 7 ={p, X ,{a,c},{d},{a,c,d}}. Therefore, Ic = gp(X)and

so 7, = ¢(X). Then every subset of X'is 6 —@—set and in particular, 4= {b,c,d}isa 6 —w—set,
But int(c,(A4)) = {d}which implies that 4 is not pre—w-open.. Moreover, 4 is not strong

B — - open set.

(b) Consider X=R, the set of all real numbers with the usual topology. Then 7, =7*(lc)is the
countable complement topology on R. if 4=/, the set of all irrational numbers, then 4 is not 6 —w—
open, since int(c,(4))=Xand ¢, (int(4))=¢. Clearly, 4 is pre—@—-open.and also strong

[ —@—open set.
The following Theorem 2.4 shows that every o —setis a 0 — @ —set.

Theorem 2.4. Let 6 —w— be a open space where L. be condense. then every ¢ —set is a

o-w-setandso Nco(X)co, (X).

Proof. Suppose I. is condense and 4 is a oJ—set. Then int(c/(A4))ccl(int(4)). Now
nt(C,(4)) cmt(cl(4)) c cl(int(4)) = C, (int(4)), by Kemmas 1.1 and 1.2. Therefore 4 is 6 — -

set.
The following Example 2.5 shows that a 6 ——set need not be a & — set.

Example 2.5. (a) Let X ={a,b,c,d} and 7={p,X {a,c},{d},{a,c,d}}. Therefore, Ic=gp(X)
and so 7, = ¢(X). Then every subset of X'is 6 —@—set and in particular, 4= {b,c,d}isa 6 —w—
set. Moreover, cl/(4A)=X and so mt(4)={d} and so cl(int(4)={d}. Hence

int(c/(A)) ¢ cl(int(A4)) which implies that A is not a 4 is not a ¢ — set.

The following Theorem 2.6 below shows that for completely condense ideals, 0 —a—sets

Coincide with 6 — sets.

Theorem 2.6. Let(X,7) be a space where Ic is completely condense ideals, & —a—sets Coincide

with 6 — sets.
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Proof. Suppose Aisa 0 —w—set. Then nt(C,(A)) c C,(int(4)). Since Ic is completely condense,
by Lemmas 1.1 and 1.2. since Ic is completely condense, by Lemma 1.3, Icc N and so
A*(N)c Ac*. Since A*(N)=cl(int(cl(A)))[10], A*(N)=cl(int(cl(A4))) < Ac*. It follows
that int(c/(A)) c int(Ac*) c int(Cax4)) < cl(int(A)). Therefore, 4 is a o —set. The reverse
direction follows from Theorem 2.4, since every completely condense ideal is condense.

The following Theorem 2.7 gives a characterization of & —@—sets.

Theorem 2.7. Let(X,r) be a space. Then mt(CaxA)) < Ca(int(4))and so

int(Ca(A)) c nt(Ce(int(A4))). The converse is clear.

A subset 4 of an ideal space (X,7)is said to be an @, —sets in (X,7)by @;(X,7)or simply
@5(X). The following Theorem 2.8 shows that every J —w—setis a @; —set. Theorem 2.9 below

shows that If Ic is condense, the family of all 6 ——sets coincide with the family of all @, — sets.
Theorem 2.8. Let (X, 7)be a space. Then every J —w—setis a o, —set.

Proof. Suppose Aeo (X). Then nt(C,(4)) cC (int(4)). Now
int(Ac*) < int(C_(A4)) cC (int(A4)) = int(4) U (int(A)),..suppose x € int(A.). then
x eint(4) U (int(4)),.. Since x eint(4.). There is an open set G containing x such that G < 4..
If x ¢ (int(A)),., then there is an open set H containing x such that H Nint(4) is countable. Now
H nint(4) = H N(int(4) N A) = H N(int(4)) N A is countable and so ((H Nint(4))NA), = ¢
which implies that (HNint(4)NA4.=¢. Since Gc A.,(HNint(4))nG=¢ and so
(HNG)Nnint(4) =¢which implies that x¢int(4),a contradiction to the fact that

x eint(4) U (int(4)),.. Therefore, x € (int(A4)),. and so int(4,.) < (int(4)),.. Here 4 € wy(X).
Theorem 2.9. Let (X, 7)be a space. If Ic is condense, then J,(X) = @,(X).

Proof. Suppose Ic is condense. By Theorem2.8, 0, (X) = ws(X). On other hand, if 4 € w;(X),

then x €int(4)U(int(4)).. Now int(C,(A4)) =int(4U 4.) Cint(4)U 4., since A.is closed.
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Since Ic is condense, xeint(4)U(int(4)).. Therefore, int(C,(4))c (int(4)). U A.=

int(4)U A). . =A.and so int(C,(A4)) < (int(4)),.  C, (int(4) which implies that A4 € wy(X).
Hence a;(X)co,(X)

Andso 6,(X) = w;(X).

Example 2.10. /6, Example 2.4] Let N be the set of all natural numbers with the topology ¢
generated by the base {{2n-1, 2n}|ne N}. Then 6, (X) = @;(X)=g(X), but Ic is not condense.

A subset A of an ideal space (X,)is said to be Ic-dense if 4.=Xand 4 is said to be @— dense if
C,(4) = X. Clearly, every Ic-dense set is @—dense. The following sets Coincide with 0 —@—

sets.

Theorem 2.11. Let(X,7) be a space and A Xbea §—w—set. A< B c 4 then B, 4.and B,

are 0 —@— Sets.

Proof. B c A.implies that B < C,(4)c C,(B)andso C,(4)=C,(B). Since Aisa 5 —w—set,
it follows that int(C,(B)) =nt(C,(4)) c C,(int(4)) = C,(int(4)) and so B is a & —@—set. Since

Ac Bc 4 implies that 4. = B.., 4. and B_.are & —a—sets.
Corollary 2.12. Let (X,7)be a space and A< X be a § —w—set. Then the following hold.
(a) IF A is *- dense in itself, then A.isa &—a—set.

(b) IF A is Ic- dense, then every superset of 4 isa d —w—set.
The following Theorem 2.13 gives a necessary condition for a set to be a 6 — @ — set.

Theorem 2.13. Let (X,7) be aspaceand A X bea o —w—set. Then A=BUC, where Ber
, nt(Co(C))=¢gand BNC=¢

Proof. Suppose Aisa 6 —w—set. If B=int(A4)and C = A—int(A), then B is an open set such that
A=BuC and BnC=¢, Now Ccd impliess C,(C)cC,(4)and so
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int(C,(C)) cint(C,(C)) = C,(int(A4)) . Again BN C = gimplies that BN C,(C) = ¢ which in turn

implies that BNint(C, (C))=¢which implies that C_ (B)nint(C,(C))=¢. Then

C,(int(A4))Nint(C,(C)) = ¢ and so int(C,(C)) = ¢ . This completes the proof.
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