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ABSTRACT

Here, we have developed a change point model by considering the mixture of two distributions. Let us consider
that a random sequence of X1, X2, X3,. .., Xm was observed from the Zero Inflated Geometric Distribution with
proportion p_1 and 6_1. Later it was found that there was a change in the system at some unknown point of time ‘m’ (m<n) and it was re-
flected in the sequence after Xm with proportion p_2 and 6_2. Then we have obtained the Posterior Odds Ratio (POR) of the change point
‘m’ under beta priors and also under non-informative prior. In the next section, we have obtained posterior densities of ‘m’ for p_1 and
p_2 known using beta prior under H_1 and H_0 respectively. Then, we have obtained the marginal posterior densities of ‘m’ for p_1 and
p_2 known using non-informative prior of 0_land 0_2 under H_1 and H_0 respectively. Later, numerical study is done on the generated
observations. In the last section, we have studied the sensitivity of Posterior Odds Ratio with respect to change in prior of the parameters.

1. INTRODUCTION

One-parameter discrete exponential families are suitable for modelling count data. Power
series distributions form a useful subclass of it. A zero-inflated power series distribution is a
mixture of a power series distribution and a degenerate distribution at zero, with a mixing
probability ‘p’ for the degenerate distribution. This distribution is useful for modelling count data
that may have extra zeros. A question arises whether the mixture model can be reduced to the
power series portion corresponding to p = 0, or whether there are so many zeros in the data that
zero inflation related to the pure power series distribution be included in the model, i.e. ; p > 0.
The problem is partially difficult as p = 0 is a boundary point. A Bayesian test for the problem
based on recognizing that the parameter space can be expanded to allow p to be negative was
presented by a Statistician named A. Bhattacharya and others in the year 2008. According to
that, using a posterior probability as a test statistic has slightly higher power on the most
important ranges of the sample size n and parameter values than the score test and likelihood
ratio test in simulations. The method which we are going to use also performs well on three real

data sets.

Models for count data often fail to fit in practice. It happens because of the presence of
more zeros in the data than explained by a standard model. This situation is often called zero
inflation. It is so because the number of zeros is inflated from the baseline number of zeros that
would be expected in, say, a one-parameter discrete exponential family. Zero inflation is a
special case of over dispersion. It contradicts the relationship between the mean and variance in a
one-parameter exponential family. One way to address this is to use a two-parameter distribution

so that the extra parameter permits a larger variance.
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Johnson, Kotz and Kemp have discussed a simple modification of a Power Series

Distribution (PSD) f (*|0) to handle extra zeros. An extra proportion of zeros, p, is added to the
proportion of zeros from the original discrete distribution, while decreasing the remaining

proportions in an appropriate way. So the zero inflated PSD is defined as

p(1-p)(08) ,y=0
f*lp,0) =
(1-p)f(yl®) ,y>0

where 6 € 0, the parameter space and the maxing parameter p ranges over the interval,

f(016)

“a—roey P!

This allows the distribution to be well defined for certain negative values of p which depends on
6. The mixing interpretation is lost when p < 0. These values have a natural interpretation in
terms of zero-deflation, relative to a PS model. Correspondingly, p > 0 can be regarded as zero
inflation relative to a PS model. Here, we note that the PS family contains all discrete one-
parameter exponential families. So an appropriate choice of PS model permits any desired
interpretation for the data corresponding to the second term. The first term allows an extra
proportion p of zeros to be added to the discrete PSD. This data is effectively regarded as a sort

of contamination.

p(1-p)(1-6) ,x=0
f(xlp,6) = (1)
1-p(1-6)6* ,x>0
Further, we shall consider that a random sequence of Xi, X2, X3.. . . ,Xm was observed

from the Zero Inflated Geometric Distribution with proportion p; and 8,. Later it was found that
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there was a change in the system at some unknown point of time ‘m’ (m<n) and it was reflected

in the sequence after Xm with proportion p, and 8,. Then we have obtained the Posterior Odds
Ratio (POR) of the change point ‘m’ under beta priors and also under non-informative prior. In
the next section, we have obtained posterior densities of ‘m’ for p; and p, known using beta
prior under H; and H, respectively. Then, we have obtained the marginal posterior densities of
‘m’ for p; and p, known using non-informative prior of 8;and 8, under H; and H, respectively.
Later, numerical study is done on the generated observations. In the last section, we have studied

the sensitivity of Posterior Odds Ratio with respect to change in prior of the parameters.
2. PROPOSED CHANGE POINT MODEL

Let X1, X2, . . ., Xa (n > 3) be a sequence of observed count data. Let first ‘m’
observations X1, X2, . . ., Xm have come from the Zero Inflated Geometric distribution with
probability mass function (p;, 6;) and later (n-m) observations coming from the Zero Inflated
Geometric distribution with probability mass function (p,, 8,). Hence, we proposed following

change point model.

£ (xilp 62) = (1 + (1= p) (L = 60 [(1 = py)(1 = )]/, Lim MO0

* I( i)
fr@ilp262) = (p2+ L —p)(1 - 8y))
(1= p2)(1 - B)8; ") 60, Hmmes e 1100 ®)
1, X; = 0
where, I(xi) =
O, Xi >0

‘m’ is the change point while p; and p,are proportions.
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z (1—I(xl-)) =n-m-d,+d,
i=m+1
D x(1=16)) =S
i=1

temer %i(1=1(x)) =Sy = Spy A3)

3. POSTERIOR ODDS RATIO

Here, we note that if m=n, then there is no change in the specified model and if
1<m <n-m, then there is a single change point in the model. Thus, the presence of
structural stability (instability) in the system may be decided by testing the null hypothesis as

under:

Ho:m=n

with that of the alternative hypothesis of exactly one change, ie ;

H:1<m<n-m

For that, we consider the conditional prior pmf of ‘m’ to be as under:

(P ,m=0
gmp)=<{(1-p)/n-1,1<m <n-1 4)
0 ,otherwise

where, 0<p<I.

Further, we assume that the marginal prior pdf of ‘»’ be Beta Type-l, ie;

B(as, bs) ;as, by > 0. Then the marginal prior of ‘m’ is given by,
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1

g(m) = f g(m/p)g(p)dp =

0

1
1

(@s+1)-1 (1 — p)bs~1q Jfm=n
ﬂ(a3,b3)of P pyedp f

B(az+1,b3)
B(as,bs3)

__ 43
(a3 + bs3)

1 flp“S‘l (1-p)sldp,ifl<m<n-1

Similarly, g(m) = BlazBa)(m-1) Jo

B(az,b3)
B(az,bs3)(m-1)

_ b
(az+b3)(n-1)

and,
g(m) = 0 ,otherwise

Thus, we have

% m=n
(az +b3) ’
gmy={ % q<m<n-1 )
(az+b3)(n-1)
0 ,otherwise

The likelihood functions corresponding to H, & H; are given by L0(91,p1|)_() and

L1(04, 04, 11,02, m |X) respectively.

The likelihood function of the parameters 6,0, p;,p, and m given the sample

information X = {X;, X, , ..., X, X1, -, Xy} i given by,
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Ly (61,85, p1, 02 mIX) = (py + (1= py)(1 = 6,)) i 1D

(1= pr)(1 - 6,)) T 160, e 016D (4 (1 ) (1 - ) Zimes )

(1 = p2)(1 = 0)0,") Ziomss 1160, Licn C1-15)

= (py + (1= p2) (1= 61)) Zimt 00, (1 = ) Zim 100D (1 — ) T 1160, g i 51100
(py + (1= p)(1 = 8,)) Zimer . (1 = ) Ziomas 116

(1-p,) Yo (1 () 922?=m+1 Xi(1-1(x;)

= (p1 + (1= p)(1 - 6)) . (1= )" . (1= py)" I 6,7

(2 + (1= pp)(1 = ). (1 = 0,) "™~ ntdm, (1 — p, yn-m=dntdm g%~ (6)

Also, we have

Lo(81, pr,mIX)= (py + (1 = py)(1 = 6;))%. (1 - 6;)" %, (1 — py)* %, 8, (7)

where, we have,

il(xi) = dp

m

Z(l —I(xi)) =m-dg

i=1

?=m+1 I(xi) =d, —dp,
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Posterior Odds Ratio (POR) in favour of hypothesis of no change in the model against the

alternative of one change works out to be as under:

Py =F(m=n|x)/1-Fk{m=n/X} ®)

In the following sub-sections, we have computed the POR in favour of Hywhen

(i) Prior Distributions are Beta Type-I.

(i) Prior Distributions of 8;, 8,, p;, p, and m are Non-Informative.

We also examine the robustness of the test when prior distributions are Beta Type-I.

4. MARGINAL POSTERIOR DENSITY OF X USING BETA PRIORS

The ML methods as well as other classical approaches are based only on the empirical
information which the data provides. However, Bayes procedure seems to be an attractive
inferential method when we have some technical knowledge on the parameters of the
distribution available. The Bayes procedure is based on a posterior density, which is
proportional to the product of the likelihood function and a prior joint density, representing

uncertainty on the parameters values.

Let the marginal prior distribution of 8; and 6, be following Beta Distribution with

mean  y; (i=12) and standard deviation to be 0;(i=12)

—_p.)ai-1 .bi—l
SO, 91(01) = Ueg(a—be)l where a; 'bi >0 ’l' = 1’2
: aj aib; . .
Having y; = 0 O = o @b which gives

a; =07 [(1— pw)uf — woy]
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by =t (1 — p;)a; where i = 1,2 )

Let the marginal prior distribution of p; and p, be following Beta Distribution with

mean W (i=34) and standard deviation to be o; (i=34)

(1-p) T p)

b where o ,d]- >0,j=12

So, g:(p;) =

Cj cjdj

0;: =
et [(cprdy) (crd+a)]

Having y; = which gives

¢ =07 [(1 - puf — pyo;] where i = 3,4
d; = u (1 - py)cj where j = 1,2 (10)

We assume that 64, 8,,p1, p, and m are priori independent. The joint prior density under Hy is

as under:

916,05, p1,p2,m)

by (1- 0)%710," 71 (1 - 6,)92710," 71 (1 — py) B 1py (1 — py) 2 Ip, 2
(az + b3) (n = 1)B(ay, by)B(az by)B(c1,d1)B(cz d3)

= (1= 070,77 (1= 6)%710," 7 (1 - py) iy

(1—py) %2 tp, 271 (1 = py) 2 p, et (11)

(ag+bz) (n—-1)B(as,b1)B(azbz)B(cy,d1)B(c2.d2)

where, k =

(12)
The joint posterior density of parameters 6;,6,,p;, p, and m is obtained using the likelihood

function and the joint prior density as under:

L1(01,05, 01,02, m|X) g1(601,0,,p1,02,M)
h,(X)

01(01,05,p1,p2,m | X) =
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L,(61,602,p1,02,m [X) g1(01,05,p1,02,m) =

(pr + (1= p) (A = 67))m. (1 = 6;)™ m. (1 — p,)™~4m. 9, °m

(P2 + (1 = p;)(1 = 6,)) %4, (1 — 9,)" " dutdm (1 — p,yr-m=dntdm g, 0 5m
(1= 6;)M710, 77 (1 - 6,)%2710,% 7 (1 — py) B Ip a7

(1 —py)% 1p, 27 (1 = py)2 p, L7t

= (p1 + (1 —p)(1 = 6,))Im (1 — p)™dm¥da1p 11

(1— 6y dmtar=1g, Sm*b~t (p, 4 (1 —p,)(1 = 6,))%n~dm

(1 _ pz)n—m—dn+dm+dz—1p2c2—1(1 _ ez)n—m—dn+dm+a2—1925n_sm+b2_1 (13)
Then the marginal density of X will be h, ()_( ) = hy ()_( ) + hy ()_( )

and hy (X) is the marginal posterior density of X , under H;.
nlog 11t

W@ =Y [ ] [ 1o i) 916 02p1,0m) 0,6, ey i,
=70 Jo Jo o

=kYms fol{fol(lh + (1= p)(1=6,))Im(1 = p)™ Im*dr=1p, 171 dp, }

(1- gl)m—dm+a1—1015m+b1—1 de,

1,01 _ Cm— _ _
fo {fo (P2 + (1 = p2)(1 = 6,))In~m(1 — py)* -t dm¥dz=lp, 271 dpy, 3,

(1- Hz)n—m—dn+dm+a2—1925n—5m+b2—1 de,

400
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=k Y L(m)l, (m) (14)

where,
1,1 _ 1 e
[;(m) = fo {fo (p1 4+ (1= p)(1 = 6;))m(1 = py)™ Im*dr~lp, 71 dp, )
(1- Ql)m—dm+a1—1315m+b1—1 de,

= [(1 - 6,)mes19, 50 P — dy + d)

JFi[c,—dpm, ¢ +m—dp, +d1, ]d@l

= Fclf(m — dm + dl) fol(l _ 91)m+a1—1915m+b1—1

JFi[e, —dp, ¢ +m—dp, +d1, ]d91 (15)

where ,F; (¢, —dp, ¢ +m—dpy, + dl, % |isa hyper geometric function defined below.

The Gauss hyper geometric function in three parameter a, b and ¢ denoted by ,F;, is defined by

JFi(a,b,c;x) = Z?ﬁ:o% for |x| <1 with Pochhamer coefficients.
[(a+m
(a,m) = ( ) form >1and (a,0)=1

['(a)

This function can be integrally represented as

Hutt (- (1 - xw) ™)
oFi(a,b,c;x) = fo B(a,c—a)

IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH 401




Original Research Paper

Volume: 5 | Issue: 8 | August 2016 ® ISSN No 2277 - 8179 | IF : 3.508 | IC Value : 69.48

The symbols I' and B (*) denoting the usual functions Gamma and Beta respectively. This

function is a solution to a hyper geometric differential equation. It is known as Gauss series or

the Kummer series.

For the integral [o(m),

I(m) = Jol{jol(Pz + (1= pp)(1 = 6,)) %7 Im(1 — py)r~m-dntdmbda=lp, 271 4py, )
(1- Qz)n—m—dn+dm+a2—132Sn‘sm‘l'bz‘l de,
= [1 (1 = B o9, S0 =Smtbal po P —mn — d, + iy + dy)
oFiles, =(dn = d)y € + 1= = dy + dpy + o5 51d0, (16)
where ,F;[cy, —(dy —dp), ¢ +n—m—d, +d, + dz»&] is a hyper geometric function as

explained earlier.

a;  (1-06)u79," 7 (1 —p)hip, ot
(as + bs) B(ay,b)B(cy,dq)

90(01,p1) =

hy(X) is the marginal posterior density of X under Hy.

1 ~1
ho(X) = ] ] Lo(61,p1 [X) go(61,py) 46 dpy
0

0
1.1 ~ _ ~
=k fo {fo (p1 + (1= p)(1 = 6,))Im(1 = p) Im*da~lp, 171 dp, }
(1 — gl)m—dm+a1—1915m+b1—1 dgl

= ky I;(m) (17)
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as 1

where ks = o Farboptendn M

1,01 — — -
I(m) = [J{J, (o1 + (1 = p)(1 = 6,))m(1 = py)™~Im*hr~1p, 4~ dp,)
(1= gym-dntarig St dg,
= [0 - 6y)m+e=19, 5w I P — d,y + dy)

6
JF e, —dpg, ¢ +m—dy + dl'ril] do,

= FCll"(m — dm + dl) J‘Ol(l _ 91)m+a1—1915m+b1—1
0
2Fi[e, =dm, €1 +m = dy + dy, 5516y

S. MARGINAL POSTERIOR DENSITY OF ‘m’ UNDER H; AND BETA PRIOR

Here, we have derived the posterior density of change point ‘m’ of the model under beta

prior in the previous section under H;.

The joint posterior density of 6,6, is obtained using the joint posterior density of
61,0,,p1,p, and m and then integrating with respect to p; and p, and then taking summation

over ‘m’ as under:

11l
91(0,,6,1X) = kX5 fg fo 91(61, 05,1, 02, m[X) dp, dp,

n-1
! - —_ —
=k E 1{f0 (p1 + (1= p)(A = 6))m(1 = py)"dm+di=1p =1 p )
m=

(1 _ el)m—dm+a1—1915m+b1—1

! - -m- - _
{fy 2 + (1= po)(1 = 6)) % (1 — py)n~m=dntdmtda=ip, ol gpy)
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(1= )" dntdmtaamig, SnSm sy, =)

=k Zn—l (1 - 91)m+a1—1915m+b1—1(1 _ Qz)n—m+a2—1925n—sm+b2_1
m=1

FCll"(m - dm + dl)ZFl[Cl' _dm: Cq +m-— dm + dl!%]

[c,F(n—-m—d, +dy, +d;)

oFy [e2=(dy = di), €+ 1= = dy iy + o

] T
=k Z::ll‘cll‘czl“(m—dm +d)n-m—d,+d, +d,)
(1-g)m*a-1gSmth=l pre —d4 ¢ +m—d, + dl,%]
(1- Hz)n—m+a2—1925n—sm+bz—1

2F [Cz' —(dy—dp)c;tn-m—d, +dy + dz'%] hl‘l(X) (18)

where ,F[cy, —(dy, —dp),c; +n—m—d, +dy, + dz,%] is a hyper geometric function as
-

explained earlier.

The marginal density of 8, is obtained using the joint posterior density of 6;and 6, and then

integrating with respect to 6, as under:
n-1 1
91(6:1X) = k Xm=: fo 91(61,62|X) db;
=kYrLTe, Te,I(m—dy +d)F(n—m—d, +dy, +dy)

(1- 91)m+a1_191sm+b1_12Fl [cr,—dm, g +m—dp + dp%]
-

404
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o1 gyyrmeeig S-St

oFs e =y =), o+ n ==y + dy 375 46, TN (19)

Marginal posterior density of m is obtained using the joint posterior distribution function,
gi(m [X) = kL (m)lp(m) h, ™ (X) (20)

6. MARGINAL POSTERIOR DENSITY OF ‘m’ UNDER Hy AND BETA PRIOR

Here, we have derived the posterior density of change point ‘m’ of model under beta

prior explained earlier under Hy,.

The joint posterior density on 8;, p;and m, say g,(6;, p;, m|X) is calculated using likelihood

function and joint prior density under:

a;  (1-6)4716,"17 (1-phlp, C1-

X) =
gO(el’pljml_) (az +bs3) B(ay,b1)B(c1,d1)

(s + (1—py)(1—6,)%

(1= 8", (1= p)" . 6,% by, (X)

The marginal density of ; is obtained using the joint posterior density of 8;and p; and then

integrating with respect to p;, we get,
9o(61,m|X) = by T Te M (n = dy +dy) (1 - 6,)" 716,50

7] _
File, —dp,cg tn—dy + dl:?il]hz 1@)

Marginal posterior density of ‘m’ is obtained using the joint posterior distribution function

gom1X) = ky I;(m) h, ™' (X).
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where I;(m) is same as given in (17) and h, (X) is same as given above.

Now, the posterior odds ratio is obtained using equations as under:

bz kql3(m)
7. POSTERIOR ODDS RATIO UNDER NON-INFORMATIVE PRIOR

In this section, we derive Posterior Odds Ratio (POR) under non-informative prior, ie;
Posterior Odds Ratio (POR) in favour of hypothesis of no change in the model against the

alternative of one change works out to be.
Py, =P(m=n|x)/1-P{m=n/X) (22)

Sometimes no prior information or technical knowledge about the parameters is
available. Therefore, we take non-informative priors. A non-informative prior is a prior that
reflects indifference to all values of the parameter and adds no information to that contained in
the empirical data. Thus, a Bayes inference based upon non-informative prior has generally a
theoretical interest only. Since from an engineering view point, the Bayes approach is very
attractive for it allows incorporating expert opinion or technical knowledge in the estimation
procedure. However, such a Bayes inference acquires large interest in solving prediction
problems when it is extremely difficult, if at all possible, to find a classical solution for the
prediction problem, because classical prediction intervals are numerically equal to the Bayes
ones based on the non-informative prior density. Hence, the Bayes approach based on prior

ignorance can be viewed as mathematical method for obtaining classical prediction intervals.
Then the joint prior distribution of 8,, 6,, p;, p,,m and 6;, p;, m under H; and Hy is

as 1
(a3 + b3) (n = 1)(1 = 6,)61(1 = 6,)0,(1 —p)(1 = py)

911(01, 04,01, p2,m) =
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and go1 (01,01, m) = respectively.

(az + b3 ) (1-61)0;(1-p1)(1-D2)

and also we have k3ﬁ (n11)
3 3 -

The joint posterior density of parameters 6,, 6,, p1, p, and m under non-informative prior is
obtained using the likelihood function and the joint prior density of the parameters under non-

informative prior.

L1(91; 92; P1, D2, le) 911(01,82,01,p2,m)
hs(X)

92(01, 62,01, p2,m[X) = (23)
Then the marginal density of X will be hg (K ) = hs (K ) + hy (K )

where, hj (X) is the marginal density of X under non-informative priors and H, and hy (X) is

the marginal density of X under non-informative priors and Hy.

Here,

hs(X) = Xhzh fol fol fol fol L1 (64, 02, 1, P2, m|X) 911 (01, 02, 1, po, m) A6, d6, dp, dp,
= ks Xy Jo Uy oy + (1= p1)(1 = 0))°m(1 — py)™dm L dpy}

(1 —6,)m dm-1p, Sm~1 4g,

Jo Uy @2+ (1= p2)(1 = )4 dm (1 — py) - =dntdm=1 g,

(1 - gy)r M dntdn=1g,5n=5m~1 49,

=ky 3 I,(m) Is(m)

1 (1101 1
Also, hy(X) = Znith fo fo fo fo Ly(61, p1, m|X) go1(61, p1, m) d6; dp,
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= ks Xk S0y + (=) (1= ) (1= )™ dpy)

(1-,)m dm=19,5m™1 4g,
= k3 %_:11 I(m)

For the integral 14 (m),

1,01 _ o )

I,(m) = fo {fo (9, — 0,(1 = p,))dn=dm(1 — p,)r=m-dn+dm=1 4 3
n-m-dp+dyp-19 Sn—Sm—1

(1-6,) ntim=1g,>n™>m™ 49,
= J‘Ol(l _ Hz)n—m—lezsn—sm—l
r(n_m_dn+dm)2Fl[1;dm_dn;1+dm d m‘l‘n ]dez
= 1 n-m-1p Sp—Sm-1
_F(n—m—dn+dm)f0(1-92) g,5n~Sm
Fi[Ldy—dp1+dy—dy—m+n, —] dé, (24)

where ,F;[1,dy, —dp, 1+dy, —dy, —m+n, %] is a hypergeometric function as explained
-

earlier.

For the integral I5(m),
1 .01 o o B
Is(m) = [, {f, (pr + (1= p)(1 = 87)dm(1 = py)™ dm=L dp, }(1 — 6,)™ 416, " do,
1,1 o o _
= [, Uy (o1 = 6:(1 = p))m(1 = p)™ m2 dp; }(1 - By)™Om=26, 0™ dfy

= [[(1 = 6)™19, 5T (1n ~ d,)
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Fi[1, =l 1= dpy + 0, ]d91

=I(m—dp) [, (1 - 6,26, (n - d,,)

oF [l —dp, 1 —dpy + ms ] do, (25)

where ,F[1,—dy,1—d, + ms % ] is a hyper geometric function as explained earlier.
For the integral I;(m), we have,

Ig(m) = fol{fol(m + (1= p) (A = 6))m(1 - p)™ 4~ dp, }(1 - 6;)™Im=10, 5" do,
= [ Uy (r = 611 = p)) (1 — py)™ =2 dpy}(1 — 6,)"4n~26,5"" o,

- f01(1 —6,)™ 19,51 (m - d,,)

2F[1,—dp, 1 —dy +m, ]d61

=I(m—dp) [, (1-6,)"6,°"' T (m - d,,)

oL —dy1—dy + m ] do, (26)

where ,F;[1,—dy, 1 —d, +m, %] is a hyper geometric function as explained earlier.

8. MARGINAL POSTERIOR DENSITY OF ‘m’ UNDER NON-INFORMATIVE

PRIOR AND UNDER NULL HYPOTHESIS

Now, we shall derive the posterior density of a change point ‘m’ of the model under non-

informative prior and null hypothesis Hy.
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Now the joint posterior density of 6; and 6, is obtained using the joint posterior density

of 6,65, p;,p, and m under non-informative prior given earlier and integrating out p; and p,,

we get,

92(6, m[X) = fol 92(01,pr, m|X) dp,

= (1 - )" dn1g,5m~

Jo (1 + (1=p)(1 = 61))%n(1 = py)"*n " dpy hs ™ (X)

= (m = dp)(1 = )" 6,

F |1, -d, 1-d,, + m,ele—il hs ' (X)

= k,(1—6,)™1,5m*

R —d,1—dy +m, %} hs ™ (X) (27)
where k, = I'(m — dy,) (28)

The marginal posterior density of 6 is obtained using joint posterior density of 6; and 6,.
928, m[X) = X0y gz(elrmm)
= k(1 - 6)™ 6,

0 -
P11 =l 1= dy +m 5] hs™ (%) (29)
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The marginal posterior density of m is obtained using the joint posterior density of 6; ,

and m and integrating with respect to 6; leads to the marginal posterior density of change

point m. So, we have g,(m |X ) = I;(m) I,(m) hs™*(X) (30)

9. MARGINAL POSTERIOR DENSITY OF ‘m’ UNDER NON-INFORMATIVE

PRIOR AND UNDER ALTERNATIVE HYPOTHESIS

Finally, we shall derive the posterior density of a change point ‘m’ of the model under
non-informative prior and alternative hypothesis Hy.
The joint prior density of parameters using non-informative prior is as under:

1
(1-61)61(1-6)62(1-p1)(1-p2)

921(01,0,,01,p2,m) = 31)

The joint posterior density of parameters 6;,6,,p;,p, and m under non-informative
prior is obtained using the likelihood function and the joint prior density of the parameters under

non-informative prior as under:

92(91,92,P1,p2,m|X) =1 (91:92'P1;P2'm|§) 921(01,6,p1,02,m) hs_l(X)

Now the joint posterior density of 8;,6, and m is obtained using the joint posterior
density of 6,,6,,p;,p, and m under non-informative prior and integrating out p; and p, and

then taking summation over ‘m’, we get,

101
92(01,6; m[X) = fo fo 92(61, 05, p1, 02, m|X) dp; dp,

=(1- gl)m—dm—lglsm—l(l _ gz)n—m—dn+dm—1€25n—sm—1

[+ (1= py)(L = 67))% (1 = py)™ Im L dp,
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1 -
J, @2+ (L= p)(1 = 6))m(1 — )= Intn~t dp, hs™(X)

=I(m—-d,)(n—m—d, +d,)(1-6,)"16,5?
JF[1,-dp,1-dy +m, ﬁ](l — gz)n—m-1925n—sm-1
Fy |1 dy —dy 1 +dy —dy —m + n,% hs ' (X)

= k(1 - 6,)™ 19,51

Fi[1,—d, 1—dy, +m, %](1 _ g,)n-m-19,5~5n"1
JFi|L,dy, —dy, 1+d, —d, m+n— X

where, k, =I'(m - d )[((n—-m—-d, +dy,)

Original Research Paper

(32)

(33)

The joint posterior density of 6; is obtained using joint posterior density of 6;,8, and m and

then integrating out 8,, we get,
9,0 m[X) = Y= f92(91'92|x)d92
= Yt ka(1- 67710,

0
2F1[1, _dm, 1 - dm + m,ril

1 1SS _
fo (1— ) 1g, %~ Sm~! (=g, )dn=dm

JF, [l,dm—dn,1+dm dy —m -+, d6, hs™(X)

(34)
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The marginal posterior density of ‘m’ is obtained using the joint posterior density of

8, and m and integrating with respect to 6; leads to the marginal posterior density of change

point ‘m’ under alternative hypothesis , say, g, (m|x), which is given by

g1(m|X) = I;(m)Ig(m) hs_l(X)

where,

(m) = [y (1 + (1= p)(1 = 6))%m (1 - py)"~dn~L dp, (1 - 6,)"~dm~1, " d)
= Jo Uy (s = 021 = p1))m(1 = py)™ 4m~ dp, (1 - 6,)"m10, 57" dp

= [, (1= 0)™10,"" I (m — dy)

JFL—dn, 1—d +m, ﬁ] da,

=I(m —dy) [, (1= 6,)" 76, "I (n — dyy)

S —dp, 1= dp +m, %} do, (35)

where ,F;[1,—dp,, 1 —dy, +m, %] is a hyper geometric function as explained earlier.
For the integral Is(m),

lg(m) = fol{fol(Pz —6,(1 = pp)) " Im(1 = py)* " ~dn+dm=1 dp, )

(1 - gy)nm-dntdm=1g,55m~1 4,

= {1 gyyrmegssn
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F(n -m-— dn + dm)ZFl[l'dm - dnpl + dm - dn _m+n:%] deZ
=

= F(n -m- dn + dm) J'Ol(l _ Qz)n—‘m—lgzsn—sm—l
2171[1,dm—dn,1+dm—dn—m+n,%]dg2 (36)
.

where ,F;[1,dy, —dp, 1 +dy —d, —m +n, %] is a hyper geometric function as explained
-

earlier.
10. NUMERICAL STUDY

Her, we have generated 20 random observations from the proposed change point model. The first
10 observations from Zero Inflated Geometric Distribution where parameter values are 6; = 0.4
and p; = 0.5. The next 10 observations are from the same distribution with parameter values
8, = 0.5 and p, = 0.6. Here, we note that p; and p, are the random observations from the Beta
Distribution with mean py = 0.4 and p, = 0.9 and the value of standard deviation is 0 =

0.1 respectively. The observations are given below in Table 1.

TABLE 1

Generated Observations from the proposed change point model of

Zero Inflated Geometric Distribution

I I1]12]13(14|15|16|17|18 1920
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TABLE 2

Values of Bayes Estimates of Proportions

Prior Bayes Estimates of Proportions
P1 P2
Informative 0.66 0.89
Non-Informative 0.57 0.85
TABLE 3

Frequency Distributions of Bayes Estimates of Proportions

Bayes Estimates % Frequency for

0.1-0.3 | 0.3-0.5 | 0.5-0.7 | 0.7-0.9

Pig 14 06 74 05

b | 02 [ w6 | 8

1. CONCLUSIONS

The results shown in Table 2 indicate the values of Bayes Estimates of proportions under the
informative and non-informative priors respectively and the values of frequency distribution of
Bayes Estimates of proportions are shown below in Table 3. Finally, we conclude that
performance of posterior means has better performance than those of the change point. 68%
values of posterior mean are close to actual value of change point with correct choice of prior.
66% values of posterior median are close to actual value of change point with correct choice of
prior. 67% values are close to actual value of change point with correct choice of prior. 69%

values are close to actual value of change point with correct choice of prior.
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