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ABSTRACT The ternary quadratic homogeneous equations representing homogeneous cone given by Z* =2'

X’+Y isanalyzed forits non-zero distinct integer points on it. Five different patterns of integer points satisfying the
cone under consideration are obtained. A few interesting relations between the solutions and special number patterns namely Polygonal
number, Pyramidal number, Octahedral number, Pronic number, Stella Octangular number and Oblong number are presented. Also knowing
aninteger solution satisfying the given cone, three triples of integers generated from the given solution are exhibited.

LINTRODUCTION Replacing a by '(1 1-2n+2n? )A bby (11-2x+2.2)p intheabove
The Ternary quadratic Diophantine equations offer an unlimited equation corresponding integer solutions of (1) are given by

1 1 - 1 b ( 2 ( b bl
ﬁelq for research because of their variety [1-5].For an extensn./e ‘= (ll—2n+2n' l(lo_l_zn_zn. }2AB+(2}1-1)(A' _21B? )J
review of various problems one may refer [6-20]. This /

communication concerns with yet another interesting from ternary R VAN R
quadraticequation z? = 21x? + y? for determiningits infinitely many y= (1 1-2n+2n 1(10 +2n-2n (A‘ -21B° )— 42AB(2)’I - I)J
non-zero integral solutions. Also a few interesting relations among
the solutions have been presented. S0 5
2=(11-20+ 20" f[ 42 +218]
NOTATIONS USED:
e T, -Polygonal number of rank n with size m. For simplicity and clear understanding, taking n=1 in the above

o P° _Dyramidal number of rank n with size m. equations, the corresponding integer solutions of(1) are given by

m

e Pr, -Pronic number of rank n | x=114"-231B" + 2204B
e SO0, -Stella Octangular number of rank n.
e 0bl, -Oblong number of rank n. v = 110A3 _‘)31033 _ 46243

e OH, - Octahedral number of rank n. 2 _ 2 0
e Tet, -Tetrahedral number of rank n. z = 2 lx + y 5 5
e PP, -Pentagonal Pyramidal number of rank n z=1214" +2541B~

Ii. METHOD OF ANALYSIS Properties
The ternary quadratic equation under consideration is 1) AA+D) - 100(4A+1)+2662PrA =0

22 = 21x% +y? ) 2) 100(A, A2 = 4) + 2(A TAE ~ 4) ~ tyge 4 ~ T260CPL* = O(mod 241)

3) x(B(B+1),B)+y(B(B+1),B) - z(B(B +1),B) ~ tygy45 + 484P5 = 0 (mod 5081)
Different patterns of solutions of (1) are illustrated below. 4) x(A,1) = 55Pr, + tog 4 = 231 (mod 122)
Pattern-I
atern 5) y(1,B) + 5544ty ~ tsgep = 110 (mod 2771)

(
Consider (1) as 6) x(B+1,B)+y(B+1,B)-z(B+1,B)+242Prg + ty165 = 0 (mod 5081)

(2) Pattern-11

212 2=
21" + ) z° #1 Itis worth tonote that 1in (2) may also be represented as

Assume
z=a’+21b° (3 1= {[(21—4)13)+im(4n)] [(21—4}7:)—1'@(4}1)]}
. (214427 )
Write las

Following the analysis presented above, the corresponding integer
4) solution to (1) are found to be

x=(21+4n* |(21-4n> R 4B + 4n(4*> - 21B°

{00+ 2n-2n%)+ 2120 -1)J10+ 22— 20%) - i21(2n- 1)}

(11-2n+2n2)

1=

Substituting (3) and (4) in (2) and employing the method of
factorization, define
{10+ 2n—2n?)+ 21210 - D|a+i216)* }

(8 —2n+2n? )

y=(21+4n* |(21- 4> [ £* —21B? )-1684Bn]

y+i2lxll

z=(1+4n* ] [4? +218?]

Equating thereal and imaginary parts in the above equation, we get

l(10+ 2n—2n’ )Zab + (277 - 1Xa ) )J For the sake of simplicity, taking n=1 in the above equations, the
corresponding integer solutions of (1) are given by

x=1004“-2100B* + 85048 |

[00 + 21— 20? Ja® — 215 )~ 42ab(2n - 1)] y=42547 ~8925B> — 42004B
(11-2n+2n?)

(l 1-2n+2n° )

y=
z=6254%+13125B"
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Properties

1) 2((B+1)(B+2),B)+y((B+1)(B+2),B)- z((B+1)(B +2),B)+15000P] +

tsas028 = 0 (mod 26249)
2) x(4,1) — 1810bly + t544 = 2100 (mod 589)
3) y(A%+1,4) - y(4% - 1,4) — 1700Pr, = 0 (mod 10100)
4) y(1,B) + 8925 Prg = 425 (mod 4725)
5) x(a,a) + y(a,a) + z(a,a) + 100 Obl, = 0 (mod 100)

Pattern-III
The general solution of the given equationis

x= x(m_.n): 2mn
y=y(mn)=21m*> -n’
z=2mn)=21m" +n’

Properties

1

ymm+1),n) -z +1),n) + x (n(n + 1),n) — 4PP, = 50Pn, + tygen =
0 (mod 101)

2) x(m,3)+y(m,3) + z(m, 3) — 164t3,, + 61 0bl; = 0(mod 15)

3) z(m,5) +y(m,5) — 60 Pry, + tzg = 0 (mod 77)

4) x(2n,n),z(m,2m)perfect square

5) x(m,1) +y(m,1) + z(m,1) — 420bl,, =0 (mod 38)

6) 3x(a,a)and 3y(a,a) — 3z(a, a) represents a nasty numbers.

Pattern-1V

Equation (1) canbe written as

Z2 -y =217

Andwe get

(z+sz—J')= Tx*3x (5)

CASE1:
Equation (5) can be written as

z+y 3x A (©)

Tx z—-y B
From equation (6),we get two equations
TAx—Bz—By =0

3Bx—Az+A4Av =0
We get the integer solutions are

x=x(4,B)=-24B
¥y :}{A,B): —74* -3B*
z=2(4,B)=-74% +3B*

Properties

1) y(A,A)+Z(A A) - 58Pry + 720bl, = 0(mod 14)
2) y(AA+DA+2)+Z(AA+ DA +2)+x (4, A+ 1)(A+2)+ 12Tet, +
t304 = 0 (mod 13)
3) y(B,B)—z(B,B) — 80Prg + 860blg = 0 (mod 6)
4) z(4,5) - 48Pry+ty354 = 75 (mod 102)
5) (a)x(a,a) + y(a,a)
(b){z(a, 1) + y(a, 1) + x(a,a)}represents a nasty number.

CASE 2:
Equation (5) canbe written as
z-y _ Tx 4 )
3x z+y B

From equation (7), we have two equations

3xA+yB—-zB=0
TxB—y4—-2z4=0

Solve the above two equations, we get the integer solutions are

=
Il

x(4,B)=-24B
¥(4.B)=34* -7B*
z=2(4,B)=-34*-7B?

v

Properties

1) x(2B*-1,B) +y(2B? — 1,B) + z(2B> — 1,B) + 2Sog + 14Prz = 0 (mod 14)
2) x(AAMA+1)-y(AAA+1)+2z(A A4+ 1))+ 4PP; + 180bly — tye s =
0(mod 29)

x(2A,—4A) , a perfect square.

y(A,A) — z(A, A )a nasty number

x(A, TA2 — 4) — y(A, TA® — 4) + 2(A, TA* — 4) + 6CP}* + 6Pr;' = 0 (mod 6)

3
4
5

2.Generation of integer solutions
Let (x,, y,» 2,) be any given integer solution of (1). Then, each of the
following triples of integers satisfies (1):

Triple 1: (x,,y,,z,)

x;=3"x,

5 =L - -1k

y, =
4 :%((9" -ln)yo +(9" +1”)Zo)

Triple 2:(x,,y,, Z,)

Xp = % {[5(3)" = 3(1)"]x + [(1)" — 3"]z}
Yn=1yo

Zn =% {05030 = 3(1)"]% + [(1)" — 3"z}

Triple 3: (X, y;, Z,)
X, = % {8 +15(-8) k, +((-8)" 8"y, |
y,= % f1s(-8y —15@8) ), + 05(8)" + (8] b, }
7 =82

Conclusion

In this paper, we have presented four different patterns of infinitely
many non-zero distinct integer solutions of the homogeneous cone
given by. To conclude, one may search for other patterns of solution
and their corresponding properties.
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