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ABSTRACT

Nonlinear diffusion equations, an important class of parabolic appear widely in nature. They are suggested as
mathematical models of physical problems in many fields, such as filtration, phase transition, bio chemistry and

dynamics of biological groups. In many cases, the equations possess degeneracy or singularity. The appearance of degeneracy or singular-

ity makes the study more involved and challenging. Many new ideas and methods have been developed to overcome the special difficulties

caused by the degeneracy and singularity, which enrich the theory of partial differential equations.

The motivation for the present study had its origin in my attempt to carry over these techniques, either singly or collectively as the case may

be, for obtaining the nonlinear diffusion equation and its symmetry reductions, namely, the second-order nonlinear ordinary differential

equations via the isovector approach and further group invariance techniques respectively.

The fundamental basis of the techniques is that, when a differential equation in invariant under a Lie group of transformations, a reduction

transformation exists.

The machinery of the Lie group theory provides a systematic method to search for these special group invariant solutions, a single group re-

duction transforms the partial differential equation into ordinary differential equations which are generally easier to solve than the original

partial differential equation.

Local symmetries admitted by a nonlinear partial differential equation are useful to discover whether or not the equation can be linearized

by an invertible mapping and construct an explicit linearization when one exists.
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duction transforms the partial differential equation into ordinary differential equations which are generally easier to solve than the original
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1. Preliminaries

Definition 1.1:Let X = (x X Xn) lie in region D R™M.

1, 2 .....................
The set of transformations X*:X()_(, €),detfined for each X in D,

depending on parameter ¢ lying in ScR, with ¢(&, ) defining a law

of composition of parameters ¢ and 6 in S, forms a group of
transformations on D if:

(1) For each parameter ¢ in Sthe transformations are one-to-one, onto D,

in particular x lies in D.

(ii) S with the law of composition ¢ forms a group G.
(iii) x =X when e=e, i.e., X(x; &) =X.

Gv) If X =X(X;¢&), X**:X(X*; 5),then X**ZX()_( ;¢(5,5)).
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(V) € isacontinuous parameter, i.e., S is an interval in R. Without loss

of generality £=0 corresponds to the identity element & .
(vi) X s infinitely differentiable with respect to x in D and an
analytic function of ¢ in S.

(vii) ¢(&,0) is an analytic function of ¢ and J, €S, d€S.

Definition 1.2

The infinitesimal generator of the one-parameter Lie group of

: * N
transformations x = X(X, ¢) is the operator

XX(RI=E(X}7 - 245

1

where V is the gradient operator, V =[8xil’ﬁxiz’ .............. 8)%}’
for any differentiable functionF(;i) = F(Xl’ L S— xn),

_ _ . n ,_ 0F(x

X)) 6 ) )
i=1 i
Definition 1.3
The total derivative operator is defined by
D _ 0 0 0 0

Y YA T —Fe
Dx ox “lay 72 d, “ntl oy,
For a given differentiable functionF(x,y,y1 S y f),we have

D
Dx F(x,y,y1 Y ypeeesnnens Y, ) =Fy + yle + yszl +y3Fy2 F e +y, +1Fyg'

Definition 1.4
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Let U=§ai(xu) +Z d, (Xu)—% O be avector field. The n-th
= I = ou

prolongation of U is the vector field

prl™ )U—U+ > ZdJ (X o™ )j &fa , the second summation being over all
a=1J J

multi-indices J=( JJ— jk),with I<j <p,  I<ksn

The coefficient functions dg{ of Pr™U are given by the following

formulas :

p p
and dJk D, D Ld -2 aluia]+z au?.
= -

u 5
K J _1 l—l J,lk
h 82 0[
W ereu
Definition 1.5

Consider an r-parameter Lie group of transformations

x*=X(§; 3) with infinitesimal generators {Xa},a=1,2, .......... T,
defined by
‘ (7)e 8xj _6Xj(i;g) ) ~
aj(x)_@ _W a=1,2,........ r, =1,2,.....n

£=0 =0

and
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The commutator of X, and X B is a first-order operator

[%(x%}[fﬂjm%
[Xa,xﬂ}zxaxﬂ-xﬁxazwﬁz la ;
—{gﬂi@)a—xij[gaj(x)gj
"
= ,,]Zzlnj(x)é_ﬂ’
where

[t immediately follows that

XaXp |~ X Xe |
Definition 1.6
A Lie algebra £ is a vector space over some field F with an additional law

of combination of elements in £ (the commutator) satisfying the

properties

XaXg || XpXa |

:Xa,[Xﬂ,Xyﬂ+{Xﬂ,[X7,,X0{H+[X% [Xa,xﬁﬂ =0

with most importantly, closure with respect to commutation.
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. . * —
of an r-parameter Lie group of transformations x = X(x;t) form an

r-dimensional Lie algebra £7 over (the field) R since for any

Xa,Xﬂ,X7 ef’, ,abeR:

(i) aX,+bX , £

B
(i1) Xa+Xﬂ=XIB+Xa;

(iif) Xa+[X ﬂ+x7j=(xa+x ﬁ]*Xy?
(1v) [XO"X,B} e £

N
(vi) _Xa{Xﬂ,Xyﬂ+[Xﬂ,[X7,XQH{X},,[XQ,XIBH ~0;
(vii) | aX g 1bX ﬂ,Xy} = a[xa,xy}m{x ﬂ,xd.
SIMILARITY SOLUTION OF THE INHOMOGENEOUS
NONLINEAR DIFFUSION EQUATION

Here it is concerned with some enlargements of the similarity re

duction of the inhomogeneous nonlinear diffusion equation

du _ 0 (m n 0 (N
XPE (x,y.t) = x (x u uX)+l@ (y ul uy), 2.1)

where p,q,/,m and n are arbitrary constants , A is a parameter. First we
determine the Lie point symmetry vector fields.

Let

0 0
Xsystau)_ + d(Xayatau)_ > (22)

U=a(x,y,t,u) % +b(x,y,t,u) 0 2 0

@+C(
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where a,b,c and d are unspecified functions of x,y,t and u. We apply the

algorithm that provides the symmetry algebra by constructing the
prolongation of the vector field U.

2011 704X y t XX Yy
where

2
d* =dy +(dy —ay Jux —agux-byuy-byuyyy —cxu —cqugu  (2.4)

2
dy = dy +(du —by)uy —aylly —aylyly —byuy—cyly —Cyuylly,  (2.5)
t 2
dt = dt -|-(du —C )ut —a Uy AUyl —b,[uy —buutuy —Cyuis (2.6)
d** =dyy +(2dyx —axx Jux +uxx (dy —2ay) —CxxUy

2 3
2

2
—byyuxty —bylxxly -2cxU -2C Uyl -Cylixx Uy, (2.7)

and

b

yY - _ _
4% =dyy +(2dyy Cyylg

2 3 2
y (duu — 2buy ) — 3buuyuyy - 2Cuyuyut 'buuuy'cuuuy Uy

2
—2ayUyy-2ayUylyy-ayylly =23yl Uy —ayyUyly

yy Juy *uyy (dy ~2by

+u

—aylyylx -2cyuyt-2cuuyuyt-cuuyyut. (2.8)

The condition of invariance of the equation (2.1) is

PrU(A) 4_=0: (2.9)

where A=u t_me-l-p uluy - I MP 2 mPyny

—/llyg'luq uyx'p —ﬂquq'lygu%, x P -iyguquyyx'p :

From (2.3) and (2.9) we get,
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m—p)xm'p'lunuXX

m'2'punuX- n(m-p) a1 xm-P -lu>2(-(

/

-m(m-1-p)x

+pi€y€'luquyx'p -l +p/1quq'1y u%,x'p'1 +pﬂuy£uquyyx'p_1

+b| -AL((-1) yg'zuquyx'p Agqiud lyg' 1u%,x'p —/wyf' luquyyx'p J

-mnxm'l'p ul 1uX -n(n-l)un'zxm'pu)% nx Py 1uXX

+d
P

-ﬂquf 'luq'luyx-p-lq(q-l)uq'zyfug,x'p —iqyﬁuq'luyyx

+dX (-mxm' pyn _ppyn- 1xm'puX )+dy (-/Ilyz “1ydx P 22qud lyguyx'p j

+dt+dXX (-xm'puIl ) +d%Y (—/nyuqx_p ) =0.

Using (2.4) —(2.8) and (2.9) in the above equation we get the following

set of determining equations

x5 +i_r§ =0, (4.10)
E_S_MTU-dufo, (4.11)
] a(n;—p) -%+2ax-ct=0, (4.12)
%by+%du_duu+j—‘21=0, 4.13)
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2d, b

_U+_+b_y+zbyy=o. (4.14)
y y2 oy

Solve the equations (4.10) —(4.14), we get

202 ne,
a= X- X,
p-m+2  p-mt2
szlYa
c=2c2‘[+c3 ,
d=-clu,

where ci, ¢z, ¢3 are arbitrary constants and p-m+2=v.

Then we have the three symmetry vector fields,

_nx 0 0 0

Now,

BBy |=B{-B}~0,

BJ-B, |=BB,B,B,

= _n_Xi_ug_|_ g [2tg+2_xgj
vox au toy)\“a v oax

_[2tg+2_xgj _n_Xi_ug+ g
o vox)\ vox auday
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K_)zg(_jz_i

RS RN

i.e.,[Bl, Bz] —0,

|B|.B; |=B;B; BB,

_Rg2.R2-
B,. B, |= B3 - B =0,

B,, B3}:B2B3 -B;3B,

RIS

2 2
o2 ot ot

i.e.,[B B }:—ZB

2>73 3’
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These field form a Lie algebra. We find [Bz, B3} = —2B3,and all other

commutations vanish.
For the vector field B;

The characteristic equations are

dx_dy _dt_du
a b ¢ d
. dx _dy_dt_du
e, —=—2=—=——,
X y 0 -u
%
Then
u_
V=%
<N
t=c2,
A
and yxn=c3,

where ci, ¢z and c3 are arbitrary constants.

A"

The general integral is  F| yxD.,t, ke

v
x 1

0,

where F is an arbitrary function.

Then the similarity solution and the Similarity variable are given by

v v
u=x1F(s), s=t+yxD.

CONCLUSION: In this paper I have studied the solutions of nonlinear
diffusion equations by applying Lie symmetry method and derived the

similarity solution of the inhomogeneous nonlinear diffusion equation .
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