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ABSTRACT Nonlinear diffusion equations, an important class of parabolic   appear widely in nature. They are suggested as 
mathematical models of physical problems in many fields, such as filtration, phase transition, bio chemistry  and  

dynamics of biological groups. In many cases, the equations possess degeneracy or singularity. The appearance of degeneracy or singular-
ity makes the study more involved and challenging. Many new ideas and methods have been developed to overcome the special difficulties 
caused by the degeneracy and singularity, which enrich the theory of partial differential equations.
The motivation for the present study had its origin in my attempt to carry over these techniques, either singly or collectively as the case may 
be, for  obtaining the nonlinear diffusion equation and its symmetry reductions, namely, the second-order nonlinear ordinary differential 
equations via the isovector approach and further group invariance techniques respectively.
The fundamental basis of the techniques is that , when a differential equation in invariant under  a Lie group of transformations, a reduction 
transformation exists. 
The machinery of the Lie group theory provides a systematic method to search for these special group invariant solutions, a single group re-
duction transforms the partial differential equation  into ordinary differential equations which are generally easier to solve than the original 
partial differential equation.
Local symmetries admitted by a nonlinear partial differential equation are useful to discover whether or not the equation can be linearized 
by an invertible mapping and construct an explicit linearization when one exists. 
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partial differential equation.
Local symmetries admitted by a nonlinear partial differential equation are useful to discover whether or not the equation can be linearized 
by an invertible mapping and construct an explicit linearization when one exists. 
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1. Preliminaries 

Definition 1.1:Let   x = x , x .....................xn1 2  lie in region nD R .

The set of transformations  *x = x, ,X  defined for each x  in D, 

depending on parameter   lying in  S R,  with  ,     defining a law 

of composition of parameters  and    in S, forms a group of 

transformations on D if: 

(i)  For each parameter  in S the transformations are one-to-one, onto D,  

in particular *x  lies in D. 

(ii)  S with the law of composition   forms a group G. 

(iii)   *x =x when =e, i.e., x; x.X    

(iv)   * ** *If  x x ; ,  x = x ; ,X X   
 

 then   **x = x ; , .X     
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(v)     is a continuous parameter, i.e., S is an interval in R. Without loss  

of generality =0  corresponds to the identity element  . 

(vi)   X is infinitely differentiable with respect to x  in D and an  

analytic function of   in S. 

(vii)    ,    is an analytic function of  and ,   S, S.      

Definition 1.2 

 The infinitesimal generator of the one-parameter Lie group of 

transformations  *x x, X   is the operator 

     X=X x = x . x ,
x1 i

n
ii

     
 

where   is the gradient operator, , ,.............. ;
x x xn1 2

 
 
 
 

   
  

 

for any differentiable function    F x F x , x ,..............x ,n1 2  

         F x
XF x = x . F x = x .

x1 i

n
ii

 


  
 

Definition 1.3 

The total derivative operator is defined by 

D = y y +............................+y .........1 2 n+1Dx x y y yn1

     
   

 

For a given differentiable function  F x,y,y ,y ,..................y ,1 2 we have 

 D F x,y,y ,y ,.........y F y F y F +y F ........ y F .x y y y y1 2 1 2 3 +1Dx 1 2
      

Definition 1.4 
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Let    
p qiU= x,u + d x,ui u1 1x

a
i  

 
 

 
 be a vector field. The n-th 

prolongation of U is the vector field 

   qn nJPr U=U+ d x,u ,
uJ1 J

 
 
 
 




 the second summation being over all 

multi-indices  J= j ,...........j ,1 k with 1 j p,         1 k n.k     

The coefficient functions  nJd    of Pr U  are given by the following 

formulas : 

 nJ i id x,u D d u u  ,J i J,i1 1

p p
a a

i i
 

 
          

   
 

 

where 
uu Ju ,      and   u  =i J,ii ix x

  
 

 

and     
p pJ,k i id D D d u u  ,K J i J,ik1 1

a a
i i

 
 

 
  
 

   
 

 

2uJwhere u .J,ik i kx x


 


 

 

Definition 1.5 

 Consider an r-parameter Lie group of transformations  

 *x = x; X   with infinitesimal generators  X , =1,2,..........r,  

defined by 

 
 *x x;j jx  =   =1,2,........r,  j=1,2,......n.j

=0 0

X 
     

 

 



 

and  
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 X x ,  =1,2,........r.j xj 1 j

n
  

  
 

The commutator of X  and X   is a first-order operator 

   

   

x xjx xi j
X ,X X X -X X

, 1
x xi jx xi j

i
n

i j

  

    
  

      
        
       

   
        

 
 

  
  

 

 

    =   ,xj x, 1 j

n

i j
 

 
 

where  

   
 

 
 x xj jx x x  .j i ix x1 i i

n

i

     

 
 
  
 

 
   

 

It immediately follows that 

  X ,X - X ,X .  
   
      

  

Definition 1.6 

A Lie algebra ₤ is a vector space over some field ₣ with an additional law 

of combination of elements in ₤ (the commutator) satisfying the 

properties 

X ,X X ,X  
   
      

   

X , X ,X X , X ,X X X ,X 0,       
                          

    

with most importantly, closure with respect to commutation. 

 In particular the infinitesimal generators  X ,   =1,2,.....r,   
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of an r-parameter Lie group of transformations  *x x;tX form an  

r-dimensional Lie algebra £r over (the field) R since for any 

X ,X ,X  £r, ,a,b :R  

(i)  aX +bX  £r; 

(ii)  X +X =X +X ;    

(iii)  X + X +X X +X X ;    
   
   
   

   

(iv)  X ,X 
 
  

 £r; 

(v)  X ,X X ,X  
   
      

  ; 

(vi)  X , X ,X X , X ,X X , X ,X 0       
                          

   ; 

(vii) aX +bX ,X a X ,X b X ,X .     
    
       

   

SIMILARITY SOLUTION OF THE  INHOMOGENEOUS 

NONLINEAR DIFFUSION EQUATION 

 Here it is concerned with some enlargements of the similarity re 

duction of the inhomogeneous nonlinear diffusion equation 

      ,up qm nx  x,y,t  =  x  u  u  y  u  ux yt x y
  

  
 (2.1) 

where p,q,l,m and n are arbitrary constants ,   is a parameter. First we 

determine the Lie point symmetry vector fields. 

Let 

        ,U=a x,y,t,u b x,y,t,u c x,y,t,u d x,y,t,u
x y t u
     
   

 (2.2) 
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where a,b,c and d are unspecified functions of x,y,t and u. We apply the  

algorithm that provides the symmetry algebra by constructing the 

prolongation of the vector field U. 
y yy2 x t xxPr U=U+d d d d d ,u u u u ux y xx yyt

          (2.3) 

where 

 x 2d d d a u a u -b u -b u y c u c u ux u x x u x x y u x y x u xt t       (2.4) 

 y 2d d d b u a u a u u b u c u c u u ,y u y y y x u x y u y y u yt t         (2.5) 

 t 2d d d c u a u -a u u b u b u u c u ,u x u x y u y ut t t t t t t t        (2.6) 

   
 

xxd d 2d a u u d 2a  c uxx ux xx x xx u x xx t
2 3u d 2a 3a u u  2c u u -a ux uu xu u x xx xu x uu xt

2-c u  u  2b u -2b u u -b u 2b u uuu x x xy u x xy xx y xu x yt
2b u u b u u  -2c u -2c u u -c u u ,uu x y u xx y x u x u xxxt xt t

     

   

 

 

 

 
 
 
 
 

(2.7) 
and 

   
 

yyd d 2d b u u d 2b  c uyy uy yy y yy u y yy t
2 3 2u d 2b 3b u u 2c u u -b u -c u  u  y uu uy u y yy uy y uu y uu yt t

22a u -2a u u -a u 2a u u a u uy xy u y xy yy x uy x y uu y x
a u u  -2c u -2c u u -c u u . u yy x y u y u yyyt yt t

     

   

  



 

 
 
 
 
 
(2.8) 

 
The condition of invariance of the equation (2.1) is 

 2Pr U 0,0   (2.9) 

where m-1-p m-p m-pn n-1 2 nu -mx  u u -nu x u x u ux x xxt    

    q -p q-1 -p q -p-1 2ly u  u x  - qu y u  x  - u u x .y y yyy    

From (2.3) and (2.9) we get,  
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     m-2-p m-p-1 m-p-1n n-1 2 n-m m-1-p x u u - n m-p  u  x u - m-p x u ux x xxa q -p-1 q-1 -p-1 q -p-1-1 2p y u u x  p qu y u x p y u u xy y yy  

 
 
 
 
   

 

  q -p q-1 -p q -p-2 -1 2 -1+b - -1 y u u x - q u y u x - y u u xy y yy   
 
 

 

 

 

m-1-p m-p m-pn-1 n-2 2 n-1-mnx u u -n n-1 u x u -nx u ux x xx+d q-1 -p q-2 -p q-1 -p-1 2- q y u u x - q q-1 u y u x qy u u xy y yy  

 
 
 
 
 


 

 

 

m-1-p m-p y q -p q-1 -px n n-1 -1+d -mx u 2nu x u +d - ly u x -2 qu y u xx y    
   
   



 

   m-p yy q -pt xx n+d d -x u d y u x 0.     

Using (2.4) –(2.8) and (2.9) in the above equation we get the following 

set of determining equations  
ma amxa - + 0,xx 2x x

  (4.10) 

 

ndnd u -d =0,uu2 uu
  (4.11) 

 

 a m-p dn- - 2a -c =0,x tx u
  (4.12) 

 

2q q dqb + d -d + =0,y u uu 2u u u
 (4.13) 
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b2d b yu + b =0.yy2y yy
   (4.14) 

Solve the equations (4.10) –(4.14), we get 

2c nc2 1a=  x- x,
p-m+2 p-m+2

 

b=c y,1  

c=2c t+c ,2 3  

d=-c u,1  

where c1, c2 , c3 are arbitrary constants and  p-m+2=v. 

Then we have the three symmetry vector fields, 

nxB =- u y ,1 v x u y
   
  

 

2xB =2t  ,2 t v x
 
 

 

B = .3 t



 

Now, 

 2 2B , B B -B =0,1 1 1 1
 
  

  

B , B B B -B B1 2 1 2 2 1
 
  

  

    

-nx 2xu y 2t
v x u y t v x

2x -nx- 2t u y
t v x v x u y

  
  

  
  
  

  

       
    

      
    
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2-nx 2 nx 2x
2v v x v v x

22x n 2x nx+ 2v v x v v x

   
   
   

      
            

  
 
 
 

 

 

i.e., B , B 0,1 2
 
  

  

B , B B B -B B1 3 1 3 3 1
-nx -nx= -u y u y .
v x u y t t v x u y

 
  

      
      

      



          
       

 

i.e., B , B 0,1 3
 
  

  

B , B B , B 0,2 1 1 2
   
      

    

2 2B , B  B  - B  =0,2 2 2 2
 
  

  

B , B =B B -B B2 3 2 3 3 2
 
  

 

     

2x 2x= 2t - 2t
t v x t t t v x
2 2

2t -2 2t2 2tt t

     
     
     

      
     

   
 

 

i.e., B , B 2B ,2 3 3
 
  

   

B , B B , B =0,3 1 1 3
   
      

   

B , B =- B , B 2B ,3 2 2 3 3
   
      

  

B , B 0.3 3
 
  

  
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These field form a Lie algebra. We find B , B 2B ,2 3 3
 
  

  and all other 

commutations vanish. 

For the vector field B1 

The characteristic equations are 

dx dy dt du=
a b c d
   

dx dy dt dui.e.,   = = = .-nx y 0 -u
v

 

Then   
u c ,v 1nx

  

      t=c ,2  

v
nand     yx c ,3  

where c1, c2 and c3 are arbitrary constants. 

The general integral is 
v unF yx ,t , 0,v

nx

 
 
 
 

  

where F is an arbitrary function. 

Then the similarity solution and the Similarity variable are given by      

           
v
nu=x F s ,      

v
ns=t+yx .  

 

CONCLUSION:  In this paper I have studied the solutions of nonlinear 

diffusion equations by applying Lie symmetry method and  derived the 

similarity solution of the inhomogeneous nonlinear diffusion equation .  
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