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- STRACT Cournot Oligopoly are the most frequently discussed models in the literature of mathematical economics. Based

on the pioneering work many researchers have examined the properties with product differentiation, multi-product
models, labor-managed firms, rent-seeking games within the Cournot framework. The present paper deals with the duality of price and
quantities in a differentiated duopoly of the different variants and extensions of the classical Cournots model. The second section of the
present study, is to investigate the dynamic behaviour of a heterogeneous model with heterogeneous expectation rules. The existence and
local stability of equilibrium points of nonlinear map are analyzed. In oligopoly; firms can use the same strategy or use different strategies,
but here we study different strategy to maximize their profit .

1. Existing linear model

We have an economy with a monopolistic sector with two firms, each one producing a
differentiated good, and a competitive numeraire sector. There is a continuum of
consumers of the same type with a utility function separable and linear in the numeraire
good. Therefore, there are no income effects on the monopolistic sector, and we can
perform partial equilibrium analysis. The representative consumer maximizes

2
U(q,49,) =ZP,- q, where ¢, isthe amount of goods for i and p,, its price. U
i=l1
is assumed to be quadratic and strictly concave
_ (ﬁl%z +2)q,9, +ﬂ1Q22)
2
where «; and [, are positive,i=1,2,
BB, —r> >0, and [, —c,y >oforizj,i=12.
i = 1,2. This utility function gives rise to a linear demand structure. Inverse
demands are given by
p=a,— B4 —n,
P> =0, =14, — q,
in the region of quantity space where prices are positive.

U(q,,9,) =a,q, + a,q,

Let a, = (a8, —a,»)/ 5, b = % for j=1,2 and ¢ :%
Where o =pp, _72»
(note that a,and b; are positive because of our assumptions), we can write direct

demands as
q, =a, —bp, +cp, and g, =a,+cp, —b,p,
provided that quantities are positive. The goods are substitutes, independent, or

<
complements according to whether }/50 . Demand for good i is always downward sloping

in its own price and increases (decreases) with increases in the price of the competitor if

the goods are substitutes (complements).
When «, =, and B, = 3, =y, the goods are perfect substitutes.

2
When o, =«a, and v A B, expresses the degree of product differentiation, ranging
1772
from zero (when the goods are independent) to one (when the goods are perfect
2

substitutes). When 7 is positive and 7 Y approaches one, we are close to a
1772

homogeneous market.
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2. Dynamic Model for Homogeneous and Heterogeneous Duopoly.

2.1  Assumptions

The study of duopoly model with heterogeneous firms depends upon the rational
expectations. Because perfect knowledge of the market may not be available in real
economics. Since firms have incomplete knowledge of the market hence they had to use
partial information based on the local market. Each firm increased (decreases) its production

g, at each period (t + 1) if marginal profit is positive (negative).
2.2 Model
Let the linear demand function be

p=f(Q)=a-bQ (1)
where Q(f)=g; (t)+q,(t) is total supply.
where ‘a’ and ‘b’ are positive constant of demand function.
Let the cost function be

Ci (qi):c[Qi i=1,2 (2)

C, is the marginal cost of i" firm.

Profit function of ;" firm is given by m; =pq; —c.q;

7;=q;(a-b0)—-c.q, i=1,2
7, =q,(a—b(q, +q_[))_ciq[ 3)
Now the marginal profit of i firm is given by
or,
iza—ci—%qi—bqj i,j=12 i#j
aq,
. on;
For maximum profit =0
0q;
= a—c;—2bq, —bq,;=0
a-c —bg,
= — 4
q; ( 2 ) )

Now at each time period every player must form an expectation of the rival’s
output in the next time period, in order to determine the profit maximizing quantities for
(t +1) period.

q, (t+D)=arg,™ m[q,(1), g, (1+1)]
g, t+)=arg " 7,[q, (1+1),4, (®)] (5)
Where ¢, (t+1) represent the expectation of firm 1 about the production decision of
firm 2.
In Cournot’s model ¢, (¢+1) =¢,(t) [ naive expectations]
or ¢ (t+1) =¢,(t)

= ¢, +D)=/(q,(1) and q,(t+1)=g(q, ()]
= There exist a mapping
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T:R*——>R? givenby

T:{q{ =f(q2)} 6
0 =/4)

Where qf, q,, represents the one period advancement.

The map (6) represent the Duopoly game in the case of homogeneous expectations.
Cournot-Nash equilibrium can be located by the intersection of

q,=f(q,) and ¢,=f(q,).

2.3 Heterogeneous Expectations

. . . om; . .
The firms use local information based on the marginal profit i At each time period t
i

each firm increased (decreased) its production ¢, at the period (¢ + 1)if the marginal profit
is positive (negative).

Dynamical equation of this type game is of the form

orn,
¢, (t+])=q,()+ a, q,.(z)a—”(lt) where i=0,1,2

where, if i=0 it becomes Cournot naive expectations and ¢ is a positive parameter which

represents the speed of adjustment.
Similarly we can obtained equations for two or three players as follows

) = a0l 2 o
g+ = glg,)]
Using (4) we can find the dynamical equation of the firm which is boundedly rational player.
i, g,(t+D)=q,(0)+aq,(O)a-c, ~2bq,(1)~bg, ()] ®)
Similarly we can find the dynamical equation of the second firm which is naive

1
Q2(Z+1):2_b[a_cz —bgq,(1)]

The two dimensional map T(q,,q,)—>(q, , ¢,) is completely represent heterogeneous
duopoly.

24  Boundary Equilibrium and Nesh Equilibrium
When we coupling the dynamic equation we get
g, =4, +aq,(a—c,-2bq, -bg,)

T g, = % (a—c, —bq,)

Using ¢, =¢, and ¢, =q, we can find non-negative solution of algebraic equation
q,(a—c,—2bg, —bq,)=0
a—c,—bq,—2bq, =0

= ¢, =00ra-c —-2bg,-bq,=0;
a-c,—bq,—2bq, =0
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a-c,

When ¢, =0 q, =

2b

We get fixed point E, :[O, ¢ ;bcz j which is called boundary equilibrium

Onsolving  a—c, —2bg,—bgq, =0
and  a-c, —bq, —2bq,=0
2a-2c¢,—4bg,-2bq,=0
a- c¢,— bq,— 2bq,=0
a+c¢,— 2¢ —3bg=0

. a+c,—2c + _a+c —2c,
== and ==
9, 3b qQ2 3b
»a—(2c,—c,) »a—(2¢c,-¢)
9= 3b 4= 3

Then £ (q;,q,) represent Nash equilibrium provided — a>2¢, —¢, and a>2¢, —c, .

2.5  Eigen Values

The study of local stability of equilibrium solution is based on the localization, on the
complex plane of the eigen values of the Jacobian matrix of the two dimensional map.
Jacobian matrix

6_q1' 8_q1' 1+o(a—4bq, -bq, —c;) —ab
J:{q{,q;}: dq, 0q, | _ Chl qz =€ o
q,-9, % % _5 0
dq, 0q,
1
|J|:—Eabq1

This dynamical system for (atbq, ) <2 become dissipative [In homogeneous].

3. Theorem : To Prove that the fixed point Eo of the map T, is unstable
Proof : Let us first find Jacobian matrix of Eo

o o
_ 0q, 0q,
Y= ag o)

0q,  0dq, 0.52)

lJrg(a—2c1 +c,) 0

1
—— 0
2

J(Eo) =

| IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




Research Paper
P Volume : 5 | Issue : 5 | May 2016 « ISSN No 2277 - 8179 | IF : 3.508 | IC Value : 69.48

Its ch. Equation

1+%(a—201+c2)—21 0

1 L
2

=0

It has two eigen values A, =1 +%(a —-2¢,+¢,) and 4,=0

= |A; |>1 not unique
The point E is unstable fixed point for map T.
3.1  Nash Equilibrium Based on Partial Information

Next study of Nash Equilibrium based on partial information or local stability.

1- 20(qu - ocbqik
JEH= 1 0
2

Characteristic equation of J(E”) is
P(L)=A? — (Trace) A + Det =0

Where Trace = 1 — 2abq, and Det = — %()quik

y —(1—2abq1*)/1—% abg, =0

Which is quadratic equation in A with discriminants.
D=b* —4ac

= (1-2abq,)’ —4.1{—%0@1")

= (1-2abq,)* +2abg,
D>0 (always)
= Eigen values of Nash equilibrium are real.

4. Conclusion

Dynamic Model for homogenous and heterogeneous are of great concern for today’s
researchers. Boundary and Nash equilibrium points are discussed with homogenous and
heterogeneous products. During the research it is found that boundary point is unstable and
varies according to the change in time and that’s why the model is dynamic. Further Nash
equilibrium is located on the partial information. Researcher can take the opportunity to
develop the model for three to five players which indeed can be helpful for the industry
also. Care should be taken as cost function then would be nonlinear in nature.
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