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ABSTRACT

Here, we propose a model with a change point, where the error distribution is suppose to be changing exponen-
tially. Since, the errors are assumed to be distributed as exponential; we term it as a model with ‘exponential errors’.
This model can be used as a model for water quality analysis. Later, an independent sequence X1, X2, . . ., Xm, Xm+1, . . ., Xn was observed
from the Non-Standard mixture of Exponential and Degenerate Distribution, with reliability Rt at time t, with proportion p1 and 61 but
later it was found that there was a change in the system at some point of time ‘m’ and this is reflected in the sequence after Xm by change
in reliability R2t at time t, with proportion p2 and 02. This distribution occurs in many practical situations. For instance; we consider the
statistical analysis of several closely related models arising in water quality analysis, where this model is significantly applicable. Apart from
mixture distributions, the phenomenon of change point is also observed in several situations in life testing and reliability estimation prob-
lems. The estimators of m, R1 (t) and R2 (t) are derived under Linex Loss Functions & General Entropy Loss Functions. The effects of prior
consideration on Bayes Estimates of the change point are also studied.

1. INTRODUCTION:

As far as applications are concerned, we frequently study the time series data. The time series
data is to be studied for a variety of different reasons. The time series data have characteristics
which are not compatible with the usual assumption of linearity or / and Gaussian errors. For an
instance, the exponential model studied by Bell and Smith (1986) which of autoregressive nature
is very significant in the analysis of such time series data. Such statistical analysis of several
closely related models are useful in study of water quality analysis. Bell and Smith (1986)
proposed a model concerned with the above mentioned autoregressive scheme where all the
observations were independently and identically distributed and non-negative in nature. The
estimation and testing problem was considered by them for Gaussian, Uniform and Exponential
models. Due to the additive nature of filtering process, non normality may not be of importance
as far as large series is concerned. However, for small series, the effects may be important.
Hence, models other than Gaussian, in particular, the exponential, are studied. The Exponential
distribution plays an important role in the field of life testing and reliability estimation. A
number of life test data have been analyzed (see Davis, 1952) and it was observed that in most
cases the exponential distribution provides a good fit.

Let us consider an exponential distribution with probability density function as,

f(x‘@): O~ exp[-x/6],x=0,0>0.
The scale parameter 0 is the mean residual lifetime and is also interpreted as the average excess
life of the items. The model is specified to represent the distribution of lifetimes and statistical
inferences are made on the basis of this model. In many real life problems, theoretical or
empirical distributions suggest the model with occasionally changing one or more of its

parameters.
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Let X1, X2,...,Xn (n 2> 3) be a sequence of observed lifetimes. Let first ‘m’ observations

X1, X2....,Xm be taken from mixture of Exponential and Degenerate Distribution with probability

density function as under:

[1—1@.)}
. I(x)| Py X, !
f(xaelspl):(l_pl) eiexp(_i)

1 61

where we have 91>0,xl. >0,0< ] <li=12,...,m

and
1 ;xl.<0
I(x.)=
=1 1,20
with reliability,
p ;6<0
R(t)= - (1)
pexp[—t/6,] ;0,>0,t20

and later (n-m) observations Xm+1,Xm+,...,Xn be taken from the mixture of Exponential and

Degenerate distribution with probability density function as

1-1(x.)
I(x;)| P, X [ ’}
f(6:05,p5)=(=py) ?eXp(—ef)
2 2
where we have 0,>0,x 20,0<p, <li=m+lm+2,..n>

with reliability

D, ;6<0

Rz(t): )
p,exp[—t/6,] ;0,>0,t 20,6, 20,

where ‘m’ is the change point.
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10,09 =l1-p - p" " exles 10l

—\n-m-d_+d
—d (H—M)—d"+dmexp[—{s —g }/9}9 (n mn n+ m)
i-p¥-~4p, S 0P

(25)

where,

Y I)=dy i Y 3

i§1 )= Hl= i:%+1](xi):dn_dm

n . m * n

Llna-r)l=s, X In-1@)=s, > X [-1x)]=s,=s,’
| i=1 i=m+l

3. POSTERIOR DENSITIES USING NON-INFORMATIVE PRIOR:
Sometimes no prior information or technical knowledge about the parameters are available.
In such cases, we take non-informative priors.
Let us consider such non-informative prior on 6,6, as,
¢(6,6,)1/66,).
Then the joint prior distribution of 4,6, and m s,
¢(6,,6,,m)x1/(6,6,(n-1)). (3)
Using the likelihood function with the prior density, we get the joint posterior density as

under:
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8,

19V

)ﬁ]: L(6,6,,m|x)g(0,.0,,m)

n-1

TTL 0.0,,m|x)g(6,,6,,m)d60,do,
00

m=1

Now the marginal density of x, ha(x) 1s simplified as,

n-1

- S 1(0.0.m| 0g(0.0,mhi0ae

m

n-1
= - m—d, n m—d,+d d,—d,
(=1 S p" (1= ) (1= py)

m=1

je ) exp[-s, 16 ]d8 j mderdn) exp [~ {s, =5, (n—m— d+d)}/6?}i9}

0 0

n-1

:(n—l)fl md(l p]) pnmd+d(1 p)d d> (m— d)y(l’l m-d +d +a)A,md nmd+d)

m=1

=(n-1)" ni_ll(k4 (m)J,(m))- (4)
where,

AzzAz(m‘E):Snﬂ
B =B (m|x)=s -5 , (5
—-d,+d d
=) (m=d,)) (n=m=d,+d,) pl" " (1= p)“m pl I 1 pyy
J(m) Azmd nmd+d)

Hence with the use of these, we get the joint posterior density,

d

el

19 Y2

(1) p I (1= )l Tt o gl ]

gz_[n_m_d"+dm]_lexp[—32/02] [@(E)}l ' (6)
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Marginal posterior distribution of the change point m, say, g, (| x), is given by

n—1
g (m| X)=k,(m)-J,(m)/ Y (ky(m)-J,(m)) ()

m=1
where, ka(m) and J2(m) have same meanings as above.
Here, A2, B2 have same meanings as in the above equation and ha(x) also has the same meaning

as mentioned in the above equation.

The marginal posterior distribution on 6, say g, [91 |)_c] is,

m- n-m-d, + - ~(m=d,, }-1
) b, dm(l- p1)dmpz . dm(l- pz)dn . 01 ( )— exp[_ A2 /91]

(n_l)il m-d

) g (- p) T - p ) ""‘f(n m-d +d ) U expl- 1] :

n-m-d +d_ ®
nom

b

40 Mz%ﬁ"*’ma- p)pl 1 ) g, oy ”’mj'lexp[_%/ez}

IQ( exp[ A /6]46

_(n_-llplm " (- pl)d’" P 4+, (I- pz)d”-dm Hg[n—m—dn +dm]_lexp{—32/92} T(m dm) _ld
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Making the change of variables and taking i=1, 2, the marginal posterior densities on the

reliability functions Ri(to) and Ra(to) will be as under:

-1 -1 -
N [”wx]zw S ksl )
2= m=1

rft)ip "
(f )m—dm Bn_m_dn+dm (here 0< R, (to) <p) (10)

2

and

4 [r2 (to ])j] = M nil kg (m)[hl(pz /', (to ))]n—m—dn +d, -1

hz(ﬁ) m=1

(B, /1)1
[r.(t,)/ p.]
(to)n—m—dn+dm Aszdm (here 0<R2(t0)<p2) (11)
where,

—d d -m-d, +d d,—d, v
kslm)=p"~ (= p) ™ p) " (1= p) T ] (n-m—d, + ).

—d d -m—d, +d d,—d,
ko(m)=pi" (1= p)m py " (1= )T ) (m-d,) (12)

where, E2 = min{ca, to}.
4. BAYES ESTIMATES UNDER SYMMETRIC LOSS FUNCTIONS:

The Bayes estimate of a generic parameter(or function thereof) o based on a Squared Error
Loss (SEL) function Li(a,d)=(c-d)* ,where, d is decision rule to estimate o, is the posterior
mean. As a consequence, the Square Error Loss Function is related to an integer parameter,

Li(myv)oc(m-v)’,  my=012..
Hence, the Bayesian estimate of an integer-valued parameter under the SEL function L (m,v) is

no longer the posterior mean and can be obtained by numerically minimizing the corresponding
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posterior loss. Generally, such a Bayesian estimate is equal to the nearest integer value to the

posterior mean. So, we tell the nearest value to the posterior mean as Bayes Estimate.
The Bayes estimate of unknown change point ‘m’, using non-informative priors,
discussed earlier under SEL is given by,

« Nl

m=1

* n-1 n—l

m =Y [ m-k(m)J,(m)/ Sk (m)J,(m) (13)
m=1 m=1

Let E; { f (a)} denote the expectation of f (o) with respect to the posterior density g, ((x‘ ;)
where i=1, 2. Then Bayes estimates of Ri(to) and Ra(to) under SEL, are posterior means Rl>X< (to)
* .
and R, (to) given by,

Rl*(fo)zE1 [R (1)

P
Ir(ty) &l (el dn(ey).
0

Now,

Py
J () &l (gl dr(y)
0

PN yAe ‘
a m
Iy(x) m=12 (’o)m- Y Bl”' m-d, td, *0)

Py
J bty J 400 oty a0 e

ky pin-1 1
_0 7
hl(g) ma:1k2(m) )m- dm tay n-m- dn +dm +a

(Al i) B

2
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Hence,
%k
R (ty)
_ k py n=1 ) 14
- ho(xl) > kl(m) 1n—m—al +d +a ( )
1% m=1 (A1+t0)”’_dm+a1 Bl n m 2
Similarly,
Ry(tg)=E [R, (t))]
_P2
= [ ryty) gl dry,) .
0
_ k(})l (p)2 nilkl(m) S 1 (15)
1Y m=1 Al m I(Bl+f0)"_m_dn+dm+a2

where, Pr{Rl- (to):l‘)_c}, 1=1,2 are given above and ki(m) and k2(m) respectively are same as
mentioned earlier.
Other Bayes estimators of a based on the loss functions

Ly(a,d)=a—d|

0, ifla-dlke, >0
L3(6¥,d):

1, otherwise

is the posterior median and posterior mode respectively.

10
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5. NUMERICAL STUDY (when p; and p; are known):

We have generated 20 random observations from the proposed change point model explained
earlier, the first ten observation from mixture of exponential and degenerate distribution with
8, = 0.7, Ri:=0.78, p1=0.8 at t=0.01 and next ten from mixture of exponential and degenerate
distribution with 8, = 0.5, R2=0.58, p2=0.6 at t=0.01. As explained above, 6, and 0,
themselves were random observations with means g, = 0.7, u, =0.5 and standard deviations
0,=1 and g,=2 respectively, resulting in a1=2.49, b1=1.04, 22=2.06, b»=0.53. These observations
are given below in Table 1.

Table 1

Generated observations from Mixture of Exponential and Degenerate Distribution.

Xi 0229|1426 0 |1.103]0.199|0.226 | 0.948 | 0482 | 0 | 0.283
I 11 12 13 14 15 16 17 18 19 20
Xi| 0 |1018]0.187]0.788 | 0 |0.161|0.677| 0 ]0331| 0

Table-2

Bayes estimates using symmetric loss function

Prior Shape parameter Bayes estimates of Bayes estimates of
Density Change point Reliability under

Squared Error Loss

qi Q2 me’ MGE" Rie"(t) R (t)
Non- -1.0 -1.0 11.0 12.0 0.82 0.83
Informative 2.0 -2.0 12.0 13.0 0.84 0.85

IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH 427




6.

Volume : 5 | Issue : 5 | May 2016 « ISSN No 2277 - 8179 | IF : 3.508 | IC Value : 69.48

CONCLUSION:

Research Paper

Our numerical study shows that for q; = q3 = —1,—2, Bayes estimates are quite large

than actual value, ie; m=10. It can be seen from Table 2 that if we take the value of shape

parameters of loss function negative, underestimation can be solved.

Moreover, Table 2 shows that, for small values of |q|, g5 related to the Squared Error

Loss Function, the values of Bayes Estimate under a loss is near by posterior mean. Table 2 also

shows that, for g, = 1.5,1.2, Bayes Estimates are less than actual value ie; m=10.
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