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ABSTRACT Let G(V.E) be a graph with p vertices and q edges.An assignment (or labeling) is a 1-1 function fV(G)>Z.If f

is an assignment, then for any edge e=uv, we define an induced edge label f* (uv)=R(2f(w)fv))/(flw)+fv)R orX(2flu)
SO/(fw)+f(v))RAn assignment fis called a harmonic mean labeling if fV(G)>{12.....q+1} such that f** (uv) are all distinct.If G admits a
harmonic mean labeling,we say that G is a harmonic mean graph.In this paper,we establish harmonic mean labels of some well known sub-
division graphs and some disconnected graphs.

1 Introduction

In this paper,we consider only finite,simple and undirected graphs.Let G(V,E) be a graph
with p vertices and q edges.For notations and terminology we follow [1].In a graph G,the
subdivision of an edge uv is the process of deleting the edge uv and introducing a new vertex w
and the new edges uw and vw.If every edge of G is subdivided exactly once, then the resultant
graph is denoted by S(G) and 1s called the subdivision graph of G. For example,a star K; 5 and its
subdivision graph S(K; 5) are given i Figure 1.

)

Figure 1
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The wunion of two graphs G; and G, 1is a graph G; U G, with vertex set
V(G U G,) =V(G) UV (G,) and E(Gy U G,) = E(G;) UE(G,).mG denotes the disjoint
union of m copies of G.

Bistar By, ,, 1s the graph obtained from K; , U K; ,,, by joining the central vertices of K; ,
and K, by means of an edge. The newly added edge is called the central edge of B, ,,. For
example the bistar B, 5 is shown in Figure 2.

u v

Uy uq V1

Figure 2

Somasundaram and Ponraj have introduced the concept of mean labeling of graphs in [3].
An assignment f:V(G) - {0,1,2, ..., q} is called a mean labeling if whenever each edge e = uv

is labeled with [F222) if £(u) + f(v) is even and [F2 L] if f(w) + £(v) is odd,

then the resulting edge labels are all distinct. Any graph that admits a mean labeling is called a
mean graph.For example,a graph G with a mean labeling is illustrated in Figure 3.

g 6 5 5 4
4 2
2 1 0
Figure 3

Many results on mean labeling have been proved in[4] and [5].In a similar way,
Somasundaram, Ponraj and Sandhya [6] have introduced the concept of harmonic mean labeling
of a graph. An assignment f:V(G) - {1,2,..,q+ 1} is called a harmonic mean labeling if
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then the edge labels are

2f(Wf () or lZf Wf )

whenever each edge e = uv is labeled with [f W+ ) @0

distinct. Any graph that admits a harmonic mean labeling is called a harmonic mean graph.For
example,a graph G with a harmonic mean labeling is illustrated in Figure 4.

7

Figure 4

More results on harmonic mean labeling have been proved in [7].A well collection of
results on graph labeling has been done in the survey [2].

In this paper,we establish the harmonic mean labeling of some standard graphs like
subdivision of star S(Kj ,,),subdivision of bistar S(B, ,,),the disconnected graph S(K; ) U kC,,
etc.

2 Main Results

Theorem 2.1

The disconnected graph S (Km) U kC,, is a harmonic mean graph for 1 <n <5,
k>0andm > 3.
Proof
Let V(S(Ky,) UkCy) =

{V; Up, Uy, ooy U V1, Vg o, Uy Wi, Wigy ooy Wims Wa1 Woz, vy Worns oo Wity Wiy« s Wiern )
and E(S(Kyn) UKCr) = (v 0, | 1< 0 <} UL, (U wgwigad}) U (wanwin})]
Here p =2n+km+ 1land q = 2n+ km.
Define a function f:V(S(Kyn) UkCp) = {1,2,...,q + 1} by
f(v) =2n+1;
fw)=n+i,1<i<n
fv)=n+1-i,1<i<nand
fwi)=@n+D+(E-Dm+j,1<i<k1<j<m.
Then the induced edge labels of S (Km) are given below:
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f*(unvn) =1;

ffou) =n+1+i1<i<n

fruv)=n+2-i1<i<n-1;

and the set of all edge labels of kC,, is {2(n + 1),2n + 3,..,2n + km + 1}.
Therefore the set of all edge labels of S (Kl,n) UkCpis{134,..2n+km+1}.

Hence S (Kl,n) U kC,, is a harmonic mean graph for 1 <n <5,k >0 andm > 3.

Research Paper

Hence the theorem. [
For example,the case when n = 3,k = 3and m = 4 is illustrated in Figure 5.
9 9 10 13 13 14 17 17 18
’ o ' I ]
8 11 12 15 16 19
° o l I o
8 10 11 12 14 15 16 18 19
Figure §
Theorem 2.2
The disconnected graph S (B3_4) U kC,, is a harmonic mean graph for k > 0 and m >
3.
Proof:

Let V(S(B3,4) U ka) = {UjUy, Uy, ey Uz Vg, Vgy o, Vs V3 X; Xq, Xy o, Xy}

V1) Y2 oo Yas Wity W12, ooy Wigns Wa1, Wo2, eees Worns oo Wit Wiz oves Wi} -

and E(S(Bnl,nz) U ka) = {uivi,uvi,uy,yx,xx]-,xjyj |1<i<3,1<5< 4}
U [U§€=1 ((U;'r:ll{wijwijﬂ}) U {Wime})]-

Here p =17+ km and q = 16 + km.

Define a function f: V(S(BM) V) ka) -{12,..,q+1} by

fw =7

flu)=3+4+i,1<i<3;

fv))=4-1,1<i<3;

fy)=8;

f(x) =17;

flx)=12+j1<j<4

f(y;))=8+j,1<j<4and

flwj)=17+(-1m+j,1<i<k1<j<m

Then the induced edge labels of S (33,4) are given below:

f*(unvn) =1
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frluw) =4+i,1<i<3;

frluv) =5-i,1<i<2;

fruy) =8;

frx)=9;

frlxx)=134j,1<j<4;

f*(xjyj) =9+j,1<j<4;

and the set of all edge labels of kC,, is {18,19,...,17 + km}.

Therefore the set of all edge labels of S (B3_4) UkC,is {1,34,...17 + km }.

Hence S (8314) U kC,, is a harmonic mean graph for k > 0 and m > 3.

Hence the theorem. [ |

As an example harmonic mean labeling of § (33,4) U 3C, is shown Figure 6.

7 8 8 9 17

19 19 20 23 23 24 27 27 28
. ® ° ) ¢ ®
18 21 22 25 26 29
° ° ° ' ) ° °
18 20 21 22 24 25 26 28 29
Figure 6
Definition

Let G be a graph with vertex set vy, vy, ..., Up; Uy, Uy, .., Uy and edge
ey,6, ...,eq.Then G* is a graph with vertex set V(G*) = {vl, Vg, ey Up; Ug, Uy, ey Ug } in which
two vertices v; and v; adjacent iff they are adjacent in G; u; and w; are adjacent iff e; and e
are adjacent in G; v; and u; are adjacent iff e; is incident with v;.For example the graph P is
shown in Figure 7.
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Uq U, Uz Uy

Figure 7
Theorem 2.3

The graph P, U kC,, is a harmonic mean graph fork > 0,m > 3 andn > 2.
Proof Let V(P, UkC,,) =
{00V o, U5 Ug,y Ugy oy Unm g5 Wig, Wi, ey Wiy Wat, Wz, eees Wapns oo Wity Wiy oees Wi}
and E(Py) ={vviiq; viwy; uvpq [ 1<i<Sn—1; uuyy | 1<i<n -2} U

[Ui":l((Uﬁll{WijWimD v {Wimwil})]'

Herep =2n+km—1and q=4n->5+km.

Define a function f:V(B; UkCy) = {1,2,..,q+ 1} by

f(v,) =4(n-1);

flv;)=4i-3,1<i<n-1;

flu)=4i-1,1<i<n-1and
fwj)=4m-1D+@{-Dm+j,1<i<kl1<j<m.

Then the induced edge labels of P, are given below:

frip) =4i-2,1<i<n-1;

fr(uup) =4i,1<i<n—-2;

frlou) =4i-31<i<n-1;

fruvip) =4i-11<i<n-1;

and the set of all edge labels of kC,, is { 4n — 3,4n — 4, ....4(n — 1) + km }.
Therefore the set of all edge labels of Py U kC,, is { 1,2,3, ... 4(n — 1) + km }.
Hence P, U kC,, is a harmonic mean graph for k > 0,m > 3 andn > 2.
Hence the theorem. H
For example,the case whenn = 5,k = 3 and m =4 is illustrated in Figure 8.
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Figure 8

3 Super harmonic mean labeling

Definition

26 27
26

25

¢—0
25 27 2

28

8

An assignment f:V(G) - {1,2,..,p+q} is called a super harmonic mean labeling if

2f(wf ()

2f(wf )

whenever each edge e = uv is labeled with [ )

fw+f(v)

J then the edge labels are

distinct.Any graph that admits a super harmonic mean labeling is called a super harmonic mean
graph.For example,a graph G with a super harmonic mean labeling of K 5 is illustrated in

Figure 9.

Figure 9
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Theorem 3.1
The disconnected graph § (Kl,n) U kC,, is a super harmonic mean graph for 1 <n <5,
m >3 and k > 0.
Proof
Let V(S(Ky,) UkCy) =
{V; U, Ugy v Uy V1, Vg o) Vs Wi, Wiz, oo, Wimns Wag, Wag, ey Wam o Wit Wiz s Wi}
and E(S(Ky,) UkCy) = fvujuv; | 1<i<nju [U{Ll ((U}?i_ll{wijwijﬂ}) U {WimWil})].
Herep =2n+km+1and q=2n+km.
Define a function f:V(S(Ky,) UkCyp) = {12, ..,p +q} by
fv)=4n+1;
fu)=4i-3,1<i<n
fv)=4i-11<i<n and
fw)=2[@n+D)+(E-Dml+2j-1,1<i<k1<j<m
Then the induced edge labels of S (Kl_n) are given below:
ffvu) =4i+21<i<n-1;
frvuy) = 4n;
ffuv;) =4i-31<i<m
and the set of edge labels of kCp, is { 4n + 3,4n +5,...,2(2n + km) + 1 }.
Therefore the set of all edge labels of S(Ky,) U kCp is {159, ....4n + 2km + 1}.
Hence S (Kl,n) U kC,, is a super harmonic mean graph for 1 <n <5m >3 and k > 0. [ |
For example,the case when n =5,k = 3and m = 4 is illustrated in Figure 10.

25 25 27 33 33 35 41 41 43
23 27 31 35 39 43
23 26 29 31 34 25 39 42 45

Figure 10
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Theorem 3.2
The graph P; U kC,, is a super harmonic mean graph for k > 0,m >3 andn > 2.
Proof Let V(B; UkC,) =
{1, V2 0 V5 Up Ugs ey U3 Wi, Wi, oo, Win; Wag, Wag, ey Wams v Wity Wiy ooy Wi}
and E(B)) ={vvip1; vty w1 1<iSn—1; wjujy, |1<i<n—-2}U
[U{'(=1((U71=_11{Wijwij+1}) U {WimWL'l})]-
Herep=2n+km—1and q=4n-5+km.
Define a function f:V(P; UkCy) - {1,2,..,p+q} by
f() =6(n—1);
fw)=6i—-51<i<n-1;
flu)=6i—11<i<n-1and
fwj)=2[3n-D+({-1m+j,1<i<k1<j<m.
Then the induced edge labels of P, are given below:
frivy) =2;
ffowip) =6i—22<i<n-1;
ffluuiy) =6i+11<i<n-2;
frvu) =1
fflvu;)) =6i—32<i<n-1,
ffluvipg) =6i—11<i<n-1;
and the set of all edge labels of kC,, is {2(3n — 2),2(3n — 1),...,23(n — 1) + km)}.
Therefore the set of all edge labels of By U kC,, is { 1,2,3, ...,6(n — 1) 4+ 2km }.
Hence P, U kC,, is a super harmonic mean graph fork > 0,m > 3 and n > 2.
Hence the theorem.
For example, the case whenn = 5,k = 3 and m = 4 is illustrated in Figure 11. |

5 7 11 13 17 19 23

1 2 7 10 13 16 19 22 24
28 28 30 36 36 38 44 44 46
26 30 34 38 42 46
26 29 232 34 37 40 42 45 48
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