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                                                                 Subject: Mathematics 
                                                                    Abstract 
          
          Let G(V,E) be a graph with p vertices and q edges.An assignment (or labeling) is a 1-1 
function 𝑓𝑓: 𝑉𝑉(𝐺𝐺) → 𝑍𝑍.If f is an assignment, then for any edge 𝑒𝑒 = 𝑢𝑢𝑢𝑢, we define an induced edge 

label 𝑓𝑓∗(𝑢𝑢𝑢𝑢) = ⌈2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)
𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌉  𝑜𝑜𝑜𝑜 ⌊2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)

𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌋.An assignment f is called a harmonic mean labeling if 

𝑓𝑓: 𝑉𝑉(𝐺𝐺) → {1,2, … , 𝑞𝑞 + 1} such that 𝑓𝑓∗(𝑢𝑢𝑢𝑢) are all distinct.If G admits a harmonic mean 
labeling,we say that G is a harmonic mean graph.In this paper,we establish harmonic mean labels 
of some well known subdivision graphs and some disconnected graphs.  
Keywords: graph labeling,mean labeling,harmonic mean labeling. 
AMS Subject Classification Code (2010):05C (Primary) 
1 Introduction 
          In this paper,we consider only finite,simple and undirected graphs.Let G(V,E) be a graph 
with p vertices and q edges.For notations and terminology we follow [1].In a graph G,the 
subdivision of an edge uv is the process of deleting the edge uv and introducing a new vertex w 
and the new edges uw and vw.If every edge of G is subdivided exactly once, then the resultant 
graph is denoted by S(G) and is called the subdivision graph of G. For example,a star 𝐾𝐾1,5 and its 
subdivision graph S(𝐾𝐾1,5) are given in Figure 1. 
 
  
 
 
 
 
 
 
 
                             
                              𝑲𝑲𝟏𝟏,𝟓𝟓                                                                     𝑺𝑺(𝑲𝑲𝟏𝟏,𝟓𝟓) 
                                                            

Figure 1 
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           The    union    of     two    graphs  𝐺𝐺1   and   𝐺𝐺2    is   a  graph   𝐺𝐺1  ∪  𝐺𝐺2   with   vertex    set 
 𝑉𝑉(𝐺𝐺1 ∪ 𝐺𝐺2) = 𝑉𝑉(𝐺𝐺1) ∪ 𝑉𝑉(𝐺𝐺2)  and   𝐸𝐸(𝐺𝐺1 ∪ 𝐺𝐺2) = 𝐸𝐸(𝐺𝐺1) ∪ 𝐸𝐸(𝐺𝐺2).𝑚𝑚𝑚𝑚 denotes the disjoint 
union of m copies of G. 
          Bistar 𝐵𝐵𝑛𝑛,𝑚𝑚 is the graph obtained from  𝐾𝐾1,𝑛𝑛 ∪ 𝐾𝐾1,𝑚𝑚 by joining the central vertices of  𝐾𝐾1,𝑛𝑛 
and  𝐾𝐾1,𝑚𝑚 by means of an edge. The newly added edge is called the central edge of 𝐵𝐵𝑛𝑛,𝑚𝑚. For 
example the bistar 𝐵𝐵4,5 is shown in Figure 2. 
   
            
 
  
 
 
 
 
 
 
 
 
                                                                   Figure 2 
           
          Somasundaram and Ponraj have introduced the concept of mean labeling of graphs in [3]. 
An assignment 𝑓𝑓: 𝑉𝑉(𝐺𝐺) → {0,1,2, … , 𝑞𝑞} is called a mean labeling if whenever each edge  𝑒𝑒 = 𝑢𝑢𝑢𝑢 

is labeled with  [𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)
2 ]     if  𝑓𝑓(𝑢𝑢) + 𝑓𝑓(𝑣𝑣) is even and  [𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)+1

2 ]    if  𝑓𝑓(𝑢𝑢) + 𝑓𝑓(𝑣𝑣) is odd, 
then the resulting edge labels are all distinct.Any graph that admits a mean labeling is called a 
mean graph.For example,a graph G with a mean labeling is illustrated in Figure 3. 
 
 
 
 
 
  
 
 
 
                                                                       
                                                                   Figure 3 
 
          Many results on mean labeling have been proved in [4]  and [5].In a similar way, 
Somasundaram, Ponraj and Sandhya [6] have introduced the concept of harmonic mean labeling 
of a graph. An assignment  𝑓𝑓: 𝑉𝑉(𝐺𝐺) → {1,2, … , 𝑞𝑞 + 1}  is called a harmonic mean labeling if 
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whenever each edge  𝑒𝑒 = 𝑢𝑢𝑢𝑢  is labeled with  ⌈2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)
𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌉  𝑜𝑜𝑜𝑜 ⌊2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)

𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌋  then the edge labels are 

distinct. Any graph that admits a harmonic mean labeling is called a harmonic mean graph.For 
example,a graph G with a harmonic mean labeling is illustrated in Figure 4. 
 
 
 
 
 
 
 
 
 
 
 
                                                                    Figure 4 
 
          More results on harmonic mean labeling have been proved in [7].A well collection of 
results on graph labeling has been done in the survey [2].  
          In  this  paper,we  establish  the  harmonic  mean  labeling of  some  standard  graphs like 
subdivision of star 𝑆𝑆(𝐾𝐾1,𝑛𝑛),subdivision of bistar 𝑆𝑆(𝐵𝐵𝑛𝑛,𝑚𝑚),the disconnected graph 𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 
etc. 
 
2 Main Results 
 
Theorem 2.1 
           The disconnected graph  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a harmonic mean graph for 1 ≤ 𝑛𝑛 ≤ 5, 
 𝑘𝑘 ≥ 0 and 𝑚𝑚 ≥ 3. 
Proof 
Let  𝑉𝑉(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) =
           {𝑣𝑣; 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛; 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛; 𝑤𝑤11, 𝑤𝑤12, … , 𝑤𝑤1𝑚𝑚;  𝑤𝑤21, 𝑤𝑤22, … , 𝑤𝑤2𝑚𝑚; … 𝑤𝑤𝑘𝑘1, 𝑤𝑤𝑘𝑘2, … , 𝑤𝑤𝑘𝑘𝑘𝑘}  

and  𝐸𝐸(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) = {𝑣𝑣𝑢𝑢𝑖𝑖, 𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛} ∪ [⋃ ((⋃ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖𝑖𝑖+1}𝑚𝑚−1
𝑗𝑗=1 ) ∪ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖1})𝑘𝑘

𝑖𝑖=1 ]. 
Here  𝑝𝑝 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘 + 1 and 𝑞𝑞 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘. 
Define a function  𝑓𝑓: 𝑉𝑉(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) → {1,2, … , 𝑞𝑞 + 1}  by  
𝑓𝑓(𝑣𝑣) = 2𝑛𝑛 + 1; 
𝑓𝑓(𝑢𝑢𝑖𝑖) = 𝑛𝑛 + 𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛;   
𝑓𝑓(𝑣𝑣𝑖𝑖) = 𝑛𝑛 + 1 − 𝑖𝑖 ,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 and 
𝑓𝑓(𝑤𝑤𝑖𝑖𝑖𝑖) = (2𝑛𝑛 + 1) + (𝑖𝑖 − 1)𝑚𝑚 + 𝑗𝑗, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
Then the induced edge labels of  𝑆𝑆(𝐾𝐾1,𝑛𝑛) are given below: 
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𝑓𝑓∗(𝑢𝑢𝑛𝑛𝑣𝑣𝑛𝑛) = 1; 
𝑓𝑓∗(𝑣𝑣𝑢𝑢𝑖𝑖) = 𝑛𝑛 + 1 + 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛;  
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖) = 𝑛𝑛 + 2 − 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
and the set of all edge labels of 𝑘𝑘𝐶𝐶𝑚𝑚 is {2(𝑛𝑛 + 1), 2𝑛𝑛 + 3, … ,2𝑛𝑛 + 𝑘𝑘𝑘𝑘 + 1}. 
Therefore the set of all edge labels of  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is { 1,3,4, … .2𝑛𝑛 + 𝑘𝑘𝑘𝑘 + 1 } . 
Hence  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is a harmonic mean graph for 1 ≤ 𝑛𝑛 ≤ 5, 𝑘𝑘 ≥ 0  and 𝑚𝑚 ≥ 3.  
Hence the theorem. 
For example,the case when  𝑛𝑛 = 3, 𝑘𝑘 = 3 and 𝑚𝑚 = 4  is illustrated in Figure 5. 
 
 
 
 
 
 
 
 
 

Figure 5 
Theorem 2.2 
          The disconnected graph  𝑆𝑆(𝐵𝐵3,4) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a harmonic mean graph for 𝑘𝑘 ≥ 0  and  𝑚𝑚 ≥
3.  
Proof: 
           Let 𝑉𝑉(𝑆𝑆(𝐵𝐵3,4) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) =  {𝑢𝑢;𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢3; 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣3; 𝑦𝑦; 𝑥𝑥; 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥4; 
                                      𝑦𝑦1, 𝑦𝑦2, … 𝑦𝑦4; 𝑤𝑤11, 𝑤𝑤12, … , 𝑤𝑤1𝑚𝑚; 𝑤𝑤21, 𝑤𝑤22, … , 𝑤𝑤2𝑚𝑚; … 𝑤𝑤𝑘𝑘1, 𝑤𝑤𝑘𝑘2, … , 𝑤𝑤𝑘𝑘𝑘𝑘} . 
and 𝐸𝐸(𝑆𝑆(𝐵𝐵𝑛𝑛1,𝑛𝑛2) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) = { 𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖, 𝑢𝑢𝑣𝑣𝑖𝑖, 𝑢𝑢𝑢𝑢, 𝑦𝑦𝑦𝑦, 𝑥𝑥𝑥𝑥𝑗𝑗, 𝑥𝑥𝑗𝑗𝑦𝑦𝑗𝑗 | 1 ≤ 𝑖𝑖 ≤ 3 , 1 ≤ 𝑗𝑗 ≤ 4 } 

                                                    ∪ [⋃ ((⋃ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖𝑖𝑖+1}𝑚𝑚−1
𝑗𝑗=1 )  ∪  {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖1})𝑘𝑘

𝑖𝑖=1 ]. 
Here  𝑝𝑝 = 17 + 𝑘𝑘𝑘𝑘  and  𝑞𝑞 = 16 + 𝑘𝑘𝑘𝑘. 
Define a function  𝑓𝑓: 𝑉𝑉(𝑆𝑆(𝐵𝐵3,4) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚)  → {1,2, … , 𝑞𝑞 + 1}  by  
𝑓𝑓(𝑢𝑢) = 7; 
𝑓𝑓(𝑢𝑢𝑖𝑖) = 3 + 𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ 3; 
𝑓𝑓(𝑣𝑣𝑖𝑖) = 4 − 𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ 3; 
𝑓𝑓(𝑦𝑦) = 8; 
𝑓𝑓(𝑥𝑥) = 17; 
𝑓𝑓(𝑥𝑥𝑗𝑗) = 12 + 𝑗𝑗, 1 ≤ 𝑗𝑗 ≤ 4; 
𝑓𝑓(𝑦𝑦𝑗𝑗) = 8 + 𝑗𝑗, 1 ≤ 𝑗𝑗 ≤ 4 and 
𝑓𝑓(𝑤𝑤𝑖𝑖𝑖𝑖) = 17 + (𝑖𝑖 − 1)𝑚𝑚 + 𝑗𝑗, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
Then the induced edge labels of  𝑆𝑆(𝐵𝐵3,4) are given below: 
𝑓𝑓∗(𝑢𝑢𝑛𝑛𝑣𝑣𝑛𝑛) = 1; 
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𝑓𝑓∗(𝑢𝑢𝑢𝑢𝑖𝑖) = 4 + 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 3;  
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖) = 5 − 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 2;  
𝑓𝑓∗(𝑢𝑢𝑢𝑢) = 8; 
𝑓𝑓∗(𝑦𝑦𝑦𝑦) = 9; 
𝑓𝑓∗(𝑥𝑥𝑥𝑥𝑗𝑗) = 13 + 𝑗𝑗, 1 ≤ 𝑗𝑗 ≤ 4;  
𝑓𝑓∗(𝑥𝑥𝑗𝑗𝑦𝑦𝑗𝑗) = 9 + 𝑗𝑗, 1 ≤ 𝑗𝑗 ≤ 4;  
and the set of all edge labels of 𝑘𝑘𝐶𝐶𝑚𝑚  is  {18,19, … ,17 + 𝑘𝑘𝑘𝑘}.  
Therefore the set of all edge labels of  𝑆𝑆(𝐵𝐵3,4) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is  { 1,3,4, … .17 + 𝑘𝑘𝑘𝑘 }. 
Hence  𝑆𝑆(𝐵𝐵3,4) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a harmonic mean graph for 𝑘𝑘 ≥ 0 and 𝑚𝑚 ≥ 3.  
Hence the theorem. 
As an example harmonic mean labeling of 𝑆𝑆(𝐵𝐵3,4) ∪ 3𝐶𝐶4 is shown Figure 6. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
                                                            
                                 
 
         
         
 

 
Figure 6 

Definition  
          Let  G be a graph with vertex set  𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑝𝑝; 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑞𝑞 and edge  

𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑞𝑞.Then 𝐺𝐺∗ is a graph with vertex set  𝑉𝑉(𝐺𝐺∗) = { 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑝𝑝; 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑞𝑞 }  in which 
two vertices 𝑣𝑣𝑖𝑖 and 𝑣𝑣𝑗𝑗 adjacent  iff  they are adjacent in G; 𝑢𝑢𝑖𝑖 and  𝑢𝑢𝑗𝑗 are adjacent iff  𝑒𝑒𝑖𝑖 and  𝑒𝑒𝑗𝑗 
are adjacent in G; 𝑣𝑣𝑖𝑖 and  𝑢𝑢𝑗𝑗 are adjacent iff  𝑒𝑒𝑗𝑗 is incident with  𝑣𝑣𝑖𝑖.For example the graph 𝑃𝑃5

∗  is 
shown in Figure 7.  
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Figure 7 

Theorem 2.3 

          The graph  𝑃𝑃𝑛𝑛
∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a harmonic mean graph for 𝑘𝑘 ≥ 0, 𝑚𝑚 ≥ 3  and 𝑛𝑛 ≥ 2. 

Proof    Let  𝑉𝑉(𝑃𝑃𝑛𝑛
∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) =

{ 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛 ;  𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛−1; 𝑤𝑤11, 𝑤𝑤12, … , 𝑤𝑤1𝑚𝑚; 𝑤𝑤21, 𝑤𝑤22, … , 𝑤𝑤2𝑚𝑚; … 𝑤𝑤𝑘𝑘1, 𝑤𝑤𝑘𝑘2, … , 𝑤𝑤𝑘𝑘𝑘𝑘}   
and   𝐸𝐸(𝑃𝑃𝑛𝑛

∗) = { 𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 ;  𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖 ;  𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1 ; 𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 2} ∪
                                                [⋃ ((⋃ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖𝑖𝑖+1}𝑚𝑚−1

𝑗𝑗=1 )  ∪  {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖1})𝑘𝑘
𝑖𝑖=1 ]. 

 
Here 𝑝𝑝 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘 − 1 and  𝑞𝑞 = 4𝑛𝑛 − 5 + 𝑘𝑘𝑘𝑘. 
Define a function  𝑓𝑓: 𝑉𝑉(𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) → { 1 ,2, … , 𝑞𝑞 + 1}  by 
𝑓𝑓(𝑣𝑣𝑛𝑛) = 4(𝑛𝑛 − 1); 
𝑓𝑓(𝑣𝑣𝑖𝑖) = 4𝑖𝑖 − 3, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1;  
𝑓𝑓(𝑢𝑢𝑖𝑖) = 4𝑖𝑖 − 1, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1  and 
𝑓𝑓(𝑤𝑤𝑖𝑖𝑖𝑖) = 4(𝑛𝑛 − 1) + (𝑖𝑖 − 1)𝑚𝑚 + 𝑗𝑗, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
Then the induced edge labels of  𝑃𝑃𝑛𝑛

∗ are given below: 
𝑓𝑓∗(𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1) = 4𝑖𝑖 − 2, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1) = 4𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 2; 
𝑓𝑓∗(𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖) = 4𝑖𝑖 − 3,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1;  
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1) = 4𝑖𝑖 − 1,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
and the set of all edge labels of 𝑘𝑘𝐶𝐶𝑚𝑚 is { 4𝑛𝑛 − 3,4𝑛𝑛 − 4, … ,4(𝑛𝑛 − 1) + 𝑘𝑘𝑘𝑘 }. 
Therefore the set of all edge labels of 𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is { 1,2,3, … ,4(𝑛𝑛 − 1) + 𝑘𝑘𝑘𝑘 }. 
Hence  𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a harmonic mean graph for 𝑘𝑘 ≥ 0, 𝑚𝑚 ≥ 3  and 𝑛𝑛 ≥ 2.  
Hence the theorem.  
For example,the case when 𝑛𝑛 = 5, 𝑘𝑘 = 3  and  𝑚𝑚 = 4  is illustrated in Figure 8. 
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Figure 8 
 
3 Super harmonic mean labeling 
 
Definition 
         An assignment 𝑓𝑓: 𝑉𝑉(𝐺𝐺) → {1,2, … , 𝑝𝑝 + 𝑞𝑞 }  is called a super harmonic mean labeling if 

whenever each edge  𝑒𝑒 = 𝑢𝑢𝑢𝑢  is labeled with  ⌈2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)
𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌉  𝑜𝑜𝑜𝑜 ⌊2𝑓𝑓(𝑢𝑢)𝑓𝑓(𝑣𝑣)

𝑓𝑓(𝑢𝑢)+𝑓𝑓(𝑣𝑣)⌋  then the edge labels are 

distinct.Any graph that admits a super harmonic mean labeling is called a super harmonic mean 
graph.For  example,a  graph  G  with  a super  harmonic  mean  labeling  of  𝐾𝐾1,3  is illustrated  in  
Figure 9.         
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Theorem 3.1 
           The disconnected graph  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a super harmonic mean graph for 1 ≤ 𝑛𝑛 ≤ 5, 
𝑚𝑚 ≥ 3  and 𝑘𝑘 ≥ 0.  
Proof 
Let  𝑉𝑉(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) =
           {𝑣𝑣; 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛; 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛; 𝑤𝑤11, 𝑤𝑤12, … , 𝑤𝑤1𝑚𝑚;  𝑤𝑤21, 𝑤𝑤22, … , 𝑤𝑤2𝑚𝑚; … 𝑤𝑤𝑘𝑘1, 𝑤𝑤𝑘𝑘2, … , 𝑤𝑤𝑘𝑘𝑘𝑘}  
and  𝐸𝐸(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) = {𝑣𝑣𝑢𝑢𝑖𝑖, 𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛} ∪ [⋃ ((⋃ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖𝑖𝑖+1}𝑚𝑚−1

𝑗𝑗=1 ) ∪ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖1})𝑘𝑘
𝑖𝑖=1 ]. 

Here 𝑝𝑝 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘 + 1 and  𝑞𝑞 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘 . 
Define a function  𝑓𝑓: 𝑉𝑉(𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) → {1,2, … , 𝑝𝑝 + 𝑞𝑞}  by  
𝑓𝑓(𝑣𝑣) = 4𝑛𝑛 + 1; 
𝑓𝑓(𝑢𝑢𝑖𝑖) = 4𝑖𝑖 − 3 , 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛;   
𝑓𝑓(𝑣𝑣𝑖𝑖) = 4𝑖𝑖 − 1,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛   and 
𝑓𝑓(𝑤𝑤𝑖𝑖𝑖𝑖) = 2[(2𝑛𝑛 + 1) + (𝑖𝑖 − 1)𝑚𝑚] + 2𝑗𝑗 − 1, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
Then the induced edge labels of  𝑆𝑆(𝐾𝐾1,𝑛𝑛) are given below: 
𝑓𝑓∗(𝑣𝑣𝑢𝑢𝑖𝑖) = 4𝑖𝑖 + 2,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1;  
𝑓𝑓∗(𝑣𝑣𝑢𝑢𝑛𝑛) = 4𝑛𝑛; 
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖) = 4𝑖𝑖 − 3,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛; 
and the set of edge labels of 𝑘𝑘𝐶𝐶𝑚𝑚 is { 4𝑛𝑛 + 3,4𝑛𝑛 + 5, … ,2(2𝑛𝑛 + 𝑘𝑘𝑘𝑘) + 1 }. 
Therefore the set of all edge labels of  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 𝑖𝑖𝑖𝑖 { 1,5,9, … .4𝑛𝑛 + 2𝑘𝑘𝑘𝑘 + 1 }. 
Hence  𝑆𝑆(𝐾𝐾1,𝑛𝑛) ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is a super harmonic mean graph for 1 ≤ 𝑛𝑛 ≤ 5, 𝑚𝑚 ≥ 3  and 𝑘𝑘 ≥ 0.  
For example,the case when  𝑛𝑛 = 5, 𝑘𝑘 = 3 and 𝑚𝑚 = 4  is illustrated in Figure 10. 
 
 
 
 
 
 
 
 
 
                                                                          

 
 
 
 
 
 
 

Figure 10 

21 

1 

5 9 
13 

17 

19 15 11 7 3 
1 

5 9 
13 

17 

20 18 14 10 6 

23 

25 

23 

25 27 

29 26 

27 

33 

31 
 

31 

33 35 

35 

25 34 39 

39 

41 41 43 

43 

45 42 



IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH 693 

Volume : 5 | Issue : 5 | May 2016 • ISSN No 2277 - 8179 �| IF : 3.508 | IC Value : 69.48
Research Paper

9 
 

Theorem 3.2 
          The graph  𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a super harmonic mean graph for  𝑘𝑘 ≥ 0, 𝑚𝑚 ≥ 3  and 𝑛𝑛 ≥ 2. 
Proof    Let  𝑉𝑉(𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) =
{ 𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛 ;  𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛−1; 𝑤𝑤11, 𝑤𝑤12, … , 𝑤𝑤1𝑚𝑚; 𝑤𝑤21, 𝑤𝑤22, … , 𝑤𝑤2𝑚𝑚; … 𝑤𝑤𝑘𝑘1, 𝑤𝑤𝑘𝑘2, … , 𝑤𝑤𝑘𝑘𝑘𝑘}   
and   𝐸𝐸(𝑃𝑃𝑛𝑛

∗) = { 𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 ;  𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖 ;  𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1 ; 𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1 | 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 2} ∪
                                                [⋃ ((⋃ {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖𝑖𝑖+1}𝑚𝑚−1

𝑗𝑗=1 )  ∪  {𝑤𝑤𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖1})𝑘𝑘
𝑖𝑖=1 ]. 

Here 𝑝𝑝 = 2𝑛𝑛 + 𝑘𝑘𝑘𝑘 − 1 and  𝑞𝑞 = 4𝑛𝑛 − 5 + 𝑘𝑘𝑘𝑘. 
Define a function  𝑓𝑓: 𝑉𝑉(𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚) → { 1 ,2, … , 𝑝𝑝 + 𝑞𝑞 }  by 
𝑓𝑓(𝑣𝑣𝑛𝑛) = 6(𝑛𝑛 − 1); 
𝑓𝑓(𝑣𝑣𝑖𝑖) = 6𝑖𝑖 − 5,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1;  
𝑓𝑓(𝑢𝑢𝑖𝑖) = 6𝑖𝑖 − 1,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1 and 
𝑓𝑓(𝑤𝑤𝑖𝑖𝑖𝑖) = 2[ 3(𝑛𝑛 − 1) + (𝑖𝑖 − 1)𝑚𝑚 + 𝑗𝑗 ], 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘, 1 ≤ 𝑗𝑗 ≤ 𝑚𝑚. 
Then the induced edge labels of  𝑃𝑃𝑛𝑛

∗ are given below: 
𝑓𝑓∗(𝑣𝑣1𝑣𝑣2) = 2; 
𝑓𝑓∗(𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1) = 6𝑖𝑖 − 2,2 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1) = 6𝑖𝑖 + 1,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 2; 
𝑓𝑓∗(𝑣𝑣1𝑢𝑢1) = 1; 
𝑓𝑓∗(𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖) = 6𝑖𝑖 − 3,2 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
𝑓𝑓∗(𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1) = 6𝑖𝑖 − 1,1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 − 1; 
and the set of all edge labels of 𝑘𝑘𝐶𝐶𝑚𝑚 is {2(3𝑛𝑛 − 2), 2(3𝑛𝑛 − 1), … ,2(3(𝑛𝑛 − 1) + 𝑘𝑘𝑘𝑘)}. 
Therefore the set of all edge labels of 𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚 is { 1,2,3, … ,6(𝑛𝑛 − 1) + 2𝑘𝑘𝑘𝑘 }. 
Hence  𝑃𝑃𝑛𝑛

∗ ∪ 𝑘𝑘𝐶𝐶𝑚𝑚  is a super harmonic mean graph for 𝑘𝑘 ≥ 0, 𝑚𝑚 ≥ 3 and 𝑛𝑛 ≥ 2.  
Hence the theorem. 
For example, the case when 𝑛𝑛 = 5, 𝑘𝑘 = 3  and  𝑚𝑚 = 4  is illustrated in Figure 11. 
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Figure 11 
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