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ABSTRACT Let G=(V.E) be a graph with p vertices and q edges. Let f be a mapping from V to {0,1}. The induced edge

label of an edge uv is 1 if flu) = fiv) or 0 if f{w)=f(v). Then fis called a homo cordial labeling if the number of vertices
labeled with 0 and the number of vertices labeled with 1 differ by at most 1 and the number of edges labeled with 0 and the number of edges
labeled with 1 differ by at most 1. The graph that admits a homo cordial labeling is called a homo cordial graph. In this paper, we prove that
some standard trees, corona related graphs are homo cordial.

1 Introduction:

Throughout this paper, by a graph G (V, E) we mean a finite, undirected graph with vertex
set V and edge set E. For notations and terminology we follow [1]. Cycle on n vertices is denoted
by C,,. Path on n vertices is denoted by B,. Complete graph on n vertices is denoted by Ka.

The disjoint union of two graphs G; and G, is denoted by G; U G,. The join of two graphs
G, and G, is denoted by G; + G5, and is obtained from Gi1UG2 by adding an edge between each
vertex in Gi and each vertex in G2. The graph P, + K; is called the fan graph and P, + 2K; is
called the double fan.

The corona Gy © G, of two graphs Gi and Gz is defined as the graph obtained by taking
one copy of G1 and |V (G, )| copies of G2 and joining the i*" vertex of G1 to every vertex in the i
copy of Ga. The graph P, © K is called the Comb graph.
For example, the comb graph P, © K; is shown in Figure 1.

Ul u2 U3 U4

o [
Vi V2 V3 V4

Figure 1

For each vertex v of a graph G, take a new vertex v . Join v to all the vertices of G
adjacent to v. The graph S(G) thus obtained is called splitting graph of G.
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For example, the graph S(Cs) is shown in Figure 2.

%1
VL / \ v,

Cs S(Cs)
Figure 2
Recently P.Lawerence Rozario Raj and S.Koilraj have given cordial labeling for the
Splitting graph of some standard Graphs in [4].

A Nellai Murugan and V.Baby Suganya have provided Cordial labeling of Path Related
Splitting Graphs in [5].
The assignment of number or symbols subject to certain conditions to the vertices of a

graph is known as graph labeling. A mapping f: V (G)—{0,1} is called a binary vertex labeling of
G and f(v) is called the label of the vertex v of G under f.

For an edge e=uv, the induced edge labeling f*:E(G)—{0,1} is given by
fre)=1f-fw)l.

Let v¢(0) and v¢(1) be the number of vertices of G having labels 0 and 1 respectively,
under f. Let e(0) and ef(1) be the number of edges having labels 0 and 1 respectively, under f*.

A binary vertex labeling of G is called a cordial labeling if |vf(0) - (1) |<1and

|es(0) — e¢(1) |< 1. A graph G is cordial if it admits a cordial labeling.

Cordial labeling was introduced by Cahit (1987) as a weakend version of graceful and
harmonious..

Let fbe a mapping from V to {0,1}. The induced edge label of an edge uv is the label 1 if
f(u) = f(v) or 0 if f(u)#f(v). Then f is called a homo cordial labeling, if the number of vertices
labeled with 0 and the number of vertices labeled with 1 differ by at most 1 and the number of
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edges labeled with 0 and the number of edges labeled with 1 differ by at most 1. The graph that

admits a homo cordial labeling is called a homo cordial graph.

For example, the homo cordial labeling of Cs(OK is shown in Figure 3.

Figure 3

In [6] and [7], homo cordial labeling for path related graphs and cycle related graphs have
been estabtished.

In this paper, we prove that some well known trees, corona related graphs are homo cordial

graphs.

Theorem 1 The graph K; , U K ,, (n-odd, m-even) is a homo cordial graph, if m + n is odd for
mn =1
Proof
We have m+n=1 (mod 2). Then m and n are of different parity.
Without loss of generality, assume that n is odd and m 1s even.
Let  V(Kin UKyp)={uu;,v,v;1<i<nl<i<mjand
B(Kyp UKy ) ={uu;, v 5 1<i<n,1<i<mj

Define f:V(Ky, UK;p) = {0,1} by

fw =1,

f(v) =0,

fw) =(1 if iisodd 1<i<n
{O if 1iiseven
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0 if iiseven

f) ={1 if 11sodd 1<i<n

The induced edge labelings are,
ff(uw) = [1if iisodd 1<i<n
0if 11seven

f*(wv) = (0 if iisodd 1<i<n
1 if 1iseven

Here,
vr(1) = v,(0) + 1 and
er(1) = ef(0) + 1.
Therefore the graph K , U K ,, satisfies the condition |vf 0) — vf(1)| <1land
les(0) —ep(1)| < 1.
Hence K; ,, U K; 1, (n-odd, m-even) is a homo cordial graph, n,m > 1. ]

Example 2 The homo cordial labelings of K; 5 U K, 4 are shown in Figure 4.

Figure 4

Lemma 3 The graph K; ,, U P, (n-odd) is a homo cordial graph, n > 3.
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Proof
Let V(Ki,UPB)={uu;,v;;1<i<n}and
E(Kyp U Py) = {(uuy,1 S 1 S n)i(mwpgg 1 S i<n— 1))

Define f:V(Ki, UB,) —{0,1} by

fw = 1,
f(w)) = (1 if 1is odd 1<i<n
0 if 1iis even

fvy)) =[0 i=1,2(mod 4) 1<i<n
1 1=0,3(mod 4)
The induced edge labelings are,
ffuu;)=(1 1if 1is odd 1<i<n
{O if 1is even
f*(wvip)=|1 1= 1,3(mod4) 1<is<n-1
{O i= 0,2(mod 4)
Here,
vr(1) = vp(0) + 1.
er(1) = es(0) + 1.
Therefore the graph K, U B, (n-odd) satisfies the condition |vf (0) —ve(1) |S 1 and
les(0) —es(D)|<1.
Hence K; , U B, (n-odd) is a homo cordial graph n > 3.

Example 4 The homo cordial labeling of K; 5 U Ps is shown in Figure 5.

@ 1 g 0 g 1 g 0 ®
0 0 1 1 0
1 0 1 0 1
Figure 5
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Lemma 5 The graph K; , U P, (n-even) is a homo cordial graph, n > 2.

Proof

Let V(Ki,UPB)={u,u,v;;1<i<n}and

E(Kyp UP) = (it < < n)(vvn 1 < 0 <n= 1))

Define f:V(K;, U PB,) —{0,1} by
fwy = 1,
fuw) = {1 if iisodd

0 if 1iiseven

0 i=0,1 (mod4)
1 i=2,3 (mod 4)

f(w)

The induced edge labelings are,
ffuy;) =1 if iisodd
{0 if 1iiseven
f*wvi)=1|1 1= 0(mod4)
{0 1= 1(mod 4)
Here,
vr(0) =v(1) +1 and
er(1) = ep(0) + 1.

Therefore the graph K , U P, (n-even) satisfies the condition |vf 0) — vf(1)|§ 1 and

les (0) — s (1)| < 1.

1<i<n

1<ign

1<i<n-1

Hence K, ,, U P, (n-even) is a homo cordial graph,where n 2 2 is even.

Example 6 The homo cordial labelings of K; ¢ U Pg are shown in Figure 6.

oe
[N

— 1{
=X J

0 Figure 6

oe
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Combining Lemmas 3 and 5, we have the following theorem:
Theorem 7 The graph X; ,, U P, is a homo cordial graph.

Theorem 8 The graph K; , U (P, © K) (n-even,m-odd) is a homo cordial graph, n > 2,
m2 3.
Proof

Let V(K1 U (B, O Ky)) = {w,uy, v5,w 31 Si<m, 1< j<mjan
E(Kyn U (P, © K= {uwg, vw;; 1<i<m,1<j<mu vy 1< <m—13

Define f:V(K;, U (P, O K;) = {0,1} by

f) = 1,
fw) = [1 if 1isodd 1<i<n
{0 if 1iseven
fly) =0,
fw) =1,
The induced edge labelings are,
fr(uu;)) = |1 if iiseven 1<i<n
{O if 118 odd
fr W vjs) = 1, 1<i<n-1
froyw) =0, 1<i<n

Here,
v¢(1) = v¢(0) + L and
er(0) = er(1) + 1.
Therefore the graph (K1, U (P, © K;) (n-even, m-odd) satisfies the condition
|vf(0) - v5(1) |< land |ef(0) —ef(1) <1.
Hence (K; , U (P, © K; ) (n-even, m-odd) is homo cordial graphn > 2,m > 3.
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Example 9 The homo cordial labelings of K14 U(Ps © K1) are shown in Figure 7.
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Figure 7

Theorem 10 The graph (K, , U (P, + K;) (n-even) is homo cordial graph, n > 2.

Proof
Let V(K1 U (P, + K1) = {w,u;,v,v;;1 <i<njand
E(Kin U (P +Kp)) = {uwg, vy 1<i <m0, 1 <i<nj

Define f:V(K;, U (P, +Ky)) - {0,1} by

fw) = 1,

fw) = (1 if iisodd 1<i<n
{O if 1iseven

fw) =10

fw) = {1 i=0,1(mod4) 1<i<n
{0 i= 2,3(mod 4)

The induced edge labelings are,

fruw) = [1 if iisodd 1<i<n
{O if 11seven

frwwig) = (0 i=1,3(mod 4) 1<i<n-1
{1 120,2(mod 4)

707
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ffov) = |1 i=2,3(mod 4) 1<i<n
0 i=0,1(mod 4)

Here,
v£(0) = v(1) and
er(0) = er(1) + 1.
Therefore the graph K ,, U (B, + K;) (n-even) satisfies the condition |vf(0) - v¢(1) | < land
|ef(0) —er(1) <1
Hence K; , U (P, + K;) (n-even) is homo cordial graph n > 2. [

Example 11 The homo cordial labelings of Ki4U (P4+Ki) are shown in Figure 8.

Figure 8

Theorem 12 The graph K; ,, U (P, + 2K;) (n-even) is a homo cordial graph, n >2.
Proof

Let V(K; , U (P, + 2K1)) = {u,u;, v;,w,1 < i <n} and
E(KinU (P +Kp))={uu, 1 <iSmvw, 1<i<n—1Lvv;vw, 1 <i<n}

Define f:V(Ky, U (P, +K;)) —{0,1} by

fw =1,

fw) =0,

fw) =1,

flu) =11 if iisodd 1<i<n
{0 if 1iseven

fv) = {o i=2, 3(mod 4) 1<i<n

708 IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH




Research Paper

Volume : 5 | Issue : 5 | May 2016 « ISSN No 2277 - 8179 | IF : 3.508 | IC Value : 69.48

1 120, 1(mod 4)

The induced edge labelings are,
ff(uw) =1 if 1iisodd 1<i<n
{O if 1iseven
f*wv) =1 i=2,3(mod 4) 1<i<n
{0 i=0, 1(mod 4)
f* i) ={1 i= 0, 2(mod 4) 1<i<n-1
0 i=1, 3(mod 4)
£*(wny) {1 i=0, 1(mod 4) 1<i<n
0 1=2,3(mod 4)
Here,
ve(1) = v£(0) + 1 and
er(0) = ep(1) + 1.
Therefore the graph K; , U (B, + 2K;) (n-even) satisfies the condition |vf (0) —ve(1) | <1land
le(0) —ef(1) | < 1.
Hence K; ,, U (P, + 2K;) (n-even) is a homo cordial graph n > 2.

Example 13 The homo cordial labeling of Ki4 U(P4+2K1) is shown in Figure 9 .

Figure 9
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Lemma 14 The graph K, , U (C,,©OK;) (n-odd) is a homo cordial graph, n 23.

Proof
Let V(K; , U (C,0K;)) = {u,u;, v;,w;; 1 < i <njand
E(Kyn U (GOKY)) = {[(u;),1 < 0 S nfi[(v; vig1), 1 ST <m=1]U [(vivn)] U
[(vi wi);1<1<n]}

Define f:V(K;, U (C,OK;)) = {0,1} by

fw =1,
f(w)) =(0 if 1iisodd 1<i<n
{1 if 1iseven
f() ={1 i= 0(mod 2) 1<i<n
0 i=1(mod 2)
fw) =1,
fw) ={1 i=0(mod 2) 2<i<n
0 1=1(mod?2)
The induced edge labelings are,
ffluy;) = |11if 1iseven 1<i<n
{O if 1isodd
frwwig)= 0, 1<i<n-1
frwy)) = 0,
fflow)) = 1, 2<i<n

Here,
vr(1) = v;(0) and
er(0) =ef(1) + 1.
Therefore the graph (K; , U (C,®K;) (n-odd) satisfies the condition |vf (0) —ve(1) |S 1 and
lef (0) —es(1) |< 1.
Hence (K ,, U (C,®K;) (n-0dd) is a homo cordial graph n=> 3. N

Example 15 The homo cordial labelings of Ki,s U(Cs ©Ki) are shown in Figure 10.
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Figure 10

Lemma 16 The graph K, , U (C,©K;) (n-even) is a homo cordial graph, n > 2.

Proof
Let V(K;, U (C,OKy)) = {w,u;, v;,w; ;1 < i <n} and
E(Kyn U (C,OKy)) = {(uuy, )1 < i<y [(vvyy4),1<i<n—1]U
[(avn) JU [(v; w;); 1 < i< n}
Define f:V(Ky, U (C,0K;) - {0,1} by
fw =1,
flw) = {o if  iisodd

1 if 1i1seven

foi) =1 i=0(mod2) 1<i<n
{0 i=1(mod 2)

fwi) = (1 i=0(mod 2) 1<i<n
{0 i=1(mod 2)

The induced edge labelings are,
frluy) = {1 if 1iseven 1<i<n
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0 if 1iisodd
ffwiviyg) = 0, 1<i<n-1
ffvv,) =0,
ffow) =1, 1<i<n

Here,
Uf(l) = Uf(O) + 1 and
ef(O) = €f(1) .
Therefore the graph(K; , U (C,©K;) (n-even) satisfies the condition |vf (0) —ve(1) | < 1land
les(0) —er (1) | < 1.
Hence (K; , U (C,,©K;) (n-even) is a homo cordial graph n>2.

Example 17 The homo cordial labelings of Ki6U(Ce¢©Ki) are shown in Figure 11.

Figure 11

Combining lemmas 14 and 15, we have the following theorem:
Theorem 18 The graph(K; ,, U (C,;©K;)) is a homo cordial graph. n
Theorem 19 The graph (C,, © K;) U B, is a homo cordial graph.
Proof
Let V((C,, © K1) UPR))={u;,v;,w; ;1 <i<n}and

E(C, OK)UPR)) ={uujs; 1 <i<n—1;uuyuv;, wiwiy, 1 <i<n—1}
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Case 1: niseven,n > 2.

fuy) ={0 i= 1 mod 2
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1 1= 0 mod 2

f(v;)) =1 =0 mod 2 1<i<n

{ 0 i=1 mod 2
fw) =1 1=2,3 mod 4 1<i<n

{ 0 1=0,1 mod 4

The induced edge labelings are,
ffyw) = 1 1<i<n
ffwwi) = |1 1=0,2 mod 4 1<i<n-1
{ 0 i=1,3 mod 4

fruug) = 0,
fruu,) = 0

Here,
Uf(O) = Uf(l) and

Therefore the graph (C,, © K;) U B, (n-even) satisfies the condition |vf(0) —vp(1) | < 1and

|ef(0) —ep(1) | <1.

Hence ((C, © K;) U P, (n-even) is homo cordial graph n>2.

Case2: nisodd,n > 3.
f(w;) ={O i=0 mod 2
| i=1 mod 2

f(v) =0,

f(v) ={1 1=1 mod 2
0 1=0 mod 2

Fw) ={o i22,3 mod 4

1<i<n
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1 1=0,1 mod 4

The induced edge labelings are,

f i) = 0, 1<i<n
ffwiwiz) = |1 10,2 mod 4 1<i<n-1
0 i=1,3mod 4
ffluwu,) = 1,
frur) = 0,
ffww) =1 2<i<n
Here,
vr(0) = ve(1) +1 when n= 3 (mod 4).
ve(1) = vp(0) +1 when n= 1 (mod 4) and

Therefore the graph (C,, © K;) U P, (n-odd) satisfies the condition |vf(0) - v:(1) | < land

Hence ((C, © K;) U B, (n-odd) is a homo cordial graph,n > 3. u

Example 20 The homo cordial labelings of (C¢ © K1) U Psand (Cs © K1) U Ps are shown in

Figure 12.

()

—
=2 4
=X )
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(CsOK1) U P

O;i

1 ® 0 g 1 & 0 ® 1 g
1 0 0 1 1

0 1
0
1 1
0 1
Figure 12

Theorem 21 The graph (C,, © K;) U S(B,) is a homo cordial graph.
Proof
Let V((C, © Ky) US(Ry)) = {u;, v;, w;,w; ;1 < i<n}and
E(C, OK)US(P)) ={ujujy; 1 <i<n—Luwuyuv,1<i<n
WiWip, 1S i Sn— 1, wiw wiwiy g, 1 <0 <n).
Define f:V(C, © K;) US(R,)) = {0,1} by

Case l: niseven,n > 2.

fw) =10 i= 1 mod 2 1<i<n
{1 i= 0 mod 2

fv) =11 =0 mod 2 1<i<n
{0 =1 mod 2

fw)) =10  i=2,3 mod 4 1<i<n
{1 1=0,1 mod 4

fw) = {1 i=2,3 mod 4 1<i<n
0 1=0,1 mod 4

The induced edge labelings are
frwui) = 0,
fruu,) =0,

IJSR - INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCH 715
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Il
f_%
o —

1=0,1 mod 4
1=2,3mod 4
1=1 mod 2

i= 0 mod 2

=1 mod 2

=0 mod 2

v£(0) = v¢(1) and

Therefore the graph (C,, © K;) U S(P,) (n-even) satisfies the condition |vf (0) = ve(1) | <1and

les(0) —e-(1) | < 1.

Hence (C,, © K;) U §(P,) (n-even) is a homo cordial graph n>2.

Case 2: nisodd,n > 3.

fu) =0
1
f) =0,
f@0={0
1
fw) = [0
1
ﬂw)={
0

i=0 mod 2
i=1mod?2

1=0 mod 2
i=1 mod 2
1=2,3 mod 4
1=0,1 mod 4
1=2,3 mod 4

1=0,1 mod 4

The induced edge labelings are,

fr(Uitis1) ={0

1

i=1 (mod 2)

i=0 (mod 2)

1<i<n-1

1<i<n
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ffuy) = 1,

ffwmvy) =0,
[ vy) = 1, 2<i<n
ffwiwip) =|[1 1=0,1 (mod 4) 1<is<n-1

0  i=2,3 (mod 4)

ffwwiy) =|1 i=1(mod?2) 1<i<n
0 1= 0 (mod?2)

ffwiwiy) = {1 i=1 (mod 2) 1<i<n
0  i=0 (mod?2)

Here,

v£(0) = vp(1) and

er(1) = ef(0).
Therefore the graph (C, © K;) U S(B,) (n-odd) satisfies the condition |vf(0) —v¢(1) | < 1and

les(0) —es(1) | <1.
Hence (C,, © K;) U S(P,) (n-odd) is a homo cordial graph,n > 3.

Example 22 The homo cordial labelings of (Ce © K1) U S(Ps )and (Cs ©K1) U S(Ps ) are showr
in Figure 13.
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(CsOK1) US(Ps)

Figure 13

Theorem 23 The graph (C, © K;) U (P, © K;) is a homo cordial graph.

Proof

Let V((Cn O K) U (B, O Ky)) = {w, v, w;, W{; 1<i<n}

E((C, O K U (B, O K1) = {[(wiwi44); 1 < <m0 = 1]U [(uq ) [(Wiwi0);

Define f:v((C, © K,) U (P, O Ky)) = {0,1} by

Case1: niseven,n > 2.

fu) = {0
1

fw) =(0

1
fw)= 0,
f) = 1,

The induced edge labelings are,

fr(uuig) = 0,
fru,) = 0,

i=0 mod 2
i= 1 mod 2
=0 mod 2
1=1 mod 2

1<i<n—-1ww);1<i<n]}
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ffuv) =1, 1<i<n
f*(WiWi+1) = 1, 1<i<n-1
ffww)) = 0, 1<i<n

Here,

Uf(()) = Uf(l) and
Therefore the graph (C,, © K;) U (P, © K;) (n-even) satisfies the condition
|vf(0) —v¢(1) | <1land |ef(0) —er(1) | <1

Hence (C, © K;) U (B, © K;) (n-even) is a homo cordial graph, n >2.
Case2: nisodd, n = 3.

f(u) =0 i= 0 mod 2 1<i<n
{ 1 i=1 mod 2
fw) =0,
f(v;) = (0 1=0 mod 2 2<i<n
{ 1 i=1 mod 2
fw) = 0,
fwp = 1,
The induced edge labelings are,
f*(uue1) = 0, 1<i<n-1
frluu,) = 0,
ffluv) = 1, 1<i<n
frfwwiy) = 1, 1<i<n-1
ffww)) = 0, 1<i<n

Here,
v£(0) = v¢(1) and
er(0) = ef(1) + 1.
Therefore the graph (C,, © K;) U (B, © K;) (n-odd) satisfies the condition
|v:(0) —v(1) | < 1and |ef(0) —ep(1) | < 1.
Hence (C,, © K;) U (P, © K;) (n-odd) is a homo cordial graph, n > 3.
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Example 24 The homo cordial labelings of (C, © K;)UP, and (Cs © K;)UPs are shown in

Figure 14 and Figure 15.

0 9 9 9
1 1 1
0 0 0 0
1 1 1 1
Figure 14
0 0 0 0 0
1 1 1 1
0 0 0 0 0
[ ] L J [
1 1 1 1 1
0 1
Figure 15

Theorem 25 The graph (C, © K;) U (C,, © K;) is a homo cordial graph.
Proof
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Let V((C, © K1) U (C, © Ky)) = {u, uj, v;,v;1 < i < n}

E((C, O K) U (C, © K))={wiuip, 1 <i<n—Luugwu, 1 <i<nyvvigg,
1<i<n—1;vvy;vy; 1<i<n]}.

Define f:V((C, © K;) U (C, © Ky)) - {0,1} by

Casel:nisodd,n >3

Flu) ={o = 0 mod 2 1<i<n
1  i=1mod?2
fw) =0,
f(u)) =0 i=0mod?2 2<i<n
{1 1= 1 mod 2
f(v)) = (0 i=0mod2 1<i<n
1 i=1mod?2
fw) =0,
Fwh) ={o i= 0 mod 2 2<i<n
1 i=1mod2
The induced edge labelings are,
fr(wuy) = 0, 1<i<n-1
ffgu,) = 1,
frluuy) = 0,
fflyu) = 1, <i<n
ffviviz) = 0, 1<i<n-1
fr(wimy) = 1,
f*(wyvy) =0,
f*(vvy) =1, 2<i<n

Here,

vr(0) = v¢(1) and

er(0) = er(1).
Therefore the graph (C, O K;) U (C, O K;) (n-0dd) satisfies the condition
|v6(0) = vp(1) | < 1 and |e;(0) — e, (1) | < 1.
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Hence (C,, © K;) U (C,, © K;) (n-0dd) is a homo cordial graph, n > 3.

Case 2: niseven,n > 2.

fluy) ={o i= 0 mod 2 1<i<n
1 i=1mod2
f(u) = [0 i=0mod2 1<i<n
{1 i=1mod2
fw) :{o =1 mod 2 1<i<n
1 i=0mod
f(v)) =1{0 i=1mod2 1<i<n
{1 i=0mod 2
The induced edge labeling are,
fruuig) = 0, 1<i<n-l
fryu,) =0,
fru) =1, <i<n
frwviy) = 0, 1<i<n-l
fr(1vy) =0
(i) = 1, 1<i<n

Here,
vr(0) = v¢(1) and
er(0) = ep(1).
Therefore the graph (C,, O K;) U (C,, © K;) (n-even) satisfies the condition
|v:(0) — v (1) | < 1 and |e(0) — e (1) | < 1.
Hence (C,, © K;) U (C,, © K;) (n-even) is a homo cordial graph, n > 2.
Example 26 The homo cordial labelings of (C; O K;) U (Cs O K;) and (€4 O K;) U (Cs O Ky)

are shown in Figure 17.
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