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A Sequential Approach for the Point
Estimation of a Pareto Shape Parameter
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ABSTRACT

The Pareto distribution and its generalization is animportant probability distribution and plays animportant role in
many areas of Economics and Econometrics. Study ofits scale and the shape parameters has always been a challenge for
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researchers. In this paper we consider the problem of minimum risk point estimation of shape parameter of pareto distribution. We prove the fai-
lure of the fixed sample size procedures to handle the estimation problem. Purely sequential procedure is developed to tackle the situation and the
second-order approximations are obtained for the proposed sequential procedure.

1.Introduction : Wang (1973) proposed Sequential estimation of the
scale parameter of the pareto distribution. Ghosh and Wackerley
(1986) proposed fixed estimation of the location parameter of a
Pareto distribution. Further work on Pareto distribution is given by
Mukhopadhyay and Ekwo (1987a, b) and Mukhopadhyay (1987) who
considered sequential point estimation problems for the scale
parameter of a Pareto distribution. Under a very general loss
structure, they derived several asymptotic results regarding the
associated “risk” and “regret” functions. They also considered the
problem of constructing a fixed-ratio confidence interval for the
scale parameter and proposed various sampling techniques to
achieve the intended goal. Castillo and Daoudi (2009) and De Zea
Bermudez and Kotz, S. (2010), focused on new methods for
Parametric estimation of the generalized Pareto distribution
Nadarajah and Ali(2008) applied Pareto random variables for
hydrological modeling. In the present note we consider the problem
of point estimation of the shape parameter ofa Pareto distribution.
The failure of fixed sample size procedure to deal with the estimation
problem is established in the next section and a purely sequential
procedure is developed in section 3, besides the second-order
approximations are obtained for the proposed sequential procedure.

2. The Setting of the Estimation Problem and Failure of the
Fixed Sample size Procedure

Letus considerasequence {X;},i =1,2,.. ofindependentrandom
variables from afirstkind of Pareto Distribution f(X;u, o) = o™ 1u
“Y/ox-1/0-1, X = i > 0,0 > 0, where pand c arerespectively,
the unknown scale and shape parameters. Given an observed
randomsample X, ....., X,, ofsizen(22),for X,y = min (X}, ... X,).
Letupy = log X, qyand 6, = (n — 1) X1 log {X; /X0y }.

Let(logu , o) e R x R*.where R and R+ denote, respectively, the
1-dimensional Euclidean space and the positive-half of the real line.
Let Upery = logfi (X, .., X)) and G = 6(X1, .. Xp) sethe
estimators of log yt and o respectively, satisfying the following ass-
umptions:

(A1) no™t [(Tin(l) — logu)] ~ X(sz ’
where X [2:-) denotes a chi-square random variable with 2

degrees of freedom.

(A,) :Foralln = 2, u,(y and G, arestochasticallyindependent.

(43) 1q(n — 16, /0 = X1~} Z}ZJ, where Z}.(Z)wx(zz).

Our problem is the point estimation of 6 by &,,. Let the loss incurred
inestimating o by @, be squared error pluslinear cost of sampling,
that is,

L(o,0,) = A(6, — 0)® + en, @1)

where A4 (>0) is the known weight and ¢ (>0) is the known cost per unit
sample observation. Using (4,) , the risk corresponding to the loss
function (2.1)is

2
R,(c) = 2(2?':17?1) +cn. (2.2)
Thevalue of n=rn, minimizing therisk (2.2) comes outtobe

ng =1+ (24/2c)¥2 ¢, (2.3)
and substitutingn=n, in (2.2), the associated minimum risk is

Rn, (6)=c(@n, — 1) (2.4)

Now, since n,depends on o, in the absence of any knowledge about ¢
,no fixed sample size procedure minimizes therisk for all values of c.

From (2.3), we conclude that due to dependence of 'optimal’ fixed
sample size solutions n,on G ,the fixed sample size procedure fail to
give solution to the estimation problem. To tackle this problem of
estimation, we propose a procedure based on variable sample size in
thenextsection.

3. Sequential Procedure for the Point Estimation of shape
parameter of Pareto Distribution

Take m >2 as the initial sample size. Then the stopping time N=N(C)
corresponding to sequential procedure is defined by

N =inf[n=min=> 1+ (24/2c)"?G,] (3.1)
After stopping, we estimate 6 by Gy , incurring the risk
Ry(c) = AE[(6y — 0)?] + cE(N). (32)

Following Starr and Woodroofe (1969), we define the 'regret’ of
sequential procedures as

Rylc) = Ry(c) = Ry, (o). (3.3)

Now we state and prove the main theorem of this section providing
second-order approximations for expected sample size and regret’
associated with the sequential procedures.

Theorem 3.1: For the sequential procedures defined at (3.1) and all m
=3,as¢>0
E(N)=ng+v+1/3+0(1),
and

Ry(c) = ¢+ 0(1),

(34)

(35)
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where v is specified
Proof:Result (3.4) can be easily proved along the lines of Theorem 3 of
Chaturvedi, Tiwari, and Pandey(1992).

Denoting by
N
Sy = Z{l/2 Z?), ngp =no—1 and T=N-1
j=1

we can write
A(Gy —a)? = (Ad?/T?)(Sp — T)?
= (2¢/2)(S7 = T)% + (2¢/2)(nfo/T? = 1)(Sr =TI (3.6)
From (3.6) and Wald's lemma for cumulative sums,
E[L(o,6y)] = 2cE(T) + ¢ + E(vy), say,
vy = (2e/2)(Sp — T)?(n3,/T? — 1). (3.7)

where
Letuswrite
vy = (2¢/2)(nGo/T?)(1 = T?/n5)* (S — T)?
+(eq/2)(1 —T?/ndy) (S — T)?

=1+1I,say (3.8)
The stoppingrule (3.1) canbe rewritten as
N=inf[nzm: 5, < (n—1)2/(ng)].
Denoting by R. = (T?/ngy) — Sy .wecanwrite
1-T%/ndy=— (T /ngd) Sy — T+ R.). (3.9)
Utilizing (3.9) and theresult T /ng, — 1 as c— 0, weget

I = (2¢/2) 3o/ TA{= (2/100) (S = T) + 0, ()}’ (5, — T)?

= (4c)[(S7 — T)*/ndo] + 0, (c). (3.10)
Since S; = T2 /ny, , wehave
(Sr = T)*/(ndo) < (T /1o )*[(T — n90)/ (g0 )Uz]‘t- (3.11)

It follows from lemma 2.1 and Theorem 2.3, respectively, of
Woodroofe (1977) that (T /ngo)* and [(T — ngy)/ (ngo )*/?]* areuni-
formly integrable for all m >3. Moreover, Theorem 1 of Anscombe
(1952)leads us to theresult that (S; — T)/(ngy )2 — N(0,1) asc>
0. Using these results and (3.11), we obtain from (3.10) that, for all m
>3,as¢c>0,

E(I) = 12c. (3.12)
Furthermore,
I =—=(2c/ng0) Sy — T)* — (Zc/ngy) R, (Sp — T)?
+(2c/2)(1 = T/ngo)*(Sp = T)?
= —Il; —1I; + lI5, say (3.13)

Proceeding as for I, it can be shown that Ii, is uniformly integrable for
all m > 2. From Theorem 2.1 of Woodroofe (1977), since R and (S,-T)*
are asymptotically independent, the mean of the symptotic
distribution of Risvand (S; — T)/(ngo )1/2 — N(0,1) asc>
0,wegetforallm >2,asc>0,
E(HZ) =2cv. (3.14)
Once again, using the asymptoticindependence of (T—799)?/ (n9q)
(Sg = T)?/(ngo ) and the results that they are uniformly integrable for
allm >2,with each one distributed as X*, we get

E(Il3) = 2c. (3.15)
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It follows from the Theorem 8 of Chow, Robbins and Teicher (1965)
that

E(S;y —T)® = 4E(T) + 3E[T(S; — T)].

and hence,

E(Il}) = (2e/ng)[4E(T) + 3E{T(Sy — T)}] (3.16)
‘We have,

(T/ng0)(Sy —T) = (T — npy)

+(nge) HT2 = nfo )T /ngo — 1) — (T/ng0) R,

=1l + 1y — [y, (3.17)
From (3.4),forallm >2,asc>0

E(Il;;) =v—2+0(1) (3.18)
andasc->0,

E(Il3) = v. (3.19)

Moreover, since

15 = ngg (T + ngp){(T +19)%/(100) },
usingtheresults that (T/ng) " 1as ¢>0,

(T — ngg)/ (nge)*/? LN N(0,1) anditisuniformlyintegrable for all
m >2,onegets,

E(IL,,) = 2. (3.20)

Making substitutions from (3.18), (3.19) and (3.20) in (3.17) and using
(3.4), we obtain from (3.16),forallm >2,asc->0,

E(I,) = (8c/2ng)[nge + v — 2 + 0(1)]

+6¢fo(1)] . (3.21)
From (3.13),(3.14),(3.15) and (3.21),forallm >2,asc->0,
E(I1) = —7¢ — 2¢v + o(1). (322)

We conclude from (3.8),(3.12) and (3.22) that, forall m >3,asc->0,

E(v,) = 5c—2cv+o(1) (3.23)

Result (3.5) now follows on making substitutions from (3.4) and (3.23)
in(3.7).
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