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ABSTRACT

Inthis paper, an economic order quantity modelis developed for multi-item with constant demand under the effect of
trade credit policy. Shortages are considered which are fully backlogged. It is assumed that trade credit periods for different

items are known and fixed. Model is developed for two different cases depending on the values of trade credit period and the duration of positive
inventory. To obtain the optimal policy two different theorems has been developed. Models are illustrated with the help of numerical example.

Sensitive analysis is also carried out with respect to different key parameters.

1. Introduction: From the literature of inventory, it is observed that
inventory model related to economic order quantity is one of the
oldest inventory models. Harris (1913) was the first who obtained
the expression for economic order quantity. He proposed a formula

2D

90 =477 toobtainthe optimal order quantity q,where D is the rate
of demand perunittime, his carrying cost per unititem per unit time,
and K is the cost of replenishment inventory. Ritchie (1980)
developed an economic order quantity model by considering
appropriate policies for a linear demand followed by a period of
steady demand. In literature, it is found that many inventory
practitioners such as Hariga (1996), Chang and Dye (1999),
Ouyang et al., (2005), Mahata (2011, 2012), and Yadav et al.,
(2015) developed an economic order quantity inventory model by
taking different assumption.

From literature, it is observed that in most of the economic order
quantity model it is assumed that retailers have to settle the account
with supplier as soon as he/she received it. But now the market
scenario gradually changes. To attract the retailers and to increase
their demand, supplier offer the trade credit period to retailer to
settle the account. During this trade credit period, retailer can earn
interest on the revenue getting by selling the items. Goyal (1985) was
the first who first time in literature used the phenomenon of
permissible period while developing the inventory model. After that,
several inventory practitioners such as Aggarwal and Jaggi (1995),
Chung (2000), Sana and Chaudhuri (2008), Khanraetal., (2011),
and Yadav et al., (2015) enrich the literature through their work by
incorporating this phenomenon.

In this paper, an economic order quantity is developed for multi-
items by considering trade credit period with shortages. Here, it is
assumed that shortages are fully backlogged. On the bases of trade
credit period and time of positive inventory, two different scenarios
have been discussed. And for each scenario theorem has been
developed to obtain the optimal policy. Rest of the paper is organized
as follows. Section 2 contains the assumptions and notations. In
section 3 mathematical formulations have been carried out.
Solution methodology to obtain the optimal solution is provided in
section 4. Model is illustrated with the help of numerical example in
section 5. It also includes sensitive analysis with respect to key
parameters. The conclusion and recommendations for future
research are givenin section 6.

2. Assumptions and Notations: Following assumptions and
notations has been used for the development of proposed model.

Assumptions:

1.Replenishmentrateisinfinitei.e., lead timeis zero.
2.Theinventory system involves n' different items.
3.Demand rate of each type ofitem is constant.
4.Shortages are allowed and completely backlogged.
5.Trade credit period is considered.

6.Nointerestis tobe charged duringshortage period.
7.Nointerestis tobe earned after trade credit period.

Notations:

I(t) Inventorylevel ofi" item at any time t

TLength of replenishment period fori" item (decision variable)

T, Time when inventory level becomes zero for i" item (decision
variable)

M, Trade credit period for thei" item

K;Ordering cost fori"item per order

H, Holding cost fori" item per unit

S,Shortage cost fori" item per unit

P, Purchasing cost fori" item per unit

D,Demand rate of i" item

QInitialinventorylevel ofi" item

1, Interest earned peryear fori" item

1,Interest paid peryearfori"item,,> 1,

3.Mathematical Modeling: The inventorylevel / (z) for thei" item at
any time t decreases due to meet the demand of the customer. Thus,
the inventory level at any time t for i" item can be described by the
following differential equation

ant)
dat

Withboundary condition [;(Ty) =0, [;(0) = @Q;

-D, 0=t<T e (1)

Now the inventory level for the i"item becomes zero at 7. Shortages
accumulated during 7,< t< I

Onsolvingequation (1) by applying condition, we get

L) =Di(T,—-¢t), 0<=t<T e (2)
Onputting t=01in equation (2), we get

Q; = D;Ty ... (3)

Now, we calculate different cost associated with inventory one by
one.

2
Holdingcostfori” item (Hc)) = H; f;‘ L(D) dtz@
Ordering cost fori"item (OC) =K,

T (T—T,)?
Shortage cost fori"” item (Sc,) = 5 fn(—ﬁ(f-))df = @

Here, we assumed that trade credit period offered by the retailer to
the customer. So, two different cases arises on depending the values

of 7, ,and M,

Case-1:M, < T, (SeeFig.1)
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Fig.1 Inventory Lavel for i" Item in Case of M, < T,

Inthis case,

M PileiDiM;*
Interest earned for thei"item (IE,) = P;lq; fo "tDydr =

Pl‘[TiDl(Tl_Ml'}z

Interest paid forthei"item (Ip,)= P,],; f;t L(t)dt = 2

Total average cost fori" item perunit

=2 HC, + 0C, + SC, + 1Py, — IEy)]

PilpDy(Ty—M)?  PyleDiM®]
2 2

ZA[H.DJE iy §i(T-1,)?
T 2 2

+

Thus,
Total average cost for the system per unit

TC, =

1 [HD;T] ST-T,)% | PidpDy(Ty—M{)?  PyleiDiM*
-?:1_[ {DiTy + K+ i( 1) il DTy = M) _ Pl DM (4)
rl 2 2 2 2 |

Case-2 T1 = M; (SeeFig.2)
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Fig.2 Inventory Lavel for i" Item in Case of T; < M

In this case,
Interest earned for thei"item (IE,,)

T, T
=Pl [, tDydt + Py (M; — Ty) [ Dy dt
)11,

= Pyl | M;DiT) — 2

Interest paid for thei" item (IP,) =0

Total average cost fori" item per unit

= 2[HC, + OC; + SC; + IPy; — IEy]

SI(T_Tl)z

1 [HD;T?
—r[PeE k4
T 2

— Pl (M,D,7; - 225)]

Thus, total average cost for the system per unit

TC, = S0y 2 [F25 4 g+ 2BE _py, (MD,Ty — P00)] e (5)

Thus, the annual average cost for the retailer can be expressed as

TG,
TC =|TC,,
4. Solution Methodology: In this section, we develop efficient
decision rules to obtain the optimal values of 7, and 7 in different

M =T,
T < M, e (6)
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case so that the inventory cost of retailer is minimum.

Case-1 M; =T, Vi

8TC, _ 1 [HdiTE ST-Ty)? | PdnD(T=M)®  PileiDM®] | 1 _

ar T?[ ; TR+ 2 P J+T[5r(T )]

arc, 1

o, = ¢ EDT = ST =T + Pl Dy (T — My)]

9°Te, _ 2 [HidTE SUT-T)° | PilniDiTy=My)® _ PideDM®) _ 2 - s
e = [0 g g LS P 2] L[5y (Te = T) + 3

a°re, 1
arz © ;[HLDE +S; + PidyDi]

8°rc,  8°TC,

o= ot =~ [HDT = S,(T = T) + PluD(Ty = M)l - 3
Lemma-1 TC,(T,T;) has minimum value for those values of 'and 7,
which satisfies the following equations

HD,T? Si(T-1)2

@ [T 4k, + +

2
(i) #,D;Ty — Sn(T - Tl) + Pl[l‘tDi(Tl - M:) =0

PilyiD(T,—M)?  PiloDiMi*

| = Tisi(T - 1)

Provided

[HIDETE K+ Si(T-1,)2 4 PillpDy(T M) P,IeED,M,-Z]
2 ' 2 2

and

H{D;T¢
2

Si (T_Tl}z

[H,D; + S, + Pl D;] {2 [ + K +

PJ”D;(TI—M;)E _ PifeiDaMaz
2 2

+

| -2rls,r -1 +
ST2 ) (DT, — S(T — 1) + Pl D(Ty — M)] ~ ST > 0

Theorem-1:If a function TCy (T, T;) have continuous partial deriva-
tive of second order, then TC, (T, T,) isminimumat T-- = T, Ty = T7 if

8°TC,  @°TC,
aT3 AT 8T,

8°Tc,  B°TC,

a1, 8T 8T

82T
a

_97TC,
ar?

C
> 0and 21>0(m >0)

Proof: Usinglemma-1, we can easily proveit.

Case-2 T, < M,

arc, _ _i H‘D;Tf S(r-1,)? _p o Dile l _
or 2 [ 7 +K + ~ 2 Pili (MIDLTI 2 )] + T [S(T—-Ty]

aaT;z = %[HiDLT1 = 5,(T =Ty) — P (M;D, — D;T,)]

8°1C, _ 2 [HDT] 5(T-T,)? DT 3 "
e [P2L 4+ k + M p, (MD,T, - 20| - 2Tl + 3

9iTC; _ 1

ard T

[HLDE + SE + PLIBIDL]

9*TC, _ 9°TC, 1 §
arla.; = ﬂTaT: = —E[HEDle = 8(T = Ty) = Pl;(M.D, - D,T,)] - F‘

Lemma-2 TC(T,T;) has the minimum value for those values of Tand
T, which satisfies the following equations

o [HDT? Si(r-1,)% DiTy?
@ [P35+ K + 50 = Py (MDT, = 255)| = TIS.(T = T
(i) H;D;Ty — $i(T — T1) — Pl (M;D; — D;Ty) = 0
Provided

HD{T? 5(T-T,)2 DT,
[F25 + ki, + 22 — Pty (MDTy — 20|

—2T[S(T—TP] + S;

and
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DT Si(r-1)*
[H:D; + S, + PlesDy) {2[M205 4+ g, + SUT-T0
D.le
= Pl (M:D;Ty = 220)| - 2T [5,(T — TD] + 5,72} >

{[H;D;T, = $;(T = T\) = P,le;(M;D; — D;T,)] + ;T

Theorem-2:Ifa function TC,(T,T,) have continuous partial derivat-
ive of second order, then TC, (T, Ty) isminimumat T = T, Ty = Ty if

3°Tc, 8°TC,
ari aTar, a°Tc.

‘| = 0and —
8%TC,  °TC, aT?

aT,aT, T’

TG,
arf

=0 (or >0)

Proof: Usinglemma-1, we can easily proveit.

5.Numerical Example and Sensitive Analysis:

ABC Company produces three types of product and sold it to the
retailer. The values of different parameters associated with the model
are as follows in appropriate units.

Item | M, | K | H Si b D, L L
1" (o015 | 78 [014 [025 | 9 | 195 | 012 | 0.14
2" | 015 | 80 o016 | 030 | 11 | 200 | 013 | 015

3" 0.15 75 | 0.13 | 0.28 8 180 | 0.11 | 0.13

Solvingequation (4),weget Ty =0.32. T" = 1.45, TC; = 250.89
Solving equation (5),weget T =0.12, T* = 1.24, TC, = 209.02
Hence, inventory costis minimumin case 2. In this case

Ty =0.12, T* = 1.24 and TC, = 209.02

In this situation, economic order quantities of theitems are Q; = 23.4,
Q; = 24 and Q; = 21.6 respectively.

5.1 Sensitivity Analysis: Now, we analyze the effect of different key
parameters on the optimal solution with the help of sensitive
analysis. The sensitivity analysis is performed by changing the
parameters by -50%, -25%, 25% and 50% keeping other parameters
fixed.

Sensitivity w.r.t Demand:-

Fig.3 shows the effect of demand on the optimal inventory cost. It is
observed that as the demand increases total inventory cost of the
systemalso increases.

30

. /‘
10

== ffect of
Demand

Fig.3 Effect of Demand on Total Inventory Cost

Fig.4 shows the effect of trade credit period on the total inventory
cost of the system. It shows that as the trade credit period increases
total inventory cost of the system decreases. Longer trade credit
period means more incentive for theretailer.

- \
10
o \ —4—Trade Credit
; \ : i e
-50 -25 5 50

-20 ~

Fig. 4 Effect of Trade Credit Period on Total Inventory Cost

6. Conclusion: In practical situation hardly any system is found that
dealing with single item. So, it is more practical to consider multi-
item in place of single items. Due to stiff competition, supplier offers
trade credit period to their retailer to enhance their demand. Itis also
practical problem that shortages cannot be avoided due in many
uncertainties. Thus, the major contribution of the proposed model is
to incorporate all of the above phenomenon simultaneously. With
the help of sensitive analysis it is observed that total inventory cost is
highly sensitive with respect to demand parameter and trade credit
period. So while making the inventory policy, decision-makers pay
special attention on these parameters. We can extend the proposed
model by considering inflation, learning effect, partial backlogging,
and partial delayin payment.
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