Original Research Paper

Volume: 5 | Issue : 9 | September 2016 * ISSN No 2277 - 8179 | IF : 3.508 | IC Value : 69.48

The Degree of an Edge in Subdivision,
Middle and Total Fuzzy Graphs with
Their Edge Regular Properties

KEYWORDS : edge regular fuzzy graph,
totally edge regular fuzzy graph, subdivision

fuzzy graph, middle fuzzy graph and total fuzzy

graph.

P.G. Department of Mathematics, Periyar E.V.R. College, Tiruchirappalli — 620 023,
K. Radha Tamil Nadu, India

Department of Mathematics, K S R Institute for Engineering and Technology,
A Lnmieeres| Namakkal - 637 215, Tamil Nadu, India

ABSTRACT

In this paper, the degree of an edge in subdivision, middle and total fuzzy graphs are obtained. In general sub-
division and total fuzzy graphs of an edge regular fuzzy graph need not be edge regular. Conditions under which
they are edge regular are provided. A necessary and sufficient condition for subdivision fuzzy graph of a regular fuzzy graph to be edge
regular is determined.
1. INTRODUCTION

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [11]. Though it is very young, it has been
growing fast and has numerous applications in various fields. During the same time Yeh and bang have also
introduced various connectedness concepts in fuzzy graphs [12]. A.Nagoorgani and J.Malarvizhi discussed the
concept of subdivision, middle and total fuzzy graphs and its properties [2]. K.Radha and N.Kumaravel (2014)
introduced the concept of edge regular fuzzy graphs [9]. In this paper, we study about edge regular properties of
subdivision, middle and total fuzzy graphs using their edge degrees.

First we go through some basic definitions in the next section from [1], [2], [4], [5] and [8].

2. BASIC CONCEPTS

Let ¥ be a non-empty finite set and £ = V' x V. A fuzzy graph [5] G:(0,4) is a pair of functions
o:V —[0,1] and g: E — [0, 1]such that u(x,y) < o(x) Ao(y) forall x,y €V . The order and size of a fuzzy
graph [4] G : (o, ) are defined by O(G) = ZO'()C) and S(G) = Z,u(xy). A fuzzy Graph G: (o, ) is strong

xeV xyeE
[4], if p(xy)=0c(x)Ao(y) forall xy € E. A fuzzy Graph G:(o, ) is complete [5], if p(xy) =oc(x) Ao (y)
forall x,y €V . The underlying crisp graph is denoted by G : (V, E) .
The degree of a vertex [5] x is d;(x) = Z,u(xy) . If each vertex in G has same degree k, then G is said

Sry
to be a regular fuzzy graph or k — regular fuzzy graph [5]. Let G~ : (V, E) be a graph and let ¢ = uv be an edge in
G". Then the degree of an edge [1] e=uv € E is defined by dv)=d_(u)+d_.(v)—2.1If each edge in G” has
same degree, then G is said to be edge regular. The degree of an edge [8] xy € E in G:(o,u) is
dg(xy) = Z,u(xz) + Z,u(zy) —2u(xy). If each edge in G has same degree k, then G is said to be an edge

Xz Ty
regular fuzzy graph or &k — edge regular fuzzy graph [8].

If every line of G~ is subdivided, the resulting graph is the subdivision graph S(G"). Let G :(o, 1) be a
fuzzy graph with G* :(V, E) . A subdivision fuzzy graph [2] sd(G): (o, 1, ) is defined as follows:
The nodes and edges of G are taken together as node set, in sdG), each edge ‘e’ in G is replaced by a new vertex
and that vertex is made as a neighbour of those vertices which lie on ‘e’ in G . Let the node set of sd(G) be
VOUE.
Here, fuzzy subset o, is definedon VU E as,

o), if v,el

(V) = {,u(ej), ife ek’
The fuzzy relation g, is defined as,
o(v)Au(e,),if v, eV, e, € E and the node v, lies on the edge ¢,

Ky (V[ej) = {

0, otherwise -
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0(sd(G))=0(G)+5(G).

A middle fuzzy graph [2] M(G):(o,,, 4,,) is defined as follows:
Let the node set of M(G) be VUE .
The fuzzy subset 0, is defined on V' UE as,
o), if v eV
o,()= , :
MR H(e;), if e €k
The fuzzy relation 4, is defined as,
f(e) A pi(e,),if the edges e ande; are adjacent
Hy (eiej) = ' ' .
0, otherwise
() =0,if v, v, €V,
o(v) A ule;),if v, €V,e; € E and the node v, lies on the edge e,
Hy (Vie_;) = L
0, otherwise
The size of middle fuzzy graph [2] is § (M (G)) =25(G)+ Z #4(e;) nii(e;) and the order of middle fuzzy graph

¢.e;€k
is O(M(G))=0(G)+S(G).
A total fuzzy graph [2] T(G): (07, ;) is defined as follows:
Let the node set of T(G) be VUE .

The fuzzy subset o, is defined on V' UE as,
{O’(Vi), if v.eV

ple;),if e, e E

o7\,

The fuzzy relation £z, is defined as,

(v, =ulvy,)ifvy, €E,

luT(viej) = {G(Vi) M
e)AU

e

The size of total fuzzy graph [2] is § (T (G)) =35(G)+ Z p(e;) Aule;) and the order of total fuzzy graph is

¢.¢;€k

(¢,),if v, €V,e; € E and the node v, lies on the edge e,

)

)
0, otherwise
),if the edges ¢, ande; have a node in common between them

0, otherwise

0(T(G))=0(G)+5(G).

2.1. Theorem [10]:
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2.2. Theorem [10]:

Let G: (o, 1) be a fuzzy graph on an even cycle G : (V, E) with n vertices and let n%0 (mod4). Then

G is an edge regular fuzzy graph if and only if  is a constant function.

2.3. Theorem [9]:

Let 4 be a constant function in G: (o, 1) on G :(V,E).If G is regular, then G is edge regular.

3. EDGE REGULAR PROPERTY OF SUBDIVISION FUZZY GRAPH

In this section, we obtain the degree of an edge in subdivision fuzzy graph in terms of parameters of G and study its
edge regular property.

3.1. Theorem:
Let G: (o, ) be a fuzzy graphon G : (V,E). Let e, =uv € I be any edge in G . Then the edge degree

of the edge ue, € £, is given by d_,;, (ue,) =d;(u).

Proof:
Let ue, € E , be any edge in sd(G). Then e, =uv € E, for some vV . Therefore u and v are the only

vertices adjacent to e, in G.

By definition, d, ; (ue,) = Z U, (ue,)+ Z u,leyv).

uey€Eqq e %€, e,veE,, v#u

= dyue,)= Z (O'(”) A /u(eb)) +1,(e,).

e ek e e,

= Y (o)A p(uw))+ u(e,) A p(v)

uwek ,w#v

= dyge)= Y )+ u().

uwek ,w#y

= dyyq)ue,) = Z p(uw).

uweE

= dsd(G)(uea) =d(u).

3.2. Remark:

If G: (o, 1)is an edge regular fuzzy graph, then sd(G):(c

S

4+ M.;) need not be edge regular fuzzy graph.

For example, in figure 3.1 G:(o, ) is 1.8 — edge regular fuzzy graph, but sd(G):(o,,,4,,) is not an edge

regular fuzzy graph.
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a(0.5) p(0.4) b(1) d(0.9)
5(0.3) t(0.9) q(0.6)
d(0.9) 1(0.5) ¢(0.6)
G:(o,1)
¢(0.6)
5d(G): (0, 1)
Fig.3.1.
3.3. Remark:

If sd(G): (0, p4,) is an edge regular fuzzy graph, then G : (0, ) need not be edge regular fuzzy graph.

For example, in figure 3.2 sd(G): (0, 4,,) is 1.5 — edge regular fuzzy graph. But G:(o,4) is not an edge

regular fuzzy graph.
a(0.7) p(0.6) b(1)
5(0.5) q(0.5)
u(0.4)
d(0.9) 1(0.6) ¢(0.6)
G:(o,p)

¢(0.6)
sd(G): (0,5 14,)

Fig3.2.
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3.4. Theorem:

Let G:(0, 1) be a fuzzy graph. Then G, is an edge regular fuzzy graph if and only if G is a regular fuzzy
graph.
Proof:

The result follows from theorem 3.1.

4. EDGE REGULAR PROPERTY OF MIDDLE FUZZY GRAPH

In this section, we determine the degree of an edge in middle fuzzy graph in terms of parameters of G and
study its edge regular property.

4.1. Theorem:
Let G: (o, ) be a fuzzy graph on G : (V,E) . Then the edge degree in its middle fuzzy graph is given by
dyyq(ue,) =dgu)+ Y (u(e,) A (e,)) and

ee.€Ey

dyolee)=2(ue)+ule)+ Y, (ue)aue))+ D (ue)rule,)), where uel,

e,.€E) e #e, eye.€E) e #e,
e.,e, k.
Proof:

Consider the edge ue, in M(G), where u €V and e, =uv € E with vV . Then the edges adjacent to

ue, are of the form ue, , where e, =uwe E (or) e,v (or) ee,, where the edges e, and e, are adjacentin G .

Cdyele)= Y ue)t Y mlent Y alee)

ue,eEy; e, #e, e, ek v#u ee.cky

- Z Hy (e, + 1y, (e,v) + Z Hulee,)

ueyekyy e, ee.€Ey

Y. (ownu))+ue)ro)+ }, (ue,)rue)

uey By, %e, e €Ey

Y ule)+ue)+ Y, (ue,)Aue,))

ue,€ky e, e, e,e.cky

=Y o+ Y (e nute)

uwek ee.cky

=dg)t Y, (HE)AHE)) orrrrirsrvrissssisssssisies s 4.1)

ee.€ky,
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Now, consider the edge e,e, in M(G), where e, =uv and e, =vwe E with u,v and we V. Then the

edges adjacent to € ¢, are of the form xe , where x =wu orv (or) e.e

a’

where the edges e, and e, are adjacent in

G (or) e,x, wherex=vor w (or) ¢,e,, where the edges ¢, and e, are adjacentin G .

Sy ee)= Z Hy (xe,) + Z Hy(ee)+ Z Hy (xe,) + Z Hy(ee.)

xe,€E), ee.€Ey e #e xe,eE), ee ck) e e,

=ty (ue,)+ (v )+ Y. (ule) Ap(e))+m (ve)+m(we)+ Y, (ule,)Aue,))

e,e€Ey e 7¢, ee.cEy e e,

=2u(e,)+ Y. (ue)nue))+2ue)+ Y. (ule)rue,))

e,e.€Ey e 7€ epe by e e,

=2(ue)+ule))+ D, (me)rme))+ Y, (ue)Ap(e)) i (42)

€. €Ey ¢ 7€, ee.cEy e 7,

4.2. Theorem:

Let G: (0, i) be a fuzzy graph such that 4 is a constant function. Then
(i). Forany ue, € £y, d,; ;, (ue,) =d(u)+d;(e,).
(ii). Forany ee, € E,/, d,, ¢ (e,e,) =2c+d(e,) +d,(e,).-
Proof:

Let u(e,)=c,Ve, €E .

(i). From (4.1), forany ue, € E,, , d,, ; (ue,) =dsu)+ Y. (ule,)Ape,))

ee.cky

=d (u)+ ZC/\C

e,cE
=dg(u)+cd .(e,)
=d (u)+dg(e,).
(ii). From (4.2), forany e e, € E,,,

dyolee)=2(ue)+ue))+ Y. (ue)aue))+ . (ue)rue,))

e.e.€Ey e #2¢, ee €k e #e,

:2(c+c)+ Z (C/\c)+ Z (C/\c)

ee.cky e #e, ee.cEy e #e,
=4c+c(d(e,)-1)+c(d (e,)-1)
=2c+cd . (e,)+cd . (e,)

=2c+d (e)+d.(e,).
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4.3. Remark:

If G: (o, ) is an edge regular fuzzy graph, then M(G):(o,,,4,,) need not be edge regular fuzzy graph.

For example, in figure 4.1 G: (o, u) is 1.8 - edge regular fuzzy graph, but M(G):(o,,,4,,) is not an edge

regular fuzzy graph.
a(0.5) p(0.4) b(1) d(0.9)
5(0.3) t(0.9) q(0.6)
d(0.9) 1(0.5) c(0.6)

Fig4.1.

4.4. Biregular fuzzy graph:
If the degree of each edge in a fuzzy graph G is either &, or k,,then G isa (k; ork,) edge biregular

fuzzy graph.

4.5. Theorem:

Let G:(0, ) be a fuzzy graph such that 1 is a constant function. If G': (0, ) is a regular fuzzy graph,
then M(G): (o, 4,,) is an edge biregular fuzzy graph.
Proof:

Let G be k —regular. Since 4 is a constant function, by theorem 2.3, G is also edge regular, say, m -

edge regular.
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Then theorem 4.2 gives, d,;(ue,) =k +m for each ue, € E,; ¢,

and d; ; (e,¢,)=2c+2m foreach ee, € Ey .

Hence G is (k+m,2c+2m) - edge biregular.

5. EDGE REGULAR PROPERTY OF TOTAL FUZZY GRAPH

In this section, we determine the degree of an edge in total fuzzy graph in terms of parameters of G and
study its edge regular property.

5.1. Theorem:
Let G: (o, 1) be a fuzzy graph on G :(V,E). Then the edge degree in its total fuzzy graph is given by

dy ey (ue,) = 2d, )+ Y (ule,) A pule,)).

ee.ckp

drlee)=2(ue)+ue))+ Y, (ue)rme))+ Y, (ue)nnule,)) and

ee.ckp e e, ee.ckr e #e,
dr ) (uv) = Z(dG (uv)+ ﬂ(uv)) ,where u,veV and e,,e, € E.
Proof:
Consider the edge ue, in T (G), where ueV and e,=uvekE with velV . Then the edges adjacent to
ue, are of the form ux, where ¢ (or) ue,, where ¢, =uwe E (or) e,v (or) e,e , where the edges e, and e, are

adjacentin G .

“ g (ue,) = Z H(uv)+ z My (ue,)+ Z Hr(e,v)+ z Hree.)

uvekE ueyeky e #e, e, ek v#u e €kp

=ds)+ ), p(ue)+ e+ Y wmiee,)

ue,eEy e #e, ee.ckp

=dyu)t Y (ow)nue))+(ale) not)+ Y (ue)nuce)

ueyeEy e, #e, e €kp

=dg)+ Y, )t ule)+ Y (ule)Aue))

ue,eky e #e, ee.ckr

=2 (U)+ Y (O AHE,)) v (5.1)

e,e.€kp

Now, consider the edge e, in T(G), where e, =uv and ¢, =vwe E with u,v and weV . Then the
edges adjacent to e e, are of the form xe,, where x =u or v (or) ee,, where the edges e, and e, are adjacent in

G (or) e,x, where x=vorw (or) ,e,, where the edges e, and e, are adjacentin G .

dT(G)(eaeb): Z Hr(xe,)+ Z Hree)+ Z Hr(xe,)+ Z Hr(ee,)

xe,ekp ee.ckp e e, xe,€Ep ee.ckr e #e,
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= i (ue,) + pr(ve,) + Z (/u(ea)/\ﬂ(ec))+ﬂT(veb)+/'lT(Web)+ Z (/’l(eh)/\ﬂ(ec))

ee.ckr e #e ee.cEre e,

=2u(e,)+ Y, (me)nue))+2ule)+ Y, (ue)rue))

ee.cbr e #e ee.ckr e #e,

:2(,u(ea)+y(eb))+ z (y(ea)/\,u(ec))+ Z (,u(eb)/\,u(ec)) ....................... (5.2)

ee.ckr e #e, ee.ckr e e,

Finally, consider the edge uv in T((), where #,v € V. Then the edges adjacent to uv are of the form uw,

where we V' (or) ue,, where e, =uwe E with welV (or) vw, where weV (or) ve,, where ¢, =vwe E with

wel.
dT(G)(uv>=mEZWu(uw> +Z ur(uea)+w2w p(vw) +Z tr(ve,)

=dG<uv>+mzeE (a(u)w(ea))+w§ (60 A ule,))

=d;(uv)+ Z;E p(uw) + ;Eﬂ(VW)

= d () +d () +dg ()

= 2(dg (V) L(UY)) <ot (5.3)
5.2. Theorem:

Let G:(0, 1) be a fuzzy graph such that 1 is a constant function. Then
(i). Forany ue, € £, dy;, (ue,) =2d;(u) +dg(e,).
(ii). Forany e,e, € E;, d 5 (e,e,) =2c+d(e,) +dge,) -

(iii). Forany uv € E;, dy, (uv) = 2(dc(uv) + c) :

Proof:

Let u(e,)=c,Ve, €k .

(i). From (5.1), for any ue, € £, dr ) (ue,)=2d(u)+ Z (,u(ea) /\u(ec))

ee.cEp

=2d.(u)+ z c

ee.cEp
=2d;(u)+cd . (e,)
= 2dG (]/l) + dG (ea) :

(ii). From (5.2), for any e e, € £,
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o lee)=2(ue)+ue))+ Y (me)rme))+ Y (ue)aue,)).

e,e.€Er e #e; ee.cEr e #e,

=2(c+c)+ Z (C/\c)+ Z (C/\C)

e.e.€Ep e #e, ee.cbp e #e,
= 4c+c(dG* (ea)—1)+c(dG« (eh)—l)
=c(2+d(e)+d, (e,)
=2c+d;(e)+d(e,).
(iii). From (5.3), forany uv € £y, d; ;, (uv) = 2(dG(uv) + y(uv))

= 2(dG(uv)+c).

5.3. Remark:

If G: (o, t)is an edge regular fuzzy graph, then T(G): (o, ;) need not be edge regular fuzzy graph. For

example, from the figure 5.1 G:(o, ) is 1.8 — edge regular fuzzy graph, but 7(G):(o,, ;) is not an edge

regular fuzzy graph.

5.4. Theorem

Let G:(0, ) be a fuzzy graph such that u(e)) =c, Ve € E, where ¢ is a constant. If G isa k - regular
fuzzy graph, then T(G):(o,, 1) isa 2c(2k —1) — edge regular fuzzy graph.
Proof:

Since G isa k - regular fuzzy graph, it is 2(k - 1) — edge regular.

2(0.5) p(0.4) b(1) d(0.9)

s03)\  1(0.9) 4(0.6) 0.5

d(0.9) 10.5) ¢(0.6) 10.5)
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G:(o,u) 0.5 0.6

¢(0.6)

1(G): (o, )
Fig5.1.

From theorem 5.2, for any we, € E;., d;; (ue,) = c(2d cw)+d, (ea)) .

=c(2k+2(k-1)).

From theorem 5.2, for any e,¢, € £y, d;, (e,¢,) = 0(2 +d.(e,)+d, (eb))

=c(2+2(k-1)+2(k-1))

From theorem 5.2, forany uv € £y, dy;, (uv) = 2c(d cw)+d () —1)

:20(k+k—1)

From (5.4), (5.5) & (5.6), T(G): (07, 4;) is an 2¢(2k —1) - edge regular fuzzy graph.

5.5. Theorem

Let G:(0, 1) be a fuzzy graph on an odd cycle G : (V,E) . If G:(o, ) is an edge regular fuzzy graph,
then T(G): (0, i;) is an edge regular fuzzy graph.
Proof:

From the hypothesis of this theorem, G is2- regular and using theorem 2.1, 4 is a constant function.

Using theorem 5.4, T(G) : (0, i, ) is an edge regular fuzzy graph.

5.6. Theorem
Let G: (0, 41) be a fuzzy graph on an even cycle G : (V,E) with n vertices and let n%0 (mod4). If G

is an edge regular fuzzy graph, then 7(G): (0, 4, ) is an edge regular fuzzy graph.
Proof:

Proof is similar to proof of theorem 5.5.

5.7. Remark
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Let G:(0, 1) be a fuzzy graph on an even cycle G : (V,E) with n vertices and let n=0 (mod4). If G

is an edge regular fuzzy graph, then T(G): (o7, 1) need not be an edge regular fuzzy graph.

For example, in the following figure 5.2, G is an 0.7 - edge regular fuzzy graph, but T(G): (0, &) is not an edge

regular fuzzy graph.
a(0.5) p(0.2) b(1) d(0.9)
5(0.4) q(0.3)
d(0.9) 1(0.5) c(0.6)
G:(o,u)
Fig.5.2.
5.8. Remark

If G is a regular fuzzy graph, then T(G): (07, &;) need not be an edge regular fuzzy graph.

For example, in the following figure 5.3, G is an 0.5 - regular fuzzy graph, but 7(G): (o, 1;) is not an edge

regular fuzzy graph.
a(0.5)
$(0.3) p(0.4)
0.3
a(0.5) p(0.2) b(1) d(0.9) b(1)
$(0.3) q(0.3) 0.2 . . 0.3
d(0.9) 1(0.2) ¢(0.6) 1(0.5) . q(0.6)
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G:(o,u)

Fig.5.3.

a0.7) 03 b05) 03 c(0.6)

0.3 0.3

¢(0.3)

d(0.4) 0.3 0.3

0.3

h(0.7) 03 i(0.8) 03 j(0.8)

G:(o,n)

Volume: 5 | Issue : 9 | September 2016 * ISSN No 2
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0.2 0.3
c(0.6)

7(G): (o, #4r)

£(0.9)

T(G): (o, 47)
Fig.5.4.

5.9. Remark

Let G:(0,u) be a fuzzy graph onG™ : (V,E) with u
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