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ABSTRACT

The aim of this paper is to establish two general finite integral formulas involving the product of generalized Bessel-Maitland functions J £/ (z) and
Srivastava polynomial S;”(X) The result given in terms of generalized (Wright's) hypergeometric functions pl//q_ These results are obtained with
the help of finite integral due to Oberhettinger. Some interesting special cases of the main results are also considered. The results presented here are
of general character and easily reducible to new and known integral formulae.
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1. Introductionand Preliminaries

In special function, one of the most important function (Bessel function) is widely
used in physics and engineering; therefore, they are of interest to physicists and engineers
as well as mathematician. In recent year, a remarkably large number of integral formulas
involving a variety of special function have been developed by many authors as Agarwal
et al. [2, 3], Brychkov[4], Choi et al. [5], Choi and Agarwal [6, 7], Manaria et al. [13,
14], Nisar et al. [16], Ramachandran et al. [20] and Suthar et al. [26]. We aim at presenting
two generalized integral formulas involving the Bessel-Maitland function, which are
expressed in term of the generalized (Wright’s) hypergeometric.

For our purpose, we begin by recalling some known function and earlier works.
The Bessel-Maitland function J#(z) defined by the following series representation by
Merichev [12] as follow:

Jig)=3 2" : h 0; ze C 1.1
/(2) mZ=OF(V+,um+1) m! Where g = 2€ (.1
The generalized Bessel function of the form J ,(2) is defined by Jain and Agarwal [10]
as follow:

]v+2o-+2m

s ()= s

“r(v+o+pum+1)(c+m+1)

where ze C\(—0,0l;u>0,v,ce C.

(1.2)

Further, generalization of the generalized Bessel-Maitland functionJ ﬁf’g(z)deﬁned by
Pathak [18] as follows:
& (Won=2)"
147 (2)= £ 1.3
i (2 ,TZ;BF(VW m+1) m! (1.3)
where u,v, ye C R(u)>0, RV)>—-1, R(»)>0 and ge (0, 1)UN,
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and (7/)0 =1, (;/)qm = W is known as generalized Pochhammer symbol defined by

Mittag-Leffler [15].

From the generalization of the generalized Bessel-Maitland function (1.3), it is possible to
find some special cases by giving particular values to the parameters z,Vv, 7,q.

2
1) If g=1, y=1 and v is replaced by v+o and Zzis replaced by ZT in (1.3), then we

obtain
i 22 7 —v—20 .
Jvia,l T = r(6+m+ 1) 5 jv,a(z)a (14)

where J G(Z) denotes Bessel-Maitland function defined by Agarwal et al. [3].

2) Ifwereplace 4 by | and o by %in (1.4), we obtain

—v-1
st 1(?}: F[m+%I§j H(2), (1.5)
3

where HV(Z) denotes Struve’s function defined by Erdélyi et al. [8].

H2)=3 (_l)m@ ~ (16)

3) If g=0, then (1.3) reduces to

104 (2)=14(2), (1.7)
where J#(z) is generalized Bessel function defined by Agarwal [1].

2
4) If g=0, =1 and Zz is replaced by ZT then (1.3) reduces to

s 6(?} @va(z), (18)

where /() is called Bessel’s function of the first kind and of order v, where Vis any
non-negative constant.

5) If g=0 and v isreplaced by v—1 and z is replaced by — z, then (1.3) reduces to

1l o(=2) = g, v; 2), (1.9)
where ¢(,u, V; Z) is known as Wright function, defined by Choi et al. [5].

6) If v isreplaced by v—1 and z is replaced by —z, then (1.3) reduces to
Il (=2)=E79(2), (1.10)
where £ 9(z) is generalized Mittag -Leffler function , was given by Shukla and
Prajapati [21].
7) If g=1, v isreplaced by v—1 and Zz is replaced by — z, then (1.3) reduces to
Jnh(=2)=E] (2), (1.11)
was introduced by Prabhakar [19].
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8) If g=1, y=1, v isreplaced by v—1 and z is replaced by —z, (1.3) reduces to
(-2 =E,/(2), (1.12)
where pe C, R(u) >0, R(v)>0, was studied by Wiman [27].
9) If g=1,y=1, v=0 and z is replaced by—z , (1.3) reduces to

JE(-2)=E ,(2). (1.13)
where pe C,R(u) >0, was introduced by Mittag-Leffler [15].

The generalized Wright hypergeometric function ,y/,(2) (see, for detail, Srivastava
and Karlsson [24]), for ze C complex, a;, bje C and «;, ;€ R, where (¢;, B; #0;
i=1,2,...,p;/=1,2,...,9), is defined as below:

) ﬁ]“(a +ak)Z*

(a;, = 11
V(2= p'//q{(b ﬁ/) qJ %ﬁ 5 (1.14)
b “TT o+ gk k!

Introduced by Wright [28], the generalized Wright functlon and proved several theorems
on the asymptotic expansion of ,¥,(2) for all values of the argumentZ under the

condition:

Zﬁ Za >—1. (1.15)

Jj=1

It is noted that the generalized (Wright) hypergeometric function in (1.15) whose

o¥q
asymptotic expansion was investigated by Fox [9].

For this we recall following known functions. The Srivastava’s polynomial defined
by Srivastava [23]:
[n/m]( ) .
A XK (n=0,1,2,..) (1.16)
par S

where m is an arbitrary positive integer and the coefficient A, , (n,k>0) are arbitrary

constants, real or complex. The polynomial family S7[x] gives a number of known
polynomials as its special cases on suitably specializing the coefficients A, ; .

For our present investigation, we also need to recall the following Oberhettinger's
integral formula defined by Oberhettinger [17]:

I;ox“l(x+a+\/x2+2ax) dx=2Ja ﬂ[zJ“F(Zy)F(A ﬂ). (1.17)

I'(1+1+u)

provided 0 <R(u) <RA) .
2. Main Results

In this section, we established two generalized integral formulae involving product of
generalized Bessel-Maitland function (1.3) and Srivastava polynomials (1.16) are
established, which are expressed in term of generalized (Wright) hypergeometric
functions.

Theorem 1: The following integral formula holds true for &,A4,u,v, ye C with
Re(v) >—1, Re(y) >0, Re(5) >0, Re(u) >0, 0<Re(5)<Re(1)andx>0,n k>0, we have
|
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. 2
Io x5l(x+a+\/x2+2ax) S,T[ y JJ(/q”[ y de

X+a+vx2 +2ax X+a+vx2 +2ax

(7,9) (A +k+1,1), (A +k-5,1); .
_§HEn)

K k Al-s 6-a—k 1126
k,m Ak Y 2 a ( )3913

r(y)

‘f 2.1)
k=0
(v+Lu) (A+k1), (1+2+k+8,1); ]

Theorem 2: The following integral formula holds truefor &,A,u,v, ye C with
Re(v) >—1, Re(y) >0, Re(5) >0, Re(u) >0, 0<Re(5)<Re(1)andx >0, n,k>0, we have

. )
Io xﬁ‘l(x+a+\/x2 +2axj 5[7”[ X JJ@’J[ X de

x+a+\/x2+2ax x+a+\/x2+2ax
(7, q) (A+k+1, 1), (26 +2k,2); ]
K ol-6-k 56-2 r(A-os)
r(y)

3% _%
(v+Lu) (A+k 1), (1+2+5+2k, 2); |
2.2)

Proof: By making use of product of (1.3) and (1.16) in the integrand of (2.1) and then
interchanging the order of integration and summation, which is verified by uniform
convergence of the involved series under the given conditions in Theorem 1, we get

. »)
jo x5‘1(x+a+\/x2+2axj S,T( 14 JJQ’{[ 14 de

x+a+\/x2+2ax x+a+\/x2+2ax

[n/m ~ Ak
_ Z mkAnk k Zq/—yy J. x5‘1(x+a+\/x2+2aX) dx,

(v pl+1)1!
By cons1der1ng the cond1t1on given in Theorem 1, since x>0,n,k>0, Re(v)>-1,
Re(y) >0, Re(5) >0, Re(u) >0, 0< Re(5)<Re(1)and qe (0,1)UN and applying (1.17),

_[%Q:](—”)mk k1=3 g0~k (_ i I(y+ql) T(A+k+I1+1)I(A+k+/-5)
&K (v pl +1) F(A+k+1) 1+ A+k+1+65)11

which upon using the definition (1.14), we get the desired result (2.1).
By similar manner as in proof of Theorem 1, we can also prove the integral formula (2.2).

3. Special Gases

In this section, we represent certain cases of generalized form of Bessel-Maitland function

(1.3).

On setting y=1, v=v+o, g=1 and z is replaced by (z*/4), in theorem 1 and theorem 2

and making use of the relation (1.4), then the generalized Bessel-Maitland function will
have following relation with Bessel-Maitland function as follows:

Corollary 1. Let the condition of5,A,u,ve ¢ x>0, Re(5)>0, Re(v)>-1, Re(u)>0,
0<Re(5)<Re(1) and n,k >0, be satisfied, then the following integral formula holds true
|
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|

- 4
_[0 xg’l(x+a+\/x2+2ax) 5,’7”( y }Jﬁf({ Y de

X+a+x2 +2ax X+a+x2 +2ax

(A+k+1, 2), (A+k=5,2),(1,1) ]
[/m](_ . 2
_ Z ( n)mk/Ankyk Zl—b aé‘—ﬂ—k I—v(zé‘) 3?13 _y_2
P ’ 4a
(vio+Lu), (A+k,2), (1+A+k+65,2); I
3.1)

Corollary 2 Let the condition of5,A,u,ve G x>0, Re(5)>0, Re(v)=-1, Re(u)>0,
0<Re(8)<Re(1) and n,k >0, be satisfied, then the following integral formula holds true:
. -1
I xg’l(x+a+\/x2+2ax) 5,’7”( XY }Jﬁf({ XY de
0 X+a+x2 +2ax X+a+x* +2ax

(A+k+1, 2), (26 +2k,4), (1,1); ]
2

Ay 2R m(a-5) 3 _{_6
(vio+Lu), (A+k,2), 1+21+65+2k, 4); I

_ [n/zm] (_ n)mk
k=0

k!

(3.2)

On setting z=1,0=1/2 in (3.1) and (3.2) and using the relation (1.5), then we get the
integral formulas involving the Struve’s function H,(2) as follows:

Corollary 3 Let the condition of 8,A,ve( x>0, Re(5) >0, Re(u) >0,
0<Re(5)<Re(1) and n,k >0, be satisfied, then the following integral formula holds true:

" 4
_[0 X5’1(x+a+\/x2+2axj S;,”( y JHV[ y de

X+a+x2 +2ax X+a+x2 +2ax

(A+k+1, 2), (A+k=35,2),(1,1) 1

:[::]%An,k yk 1-6 J5-2-k r258) ¥, _é
(v+%,1) (A+k,2), 1+ A+k+5,2); |

_ (3.3)

Corollary 4 Let the condition of &,A,ve G x>0, Re(5) >0, Re(u) >0,
0<Re(5)<Re(A) and n,k >0, be satisfied, then the following integral formula holds true:

. )
.[o xﬁ‘l(XJraJr\/x2 +2axj 5,’,”{ Xy JHV( XY ]dx

X+a++x%+2ax X+a++x%+2ax

1
(A+k+1, 2), (26 +2k,4), (1, 1);
[r/m] -n 2
_ Z ( k?m/(ALk y/( 21—5—/( aé‘—ﬂ. F(ﬂ,—é‘) 3% _{_6
k=0 :
(v+%, 1} (A+k,2), (1+A+5+2k, 4);
i (3.4)
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I ——————
On setting g=0in theorem 1 and theorem 2 and making use of the relation (1.7), then the
generalized Bessel-Maitland function J{"J(z) will have the following relation with

Bessel-Maitland function J#(z) as follows:

Corollary 5 Let the conditionof 5,A,u, ve G, x>0, Re(5)>0, Re(u)>0, and n,k>0,
be satisfied, then the following integral formula holds true:

" )
Io X‘H(x+a+\/x2+2ax) S,f,"[ Y JJ&[ 14 jdx

X+a+vx2 +2ax X+a+vx2 +2ax

(A+k+1,1), (A+k=6,1); ]

_[n/m](_n)mk k »l-5 6-A—k y
=> A y<2%a r(268) ,% -
pr ’ a

(v+ L) (A+k1), 1+ 2+k+6,1); l
(3.5)

Corollary & Let the conditionof 5,A,u,ve ¢, x>0, Re(5)>0, Re(u)>0, and n,k>0,
be satisfied, then the following integral formula holds true:

- _;
_[0 xfg‘l[x+a+\/x2 +2axj 5;”( X Jj‘f’{ X de

x+a+\/x2+2ax x+a+\/x2+2ax

(A+k+1, 1), (25 +2k,2); ]

_[n/ yICT) k Al-5-k _5-A y

=> a Ak Y 2 a®* r(1-5) ,% Y

0 (v+Lu) (A+k 1), (1+2+5+2k, 2); |
(3.6)

On setting g=0, u=1and z is replaced by (z*/4), in theorem 1 and theorem 2 and

making use of the relation (1.8), we obtain the following integral formulas involving the
ordinary Bessel function as follows:

Corollary 7. Let the conditions,Ae ¢, x>0, Re(5)>0, Re(1)>0, and nk>0, be
satisfied, then the following integral formula holds true:

© —A-2v
Ix51(x+a+\/x2+2ax) S,T[ y JJV[ Y ]dx
0

X+a+vx2 +2ax X+a+x% +2ax

[n/m](_
_ Z ( n)mkAnkyV+k yl=6-v aé—ﬂ—v—k ]—v(25)
par S ’
(A+2v+k+12), (A+2v+k=6,2); ] 3.7)
. :
Y
¥ e
(v+1,1), (A+2v+k,2), (1+2+2v+k+6,2); I

Corollary 8 Let the conditions,Ae ¢ x>0, Re(5)>0, Re(1)>0, and nk>0, be
satisfied, then the following integral formula holds true:
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L |

Tx‘“(x+a+\/xz+2ax)ﬂ2‘/5,’]’{ u'd JJV[ X }dx

0 X+a+\x2 + 2ax X+a+VxP +2ax

[n/m]
215/( 512\/]*(/1_’_2‘/ 5)
(/1+2v+/<+1, 2), (26 + 2k, 4); 21 (3.8)
(v+1,1), (A+2v+k, 2), (1+A+2v+5+2k, 4); I

On setting g=0 and v is replaced by v—1 and z is replaced by—z, in theorem 1 and

theorem 2 and making use of the relation (1.9), we obtain the following integral formulas
involving the Weight function as follows:

Corollary 9 Let the conditions,Ae ¢, x>0, Re(5)>0, Re(1)>0, and nk>0, be
satisfied, then the following integral formula holds true:

Txél(x+a+\/x2+2‘ax)_/15,’7"( y J¢[,u,v; y }dx‘

0 X+a++x% +2ax X+a+x% +2ax
(A+k+11), (A+k=06,1); 1

Ay < 2170 a7 1(26) 4 - (3.9)
(v, ), (A+k,1), 1+2+k+5.1); :

[

=

) (_ n)mk

T
(=}

Corollary 10. Let the conditionS,Ae ¢, x>0, Re(5)>0, Re(1)>0, and n k>0, be
satisfied, then the following integral formula holds true:

°° )
Ix‘s‘l(x+a+\/x2+2ax) 5,’,”( Xy }b{u,v; Xy ]dx
0

x+a+\/x2+2ax x+a+\/x2+2ax

[ (A+k+1,1), (26 +2k,2); ]

n/m

Z yk 219K @92 (4 -8) ¥ —% (3.10)
(v,l), (A+k 1) (1+2+5+2k, 2); ]

On setting v by v—1land z is replaced by —z, in theorem 1 and theorem 2 and making use

of the relation (1.10), we obtain the following integral formulas involving the generalized
Mittag- Leftler function as follows:

Corollary M. Let the condition ofs, A,u, v, ye G R(S) >0, R(A) >0 R(u) >0, R(y) >0,

RW) >-1, ge (0, )UN and n,k>0, be satistied, then the following integral formula holds
true:

o 2

Ix5’1(x+a+\/x2+2axj S,Q”[ 14 JEQS,’[ 14 de

0 X+a+x +2ax X+a+x? +2ax
(7,9), (A +k+1,1), (A+k=5.1); ]

[n/m](—
5 ( n)mkAnkyk 20 50K [(25) Y 3.11)
= k" a

(vu) (A+k1), (1+2+k+50); ]
|
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Corollary 1. Let the condition ofs, A,u, v, ye G R(S) >0, R(A) >0 R(u) >0, R(y) >0,
RWV)=-1, ge(0,1)UN and n,k >0, be satisfied, then the following integral formula holds

true:
“ )
J-X(S_I(X+a+\/X2+Zan S,’f{ Xy JEZ: ( Xy de
0 x+a+\/xz+2ax
(7,q), (A+k+1, 1), (26+2k,2); ]

<Q

x+a+\/xz+2ax

[n/m](_
_ Z ( n)mkAn’k yk 21—5—/< aﬁ—ﬂv F(ﬁ_é‘)_«,ﬁy_ﬂ, X (312)
i 2

(v, ). (A+k, 1), (1+2+5+2k, 2); )

On setting g=1,v by v—land =z is replaced by—z, in theorem 1 and theorem 2 and

making use of the relation (1.11), we obtain the following integral formulas involving the
generalized Mittag- Leffler function as follows:

Corollary B. Let the condition ofs, A,u, v, ye G R(S) >0, R(A) >0 R(u) >0, R(y) >0,
R() =-1, and n,k >0, be satisfied, then the following integral formula holds true:

© )
ng_l(x+a+\/xz+2ax) S,T[ y JEZ’V( 4 de
0 X+a+x +2ax X+a+x +2ax
(7.1), (A+k+1,1), (A+k=5,1); ]

[n/ml(—
_ Z ( n)mkAnkyk l-6 402k r(28) 1%, Y (3.13)
= k" a

(V’ﬂ)’ (’1+k,1), (1+ﬂ+k+5,1); J

Corollary 14. Let the condition ofS, A,u, v, ye ;G R(S) >0, R(A) >0 R(u) >0, R(y) >0,
R() >-1, and n,k >0, be satisfied, then the following integral formula holds true:

% )
J-x‘s_l(x+a+\/x2+2ax) S,’,”( Xy ]EZ V[ Xy de
0 X+a+x? +2ax X+a+Vx2 +2ax

(7, 1), (A+k+1, 1), (26 +2k,2); ]

_[n/m](_”)mk k Al-5—k 52 y
=> 0 Ay 2 a®* r(1-6)3%, 2 (3.14)
k=0 &

(vo ) (A+K, 1), (142485 +2k, 2); ]

On setting y=1,vby v—land ~Zz is replaced by—2z, in theorem 1 and theorem 2 and

making use of the relation (1.12), we obtain the following integral formulas involving the
generalized Mittag-Leffler function as follows:

Corollary 15. Let the condition 06, A,u, ve ¢, R(S5) >0, R(A) >0 R(u) >0,and n,k>0, be
satisfied, then the following integral formula holds true:

: »)

'|.)<5‘1(x+a+\/x2 +2ax) 5,’,”( Y ]E% V[ 4 de

0 X+a+x%+2ax X+a+\xC +2ax
(A+k+1,1), (A+k=5,1),(1,1); ]

[n/ml(—
_ Z ( n)mkAnkyk 2179 282K r(268) ¥, Y (3.15)
= kT a

(vou) (A+k 1), (14 2+Kk+81); |
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Corollary 16. Let the condition o, A,u, ve ;G R(S) >0, R(A) >0 R(u) >0,and n,k >0, be
satisfied, then the following integral formula holds true:

Ooxa_1 X+a+x*+2ax 7/15,’," Xy E,. Xy X
4,
0

x+a+\/x2+2ax x+a+x/x2+2ax

(A+k+1, 1), (25 +2k,2), (1, 1); ]
_[n/m](_n)mk k Al-5—k _5-2 y
=> p Ay 2 a’* r(a-6);%, 5 (3.16)
k=0 '

(v, i), (A+k, 1), (1+2+5+2k, 2); |

On setting y=1,v=0,g=1and Zz is replaced by—2z, in theorem 1 and theorem 2 and
making use of the relation (1.13), we obtain the following integral formulas involving the
Mittag-Leffler function as follows:

Corollary 17. Let the condition o, A,ue G R(S) >0, R(A) >0 R(u) >0,and n,k >0, be
satisfied, then thdollowing integral formula holds true:
» -
IX5‘1(X+a+\/x2+2aXJ 5,’7"[ 4 JEﬂ[ 4 de
0 X+a+x* +2ax X+a+x* +2ax
(A+k+1,1), (A+k=5,1),(1,1); ]

[n/ml(—
5 (=)t ALYk 210 0K (25 L, Y (3.17)
~= k" a

(Lu) (A+k1), (1+A+k+68.1); ]

Corollary 18 Let the condition o, A, ue ¢, R(S) >0, R(L) >0 R(u) >0,and n,k >0, be
satisfied, thenthe following integral formula holds true:

°° 1
J'X‘S_l(x+a+\/x2+2ax) 5,'7”( utd JEH( Xy de
0

x+a+\/x2+2ax x+a+\/X2+2ax

(A+k+1, 1), (25 +2k,2),(1,1); ]

_[n/m](_n)mk k Hl-5—k 65— y
=3 A R 2R r(1-5) s S NERT)

par : 2

(L ). (A+k, 1), (1+2+5+2k, 2); )

Remark: If we set n=0, then we observe that the general class of polynomials S/[x]
reduces to unity, i.e. S§J[x]—1, and we get the following known results due to Khan and
Kashmin [11].

4. Concluding remarks

In the present paper, we investigate new integrals involving the generalized Bessel-Maitland
function J!"(2) in terms of generalized (Wright) hypergeometric functions. Certain special
cases of integrals involving generalized Bessel Maitland function have been investigated in
the literature by a number of authors ([1-7, 11, 13, 14, 25]) with different arguments. Therefore
the results presented in this paper are easily converted in terms of a similar type of new
interesting integrals with different arguments after some suitable parametric replacements. In
this sequel, one can obtain integral representation of more generalized special function, which
has much application in physics and engineering Science.
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